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From the Latin 

Tranflation of Commandine. 

To which is added, 

A TREATISE of the Nature and Arithmetkl 

of Logarithms; Likewife 
Another of the ELEMENTS o( PImu ^d 
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A P R E F A C E, fliewing thcUfrfukefs and ExceUgncy 
of this Work: 
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Now done into English* 

' — ^— ■— — — —1^1^— — «■«— 

The IVhole revisM; where deiScient^ fupplied; where 
loft or corrupted, reftor'd. Alfo 

Many Faults committed by Dr- Harris^ Mr- Cafwel^ 
Mr. Heynes^ and other Trigonometrical IViriters^ are 
(hewn; and in thofe Cafes where TJ&ey are miftake% 
here are given Solutions Geometrically true* 

A more Ample Account of which may be feen in 
Mv.Cunnh P r4: F A c E. 
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PREFACB 

ITOVliG Mathematicidtt 
may be furp'izedj to fii 
the old obfilete. Elements 
of Euclid appear afrefh 
in ^rini y aHd thdt too 
after fb many new Elt- 
ments of Geometry , as have been lately 
publifh'di effectallyjince thofe who gave 
iti the Elements of Geometry ^ in a kets> 
Manner J would hope us Relieve they havi 
deteBed a great many Faults in Euclid^ 
Thefe 4ctite Philofbphersj pretend to have 
dipover'd that Euclid'j definitions are 
mtperjpicuous enough y that his'DemonJira^ 
tions are fcarcefy evident i that bis whole.. 
A Elements 
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Elements are ill dijpojedi and that they 
hopvefmmd mt lnnm i m ^ a bt $: Falfihe^ i» 
them^ whkh had lam bid t9Pbtin^ Times$ 

Mu* i^ thfir te4V0^Jwkti» Mi t9\ 
^ affirm^ that thejf Cmf ^^ Budid iw^-j 
fervedly : Far his definitions are de^ 
fiinSt and clear ^ as bein^taken j^m firft 
Trtne^^le^^ md pulr «H|^^^^j^t«r4^//? 
Conceptions > and his ^emonjiratians ele^- 

yt>kk t^ei^Ji^ Evidencei vand jli miUfh 
Strength of RedJoHj that Jam eajily in^- 
dufedtQ belike the Ob/fmit^Sekila&iJii 
often accitfed Eucli4 '^.ith^ is nak^ tqi 
pe attributed to4heir own ^erfle»^d Ideas ^ 
than to . the ^etfionfiratifms, thew^HveSk 
^nd hoftve^er Jme mqjh find Fauh wit A 
the ^iJ}q/i(i.on and Order of his Ele^ 
ments ^ yet mftvithfimding^ I do no^ 
find a^ Method J in aU the JfTritin^t 
of this h$nd^ more frofe^ and eaj} fir 

lieamers than that of Buclidi. 

« 

ft 

It u not my Bufinefs h^e to Anfwpr 
fc^arately every one of theje CaveUers J 
but it wjll eafily appear to, any. oncj mo^ 
4^r4te^ verfed in the fe Elements :^ th^ 

they 



M^ rAtlfanUs in tskM: Nay, I dit^ 
nientute twfii^j thwn i/ mt $ne of thefe 
New Syftemsj wherein, there are nl>^ 
iHore FauUs j hay j ^j^ Tarahgifm^ 
thim they have been Ak ir^nh imagine i$i 
Euclid* ' - 

r ' 

After p inany itnfiiitepfiil^ndedvbUts^ 
in the Refbrihdtkms of ^ebmettyj fiha 
tfety good G^ometkutntj Hot dating to 
fnakk H&i^ Btements ^ have dejefv^d^ 
ffeferf^d'WicM to dUothirs^ / and hav^ 
aei&rdingty triade it their Bnjinifs tdfuh, 
Ufh thdfi of Euclid But they^ for! 
^hdt Rea/ofi I know not^ haiji iniireL 
fitted finie *Profofttionsy and have dl~ 
teted the 'DeHtonftrationi Of others for 
ivorp. Among whom are chiejty Tacquef 
tutd Dechalles, both of which have unj 
hdfpii^ rejeS^edJbme tlegdni 'Propojttidni 
in the Elent&ntSy {which ought to havg 
been retain' dj") ai ifnagining therh. tri- 
jtirtg and ufelefs ; fuch ^ for E^ampkj 
as IVop. ^7, 18, and xg, of the Sixth 
Book J and Jbme others^ whofe 'tjfis they 
mighf not know^. Farther, wherever 
they ufe '^emonjiratiom of theh' 0Wnf in-» 

A a fead 



jSfW ^Euclid^^j mthafel>emimftratims. 

they are faulty.H^ tf^tr Beaf$Hingj md 

deviate very mmh frM$ the Cmcifenefs af 

th^ Antients. .; 
l%the fifth B(^ they h(vue v^^ly 

r,^0ed "Em^^ ^ 

have given a T^efimtton af Trofprtim 
different from Euclid^J i and which com- 
fruhends but 0^. of the two Sj^ecies of 
^t'o/ortion, taking, in^ only commenfurablf 
j^uaniities. Which great Fault no Logi* 
cian or Geomefficiim would have ever, 
j^ardpnedy had not thofe Authors done laud- 
aile. Things m their other Mathematical 
Writings. Indeed j this Fault of theirs 
is cammn to all. Modern Writers of 
Elements J who all ffht on the fame 
jRockj and to fhew their Skilly blame 
Euclid, for what J . on the contrary^ he 
ought to be commended i I mean^ the T>e;^ 
finition of Proportional ^uantities^ where^ 
in he fhews^ an eajy Troferty of thofe 
§^4^titiesj taking in both Commenfurable 
and tncommenjurable ores ^ and from 

phichj all the other properties of^rofor^ 
tionals do eafily follow. 

Some Geometricians J for footh J want a 
"pemonfiration of this Troprty in Euclid > 

and 



2)^. KeiT/ PREFACE. 

md undertake to fupply the 'Dejficiency 

by we of their own, Here^ again^ 

they fhew their Skill in Logick^ 

in requiring a 'Denumfiration for the 

definition of a Term / that Definitibn 

of Euclid heiiig 'fitch as determines thfi 

^amities ^roprtiohak which have the 

Conditienijpcified in the faid^efinitim. 

^nd why • rhight n&t the Author of the 

Elements give what Names he thou^t 

fit to §^antities having fuch Requifites; 

JUrefy he might ufe his own' iabertyj and 

accordingly has called them Vroportio- 

nak. 

But it may be frofer here to examine 
the Method whereby they endeavour to 
^Demonftrate that Troperty : fP'hichis by 
firft dfuming a certain AfeBion^ agree* 
ing only to fine kindofPropartionalSy viz. 
'Commen/urables ; and thence, by a long 
Circuit, and a ferflex^d Series of Con-' 
clufionSj ^deduce that Univerfal 'Property 
ofTroportionats which'Evciid affirm -, a 
Tnfcedurefireign emughto ihejufi MeX 
ihods and: Rules of Reafiniug, They 
would certainly have done much better, 
ifthep hadfirfi laid down that univerfal 

A3 Troperty 



^ropeitty i^gfi kji Ei|cU4 > 4t$d. theme 
have dediie^d that fartieit^ Vro^erty 
(Agreeing to onfy 9^ Species efPn^tkftak^ 

JSutre/e^ittg thif^M^t^^^^ ^^^"^ ^'^^ 
the Liberty ef a4^ng th^ ^:?iffm»fira-' 
tim to this %lej^ni(io» cfitbqffih Boetk. 
X^oA ^uho baoje a <nW tq^fee a Jkrtker 
^D^enee cf BugU4» wN!f e«mfitlf the Ma- 
. ti^em^tical lieHw^ of tke learv^d 'JJtr, 
Barrow. 

\ . - 

As I h^m: ha^fifed H m^^ thif 

j^eat ^ean^tMiia^^ Imufi ifotfafs, h the 

Elements fublifh' d by hintj wherein gem- 

raUy he has retained the ConftruBions tmd 

.*I)emi^atms^ofl^eM himjeif, notha- 

vix^ omit^ Jomufh ^ oae'3^r<fefitien^ 

Mence^ ^ bits !l)eif^fi^aN6ns became more 

fivwg oifd nervotui hi^ Qoi^firu^iim more 

ieat aii4 el^^aa^ oftd the- Gemifts of the 

atHient Geom/^ritimf ww eon^icnousy 

than iin^^udiiif^mdi^othi^^OQksoftbts 

bisti- fft tH^M.hs^ added^, fivera^ Co* 

' roUafiet and Sthol^j tvhkk fh^e not 

enbji tofhorte»t^'3^anfitifivatimfefwhM 
foi^Sy bt^^^Jikewife of Kfi ift e^ker 

* 



mdnftfi^iMs 4fe fi very fhort^ and art 
invofr/dh fi fMfiy Notes and SynAolesj, 
that they are render^ d obfiure anddifficuti 
to one not versed in Geometry. There are 
many Trofofitions which appear co^/pictf^ 
t>us in reading Euclid hintf^lf, are made 
knotty andjbarcefy intetkpbk to Learners 
fy this Aigebrakai "Huay ofDemnftrations 
as is J, jfkr ExmpUy PrDp* 13. Book i^ 
And the ^emonftratioHs which he lays 
daiam in Book 2. are ft ill ynore di^uk : 
JBuclid hmfelf has done much^bettef^ in 
f hewing their Evidence by the Contempla^ 
tions of Figures^ as in Geometry fhould 
always be done. The Eletnents of all 
Sciences ought to be handled after the mo ft 
Jmple Method J and not to be invoPved in 
Symbolesy NoteSj or objtnre ^rincijples^ 
taken elfiwhere. 

jfs B^rr9wV Elements are too fhortj^ 
fo m-ethofe of C\i^v vast 00 prolix^ abound-^ 
ing infuperfiuous Scholiums andComments : 
For in my Opinion^ ISHc^d is not Jo ob^ 
fcure as to want fkeb a mtDihr of Notes ^ 
neither da, I ihubtbut Leahier wiUfind 
Euglid himfelf eafer than asiy of his Com^ 

A 4 mentators 
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t^tatm* , f4^sfoo tnuchBrevitji m Qe(h 
fnetrkal ^emofiftratioits begets bit/curi^ 
fi. too.mwb'iPrdlix'tty produces Tedioujhefs 
^ndCmfufion. ,. 

• . ' ) 

.On thefe .Accounts p'incifalfyj it was 
'fhat I undertook to : fublifh the firfi Jis^ 
Book^ of puclid, \with th^ \ xth and% %tb^ 
according U Commandinus'j Edition i the 

moft Jarts of the ^atkematicfis now Jiu- 
died, ' "■.■ ' ■ '. ' 
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'^¥^'i:io^ .tke Vfe i^,thofe who are 
JeJtroUs to aj^^ly the Elements of Geometry 

'^^° T^fif *3j^^^.y/'^'^ ^'^ ^4ed a Com- 
^endium pf PJaJn aud Spherical .Trigones 
ipetry^ iy m^ans 'iphereof Geometric^ 
Magnitudes are meafur'ed^.^nd their %>iy 
wenfii^s fxp-efed in Numbers, 
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Mr. CI/ JVJVs 

PREFACE, 

Shewingthe Usefulness 
«!«</ Excellency of^ibix 
WORK. 



1B..KEIL, in his Preface, 
hath fufficiently declar'd 
how much eaiier, plainer, 
and elegantcF, the Elements 
of Geometry written by 
£wjSr^are, than thole writ- 
ten by others; and that the Elements 
th^mlelyesy are fitter for a Learner, thaa 
tliofc 



Mr. CimnV "PREFACE. 

diofe publiiliMby (iich as have pretended to 
Commit 0119 Symbolize, or Traafec^ 
any of his Dcmonftrations of fiich Pro- 
pofitions as th^ intended to treat of. 
Then how muft a Geometrician be 
amaz'd> when he meets withaTraft* of 
die ift^ xd, 9d, 4th, ^th^^th, i ith,and nth 
Books of the Elements, in which are omit- 
ted the Dcmonftrations of all the Pro- 
pofitions of .that moft noble iini verfal Ma- 
thetis^ th0\ 5th ; onwhidi the6th^ iith^ 
and ixth fe mtich tlepfefid, that the De- 
monftration of not fb much as one Propo- 
iitian in diem can b« ol^MinM without 
Abreiath8 5tlit • l ' ^ 

Th^ 7th, 8th, and 9th Books treat of 
fudi Properties of Numbers which ^fe 
AecdOTary^ Ibr-tbe Demonfttalions of the 
it>tt^ ^hV^bi irea|:s of Ijatcommenfurables ; 
and *tne ia'th, 14th, and iftli, of the 
five Tlatonick Podiesr- Biit though the 
Doftrine of Incommenlurables,becaufe ex- 
pounded in one and th^ fame Plane, as the 
pii| fix Elements were, cl^o^l^ by a Ri^ht; 
of Ordier, t6 be handled befofe Planes m- 
terfeftod fey Planesy* of the more com^ 
jHHwd^d Dofkrine of Solicjs \ and die 
PiDppttiw of Numbai' were^nec^ tq 
t^ SUaiQiui^ about Ixxx)mmeni[iirables : 

';:«•:. ' . Yet 
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'^ Vide the laft Edition of the Englifi Tac^ue^ 



Y« beotufe only one Propofitioacrfthele 

four Books, viz. the i ft oFche icth is quo- 
ted in the i ith and ixthBooks : and that 
only once, vm. in the Demonftratioa of 
die xd of the ixth, and that ift Propoli* 
tion of the i oth, is iuppUed t^ a Lemma in 
die ixth: And becaufe die 7th, Stfa, ^tfa, 
lodi, 13th, i4th^ 15th Books have not 
been thought (by our greateft Mafters) 
neceflary to be read by Uich as defign to 
make natuta! Philofophy dieir Study, or 
by luch as would apply Geometry to prac- 
tical Affairs, Dr. A^i/ in his Edition, 
gave us only theft dight Books, viz. the 
Hrftfix, and the nth and 12th. 

' And as he found there was wanting a 
Treatife of theffe Parts of the Elements ^ 
as they were written by Euclid himfelf ; 
l)e puoUQiM his Edition widioutomitting 
s^ny of EwlU\ Detnonftrations, except 
two ; one rf which was a fecoxid Demon* 
iiration of the 9th propofition of die third 
Bpoi:^ the other a Demonftration of that 
Property of Propoftionals caird Comver^ 
fion^ (contained in a Corollary to the 19th 
PropofidOQ of the 5tb Book,) whore in- 
ftead of EmcIU's Deixionftiratian,. whic^ 
is univeriid^ moft Audtors ha^ift ^nmi us 
•nly particular ones of their ^mn, ' The 

firfl- £» theie which was ^^nittgy? tc h^r^ 



Mr. CunnV 9 RE Fji CE, 

fiip|>K^d : And timt which was corru|M:ed 
ishefereftprM*. 

y 

And fine? jfeirergtl jPfctfans to whpm the 
Element of Geometry are pf vaft Ufe, 
either are xayt fo fu^ie^tly Skill'din, or 
perhs^ have not l^eifure^ or are not will- 
ing to take the Ttopble to read the Latiff\ 
and fincfttbisTre^tife was not before in 
Epglifh^ npr any other which may proper- 
ly be iaid tio contain the Demonftradons 
laid down by Euclid himfelf ; I do not 
doubt but the Publication of this Editiop 

willbe acceptable^ as well asierviceable* 

<i > 

Such Errors^ either Typographical, or 
jn the Schemes, which were taken Notice 
of in phe lioiin Edition, arecprre^§4w 
this. 

* > « • 

As to the Trigonometrical Trafl: arineitp 
cd to thefe Elements , I find our Autho^ 
as well as Dr. Harris ^ Mr. Vafwelty 
Mr. Hcynesy and others of the Trigono- 
metrical Writers, isnyftaken infome pf 
the Solutions- i 

That the common Solution oS the i ith 
Cf/^.>of Oblique Sphericks is falfe,:! have 
demon^kated, and given, a crue one. See 

-T-r' i - f lhi tJiiiiMi< iiiiii«t<[iiii »#■■ pi* r li mn I > n M^^ ' »i|iiii tuBi |i iff f ,1 __ 

"^:» Vtit Page 55, J07, of Ewff^fs Works, publi£li'4 
1*? Dr. Grigtrv, 
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. In idle Solution* of our 9th and lotfa 
Cajfesy by other Authors called the ift 
and 2d, where aire given and fought oppo- 
fite Parts, not only the aforementionM 
Authors, but all others that I have met 
with', have told us that the Solutions are 
ftinbiguous ; which Do£):rine is, indeed, 
^m^imes trup, butfometimesfaire: For 
femetimes the ^afitum is doubtiul, and 
fometimes not ; and when it is not doubt- 
ful,itisfometinie$ greater dban 9aDcgreesy 
sind ii>metimes lefs : And fure I (hall com- 
mit no Crime, if I affirm; that no Solution 
can be given without a juft Diftinftion of 
tjlieljb Varieties. For the Solution of thefe 
Cafes lee my Diredions at Tages 321, 

In the Solution of our 3d and 7tli 
Cafes ^ in other Authors reckonM the 3d 
a|id 4th, where there are given two Sides 
and an Angle oppofite to one'of them, to 
find the 3d Side, or the Angle oppofite m 
it ; all the Writers of Trigonometry that 
I have met with, who have undertaken 
the Solutions of diefe two,, as well as the 
|wo following Cafes^ by letting fell a Per- 
pendicular, which is undoubtedly the 
Ihorteftand beft Method for finding either 
pf thefe ^aftay have told us, that die 

Sum 




• Mr. CtmnV ^J^R PACM* 

^Serence} of the- Ve«i«*l Angles or 

Bafes, fluli be the fought Angle or Side, 
according as tl^e Jferpendicular fall^ 

I^I^JJ^^WhichcanflotbekftOwn, tin- 
Ids the ^>ecics of thtt unkiiottrn 
whid) is o|>pofit« CO a ^v«ii3id«) 
known* 

Ueta tbey leave Us M (oci&lcukee t&tl 
unknown Angle, btfote we (hall hmw 
whether we are to fake^ the Sum ov thi 
Difference of die V eftical Angles or Bafe^ 
for the fought Angle or Bafe : And in thd 
dkulation of that An^iehave i^t \isM 
the dark as to its Species *, as appears by 
my Obfervations on the two preceding 
Ca/es» , 

The Troth is the . ^dfitum be<*fc, a^ 
well as in the two fiw iflet Cajis^ is ifetfJt-' 
times dottbtfbl, and fometirtles not; w'htn 
doubtfulyibmetiiiies eaich Aniwer is fefe 
tlian ^ Degrees^ foiMttirrteS^ch is^eater ; 
but fometimes one \s!C% dud tti^ 6thef 
greater^ as in die two teft oleiltionM Cafes i. 
When it is not doubtfuI> the ^^fifim h 
ibmetinies greater tlian 96 Degrees^ ^vA 
andibmetimes kfs* All wbich EHilini^i^ions 
may be made without another Operation, 
or the Knowledge of the Species of that 

un- 



aalm&wn AnglfivJQppofite to a giveh Side; 
Orwhich isra^ &methiag, <iite &Uing of 
ldb« Feffiendicmlar i within or without 
l?or which ftc roy Dnedions at ?1«^^/ 3«^ 

■ia«(» ;••'■■••-■,'■•.• 

. . ' * \ 

In die Solution of our ift and •5th 
CaJhjKilled'm other Awliat*^ the 5th 
Km'SM pyithem iheoeiite ffurkii two An- 
gles, and a Side oppofite to one of thcnx, 
to find the 3d Angle, or the Side oppo- 
iite to it ; they have told us, that the 

{^ereAcil "^ *^ ^^''^^^ Angles,or 
Biifef, accordii^ as the Perpendicular l&IIs 

^widloitS ^^^^ ^® ^^ fought Angle or . 
* Side; and that it is known whether the 
Perpendicular fells within or without, by 
the AfFeQiion of the given Angles. ♦ 



■ ^ •* 



Here the^ fecm to have ipoJ^eai as tlio' 
the ^ajitum wa&always detennin'd, and 
never ambigoous \ for th^ have here 
determined whether the Pei-pendicular 
falls within or without, and thereby whe- 
ther they are to take the Sum or the Dif- 
ference of the Vertical Angles or Baies, 
for the fought Angle or Side. 

But, notwithftanding thefe imaginary 
Determinations , I affirm; tliat the ^a' 

Jitum 



Mr.Cmai't "PREPACE. 
ftim here, as in the two Cafes)a&raaa-- 
tioned, is jbmetioies amlngubus-, and 
fometimes not ; aiid that too, whether the 
Perpendicular Ms within, or whether it 
&lls without. See my Solutbns of thele 
two Cafes in 'Pt^e 52J. 

The Pecermination of the jd Cafe xS 
Oblique Flase Triangles. See in Va/f 
325. 
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EUC L I D's 
ELEMENTS. 

B O O K L 

DEFINITIONS. 

POINT, is tbatwhich bath ntParts^ 
orMagnitutit. 

II. vILfme is Len^h^ ivithositBrtadthi 

III. The Ends (or BoH*ds}if» Line, 
are Points. 

w, is that which lietb evenly bepween its 

' i'otnts. 
. V. A Snperficiety is that v)bith h^b only Length and 
Breadths 

VI. The Bounds of aSfiferfides are Lines. 

VIL /I Plain Superficies, is that wbichjieth evenly be- 
tween its Lines. 

Vni. A Plain Angle ^ is the IncltTtation of two Lines ta 
one anotherin thefamePlane^ -which touch eath other, . 
hut da not both lie in the fame Right Line. '. 

IX. If the Lines containing the Angle he Right ones, 
then the Aarle is called a Right-l'in'd Angle. 
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X. fTben a RightLine^ flan)iing on another Right Lifie^ 
makes Angles on either Side thereof^ equal between 
tbentfelves^ each of thefe equal Angles is a Right one; 
and that Right Line which ftands upon the other ^ , is 
called a Perpendicular to that whereon it ftands, 

XI'. An Obtufe Angle^ is that which is greater than a 
Right one. 

XIL An Acute Angle ^ is that which is lefs than a Right 
one, 
1^ XIII. A Term (or Bound) is that which is the Extreme 

ofanyThing, 
^ XIV. A Figure^ is that which is contained under one^ 
or more Terms, 

XV. A Circle. - is a plain Figure ^ contained under otM 
Line^ called the Circumference ; 'to which all Right 
Lines^ drawn from ajcertain Point within the Figure^ 
are equaL 

Xy I. And that PoisP is called the CcnfJer rf the Circle. 

XVII. A Diameter of a Circle^ is a Right Line drawn 
through the Center^ and terminated on both Sides bj[ 
the Circumference^ and divides the Circle into two 
equal Parts. ' 

XVIII. A Semicircle^ is a Figure contah^d under a Di- 
ameter^ audthatPartaf t& Circumference of aCvcle 
cut off by that Diameter, 

XIX. A Segment of a Circle^ is a Figure contained un- 
der a Right Line^ and Part of the Circumference of 
the Circle \whicb is cut off by that Right Line.^ 

XX. Right-lin'dFfgures^ arefuch as are contained under 
Ri^ht Lines. 

XXI. 7%ree-Jided Figures^ arefuch as are contained un- 
. der three Lines., 

XXII. Four-Jided Figures^ are ftteh as are contained un- 
der four, 

XXIII. ManyfidedFsgures^ are thofe that are contained 
under more than four Right Lines, 

XXIV. Of three-Jided Bgures^ that is an Equilateral 
Triangle^ which hash three equal Sides, 

XXV. Thatanlfofceles^ or Equicrural one^ which hath 
only Pwo Sides equal. 

XX Vl. And a Scalene one^ is that which hath three u?^ 

equal Sides, 
XXVIL Alfo of Tire^'Jided Figures, that is, aRig^t^ 

angled Triangle^ which bath a Right Angle. 

XXVIIL 
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XXVIII. 7%af Off Ohufe- angled one, which bath an 
Ohtnps Angk> 

XXIX. AnathatanAcme'angkdonef which bath three 

Acute Andes, " ■ ' ' - - • ■*• 

XXX. Of tQur-fided Figures^ that is a Square^ whofi 
four Sides are e^nal^ Mtdiu Angles all kight ones. 

XXXI. That an Oblong^ or ReOangle^ a Ftgure which 
is longer on one fide than the other ^ which is Right-' 
a^gl^a^ hnt not eaualfided. 

XXXII. That a Rhombus^ which hath four equal Sides^ 
bm not Rkht Angles, 

XXXIII. 7%at a Khomboides, wbofe ofpofite Sides and 
A^les only are equal. 

XXXIV. All Quadrilateral Figures^ befides thefe^ are 
called Trapezia. 

XXXV. Parallels are fuch Ri^ht Lines in the fame 
Planey which if infinitely produced both IVays^ would 
never meet. 
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EOSTULATES. 

I. RJ^BBSI ^ A NT that a Right^Line may be drawn 

from any one Point to another. 

II- Tiat a finite Right Line may be con- 

tinned direSly forwards. 

III. And that a Circle may be defcriVd about any Cen-^ 
ter^ with any Diftance. 
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AXIOM S. 

' eternal t» one ami tie fame 
, are equsl M one anetber. 
tquafl^itig!, are addtd equal 
'.tbeWhaUs will he equal. 
w, equal'tbiugi be takeu atiM^y 
be equal. ' 

IV. If equal Things be added to unequal Ttiugt, tie 
IVboles will be unequal. 

V. IfeqaaltitHp betaieit from mnequal Things, tie 
Remainders ■will he unqeual. 

VI. Thiugs ivbich are double to oue tuU the fatmeTbiug^ 
are equal hetweetf themfeltifs. 

VII. TbiHFt, whieb are iaJf eue.aud the fame TUtigy 
are equ^ between thertffehies. 

VIII. uhingi vjhich mutkally agree together, are equal 
to one another.. , , . ,. 

IX. Tie Whole is greater-thoM iis-Part.O ' 

X. Two Right Lines do not contain a Space. 

XI. All Right Angles are equal between themfehiet, 

XII. If a Right Line, falling upon two other Right 
Lines, makes the inward Angles ^ on the fame Side 
thereof, hotb together, lefs than two Right Angles, 
tbofe two Right Lines^ iafinitely produced, will meet 
each other on that Side jvbere the Ragles, are left tha» 
Right ones. 

Note, When there are feveral Aisles at one Point, 
any one of them is eiprefs'd by three Letters, of 
which that at the Vertex of the Angle is plac'd in 
the Middle. For Example ; In the Figure of 
Prop. XII. Lib. I. the Angle contain'd under the 
Right Lines AB, BC, is called the Angle ABC; 
and the Angle contain'd under the Right Lines AB, 
BE, iscalPdtheAiigleABE. 

PRO- 
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PROPOSITION L 
PROBLEM. 

defcrih am Eqmilateral Triangle ufot^ ^fiv<f$ fimtf 

Right Lint. 

IE T AB be the g^vcn finite Right Llae, 
upon which it is reqtdred to defctibe an 
Equilateral Triangle. 

About the Center A, with the Dt- 
ftanceAB, defctibe the Circle ^CD ♦; • , f^^ 
and about the Center^^^with the fime 
Diftance B A, defcribc the Circle ACE; and from 
the Point C, where the two Circles cut each other, 
draw the Right Lines C A, C B f. + 1 1^^ 

Then bccaufe A is the Center of the Circle D B C, ■ ' 
AC iball be equal to AB \. And becaufe B is the i if i>tf^ 
Center of the Qrcle C A E, B C fhall be equd to B A: 
but C A hath been proved to be equsd to AB: therc^ 
fore both C A and CB are each equal to Ab. But 
things equal to one and the fame thing, are equal be- 
tween thexnfelves, and confequeotly C A is equal po 
C B ; therefore the three Sides C A, A B| 3 C^ are equal 
between th^mielve^r 

And fo the Triangle P AC is an Equilateral one, 
and is defcribed upon the^given finite R^thf Line AB \ . 
which was to be done. 

PROPOSITION 11. 
PROBLEM. 

^^A given Pointy tofnt a Right Line efual to a 

.Right Line given. 

T E It the Point givA be A,^ the crven^RrghtLfac 
•"-^ BC ; itjs required to putaRight Lin^ at tnePoint 
A, equal to the giv«n Ridit Line ]B C 

B ^ . Praw 
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« 

• P^. I. , Draw thcRightLinc AC from the Point A to C % 
t itftbis, apon it defcribe theL.£quilateial Triangle DAC f ; 

• Py. 1. produce DA and DC direfily forwards toEand Ci; 

about the Center C , with the Diftance B C, dc- 

• hfi. J. fcribe the Circle BG H * ; and about the Center D, 

with the Diftance DG, defcribe the Circle G KL. 
Now becaufe the Point C is the Center of the Cir- 
i^f' de BG R BC will be equal to C G f ; and becaufe 
D is the Center of the Circle G K L, the whole DL • 
will be equal to the whole D G, the Parts whereof 
D A and D C are equkl ; tfierefore the Remainders AL. 
pixkm^. GC are alio equal i. But it has been demonftrated 
that BC is' equal to CG ; wherefi^e both ALamd BC 
. are each of them equal to CG. But Things that are 
equal to one and the fame Things are equal to one ano* 
ther: and therefore likewife AX is equal to B C. 
Whence the Right Line A L is put at the ^ven Point 
% A, equal to the given right Line B u, which was to 

be done. 

PROPOSITION IH. 

PROBLEM. 

Two unequal right Lines teing given^ to^ut 9ffa Part 
from the greater Equal to the lejfer. 

T ET AB and C be thetwo unequal Right Lines gi- 
•■-' ven, thegreater whereof is An; it is required to 
cut off a Line from the greater AB equal to the lefler 
C. 

* lathis. Put * a riffht Line AD at the Point A, equal to the 
Line C, and about the Center A, with the Diftance 

t P^. J. AD, defcribe a Circle D E F f. 

Then becaufe A is the Center of the Circle DEF, 
A E is equal to AD ; and fo both AE and C are each 

pixim I. equal to A D ; wherefore AE is likewife equal to C X. 
y And fo there is cut off frotn AB the greater of two 

• « %iv&^ Right Lines A B and C, a Line A£ equal to the 

lefler Line C, which was to be done. 
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PROPO SITI O N IV. 
THEOREM. 

Jf there are two Triangles that have two Sides of the one 
eaud to Vu)o Sides ^ the other ^ each to eachy and the 
Angle contained by thofe equal Sides in one Triangle 
equal to theAn^k contained by the correjpondent Sides 
in the other Triangle^ then the Bafe of one of the 7r/- 
angUsfodll be equal to the Bafe of the other, the wholo 
Triangle equal to the whole Triangle^ and the remain* 
0^ Angles of one Equal to the remaining Angles of the 
other y each to each^ which fubtend the equal Sides'. 

T ET the two Triangles be ABC, DEF, w'hich 
'^ haVe two Sides A JB, AC, equal to two Sides 
DE, DF. each to each, that isy the Side AB equal 
to the Side DE, and the Side AC to DF; and the 
Angle BAG equals to the Angle EDF. I fay, that 
the Bafe BC is equal to the Bafe EF, the Tnangle 
ABC equal to the Triangle DEF, aiKl the remaln- 
ing Angles of the one equal to the remaining Angles 
ofihe other, each to its Correfpondent, fubtending 
the equal Sidesi^ viz. the Angle ABC equal to the 
Angle DEF, and the Ancle ACB equal to the An- 
gle DFE. 

For the Triangle AB C bring applied to D E Fy, lb 
as the Point A may co^incide with D, and the Ri^ht 
Laie AB with DE, then the Point B will co-incide 
with the Point E, becapfe AB is equal to DE. And 
fince A B co-inddcs with D E, the Right Line A G 
likewifc will co-incide with the Right Line DP, be- 
caufe the Angle BAC is equal to the Angle EDF, 
Wherefore alio C will co-incide with F, becaufe the 
Right Line A C is equal to the Right Line D F. But 
the Point B co-incides with E, and therefore the Bafe 
BC co-incides with the Bafe E F. For if the Point B 
co-incidin^ with E, and C with F, the Bafe BCdocs 
not co-incide with the Bafe E F ; then two Right Lines 
will contain a Space, which is impoffible*. Therefore '^Ax. io» 
the BafeBC co-incides with the Bafe EF, and is e- 
qual thereto ; and confequently the whole Triangle 
ABC will co-incide with the whole Triangle DEF^ 
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und will be equal thereto; and the remaining Anglai 

iJx. B. will co-incide with the remaining Aralet js and will 

be equal to them. viz. the Angle AEC eliiial to ttie 

Angle D E F. and the Angle A G B equal J^tiit Aii- 

m gleDFE. Which was to be demonftrat^*. . 

P R O ,P O-^'I T I O N. V. 

T H E O R E M. 

7%e Angles a$ the Bafe of an Ifoiceles Triangle are <- 
qnal. between tbemfih/es: And tf the eauM Sides he 
produced^ the Angles nnder the Bafe J^all be equal be^ 
j tween themfehes, 

T ETABCbean Ifofceles Triangle, having the 
^^ Side A B equal to the Side A C^ and let the 
equal Sides AB, AC, be produced dhroftly forwards 
to D and E. I fay the Angle ABC is equal to the 
Angle AC B, and the Angle CBD equal to the An^ 
gleBCE.. 

For afTume any Point F in the Line BD, and from 

*3 tfthts. AE cut off the Line AG equal * to A F, and join 
FC, GB. ' 

Then becaufe AFis equal to AG, $ndAB to AC, 
the two Right Lines FA, AC, are equal to the two 
Lines G A, AB, each to each, and contain the com- 

^^(f this* mon Angle FAG; therefore the Bafe FC is equal f 
to the Bale GB, and the Triangle AFC equal to the 
Triangle AGB, and the reitiatnin^ Angles of the one 
equal to the remaining Ang;les ot the other, each to 
each, fubtcnding the equal Sides, viz. the Angle AC F 
equal to the Aagle A B G ; and the Angle A¥C 
equal to the Angle AGB.. And becaufe the whole 
AF is equal to the whole AG^ and the Part AB e^ 
qual to the Part A C, the Remainder B F is equal to 

^ -fx. 3 . the Remainder C G . But F C ^ has been proved to be 
equal to GB; therefore the two Sides BF, FC, are 
equal to the two. Sides CG, GB, each to each, and 
the Angle BFC equal to the Angle CGB; but they 
have a common Ba(e BQ, Therefore alio the Tri- 
angle BFC will be equal to the Triangle CGB, and 
the remainii\g Angles of the oi>e equal to the remain* 
iiig Angles of the other, each to each, which fiibtcnd 

. , the 
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the ^ual Sides. And fo the Angle F B C is equal to 
the Aj^ GC9; and the Aiigie BCF eqiul to the 
Allele G B G . Therefore becauie the whole Angle 
A B G has been proved equal to the whole Angle 
ACF, andthe Part C B G fqual to BCF, the re- 
maining Aiigle ABC will be'*^ equal to the remaining • Jx. s« 
Angle A CB; but thefe are the Angles at the Bofe of 
the Triangle ABC. It hath likewiie been proved 
that the Angles FB C, G C B, under the Bale, are 
equal ; theretbre the Aiogles at the B^fe of Ifofceles 
Triangles, are equal between themielves ; and if the 
equal Right Lines be produced, the Andes imder thp * 
fiafe will be alfo equal between thei^Telves. 

Coroll. Hence every Equilateral Triangle is alfo Equf*- 
angular. 

PROPOSITION VI. 

THEOREM. 

tftvJi^ Ajtgley rfa Triangle be tqual^ then the Suksfnh^ 
. UftdtHg the equal Angles wilthee^ual between them-- 
felves. 

LET ABC be aTriangle, having the Angle ABC 
equal to the Angle ACb. I lay the Side AB is 
likewii[e equal to the Side A C. 
For if A B be not equftl to AC, let one of them, as 

AB, be the greater, from which cut oiFBD equal to 

A C*, andjoin D C. Then becaufe D B is equal to • nf this. 

AC, and BC is common, DB, BC, Will be equal 
to A C, C B, each to each, and the Anele D B C 
equal to the Angle A C B, from the HypotheiSs ; 
therefore the Bafe TDC is equalf to the Bafe AB, and t ♦ rffhU. 
the Triangle DB C equal to the Triangle ACB, a 

part to the whole, "Which is abfurd ; therefore AB is 
not unequal to AC, and con&quently is equal to it. 

Therefore if two Angles of a Triangle be equal be* 
tween themfelves, the Sides liibtending the equal An* 
gles are likewife equal between ihemielves. Which ^ 
was to be demonArated. 



Coroli 



Ccroll. Hence every Eqiuiiigiitaf Triai^Ie is alft 
Equilateral. 

P R O P O S I T I O N VU. 
THEOREM. 

O0 the fame Right Lim caim^t be cwftHmUd two Righ^ 
Lines eqnal to two other R^ht Lines ^ each to each^ at 
Mffertm Points^ on the fame Side^ and having the 

. fame Ends which tbefirft Right Lines have. 

FOR, if It be poffible. let two Right Lines A D, 
. DB, equal to twaotners AC, CB, each to each,' 
be conftituted at different Points C and D, towards 
the fime Parts C D, and having the fame Ends A and 
B which tbe Srtt Right Lines kaVe, fo that C A be 
equal to A D. having the fame End A which C A 
hath ; and C B equal to.D B^ having the fame End B ; 
and let CD be joined. 
Then bccki^ A C !s equal to A D, th^ Angle 
• / «f rto. ACD will be equal* to the Afigle ADC, and con- 
fequently the Angle AD C is greater than the Angle 
BCD; wherefore the Angle jS D C will be much 
|;rcftti^ than the Anf le B Cf D. A^n, becaufe C B 
IS ^nal to DB, the Angle BDC will be equal to the 
Angle BCD; but it W been proved to be much 
neater, which is iaipoilible. Therefore on the fame 
night Line cannot be conjHtstUd two Right Lines eqnal 
<, to two other right Lines^ each to eacb^ at different 
Points J on thfe fame Side^ and having the fame Ends 
which tbefirft right Lines have; which was to demon* 
ftrated. 
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PRO POSITION Vlli 
THEOREM. 

Iftvfo Triattgles have two Sides of the one eaual to tW9 
Sides of the other ^ each to eachj and the nafes ^jnaL 
them the Angles ctmtained under tbf eqtial Sides wH 
be eqmal. 

J ET Ac two Triangles be ABC, DEF* having 
*-* two Sides A B, AC!, equal to two Sides D K 
D F, each to each, viz. AB equal to D £, and A(J 
to DF ; and let the Bafe B C be equal to the Baft 
EF. I fiy, the Angle BAG is equal to the Angle 
EDF. 

. For if the Triangle A B C be appUed to the Trian- 
gle D E F, lb that the Point B may co-indde with E, 
and the Right Line B C with E F, then the Point G 
will co-incide with F, becaufe B C is equal to E F. 
And fo fince B G co-incides with E F, B A and AC 
will lifcewife co-incide wijth E D andf D F, For if 
the Bafe B G fliould co-indde with E F, and at the 
fame time the Sides B Aj^ A C, fliould not co-incide 
with the Sides ED, D r , but change their Pofition, 
as EG, GF, then there would be conftituted on the 
lame Right Luie two Right Lines equal to two odier 
Rig^ Lmes, each to each, at finrer^ Points, on the 
fame Side, having the fame Ends. But this, is proved 
to be otherwife * ; therefore it is impofBble for the * 7 tfttb^ 
Sides B A, A C, not to co-incide with the Sides ED, ' 

D F, if the Bafe B C co-incides with the Bafe E F; 
wherefore they will co-incide, and confequently the 
Angle B A C will co-incide with the Angle E D F, 
and will be equal to it. Therefore if pvio TrianrUs 
have two Sides of the one equal to two Sides cfthe ower^ 
each to eachy and the Bafes equal^ then the Angles eon* 
tained under the equal Sides will be equal ; Which was • 

to be demonftrated. 
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PROP OSIT I ON IX. 

i 

P R O B L E M. 
To eut a given Righ-liffd Angle mto twoefnal^arfs. - 

T ET BAG be a given Right4inM Angle, which fs 

^^ required to be cut into two equal Parts. • 

AfTume any Point D in the Right Line A B, and 

t 3 «f ^^«- cut off AE from the Line A^G equal to AD f ; join 

4: 1 oftkig. p £, and thereon make ^ the Equilateral Triangle 

P E F, and join A F. I fay,, the Angle B A G is qu^ 

into two equal Parts by the Line AF. - 

For becaufe A D is eqiial to A E, and AF is com- 
mon, the two Sides DA, AF, are each equal to the 
two Sides A E, AF, and the BafeD'F.is equal to 
f I (ftUs. the Bafe EF ; therefore ♦the Angle DAF is equal to< 
the Angle EAF. Wherefore a^tven Righ4in*d Angh 
is cHt into pvjo equal Parts; which was to be done. 

PR O P O S ITI O N. X, 
P RO RLE M. 

7i cut a givt» finite Right Line into two equal Parts, 

Lt ' ■ 

E T A B be a given finite Right Line, required to 
be cut into two equal Parts. 
•J- 1 tfthis. Upon it makef an Equilateral Triangle ABC, and 
'^9ef tils, bifea % the Angle A G B by the Right Une G D. I fay^ 
the right Line AB is bifeaed in the Point D. 

For becaule AG is equal to CB, and GD is com- 
ipon, the Right Lines AG, G D, are each equal to , 
the two Right Lines BG, GD, and the Angle AGD 
^ 4 tftkis. equal to the Angle BGD ; thierefore ♦ the Safe AD, 
is equal to the J?afe DB. And fo the Right Line 
AB is blCeded in the Point D ; which was to be done., 
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PROPOSITION XL 

PROBLEM. 

7q draw a Right Line at Right Angles to a given Right 
Line^ fr9m a given Point $n thefam^. 

T ET AB be the given Right Line, and C the given 
•*--• Point. It is required to draw a Right Line from 
the Point C, at Right Angles to A B. 

Aflume any Point D in A C, and mak^ C E equal 
* to C D, and upon D E make \ the Equilateral Tri- * j tfthis, 
angle FDE, and join FC. I lay^ the Right Line \ itfthii. 
F C is drawn from the Point C, given in the Right 
Line AB at Rieht Angles to AB. 

For bccaufe D C is equal to C E, and F C is com- 
mon, the two Lines DC, C F, are each equal to the 
two Lines E C, CF; and the Bale DF is equal to 
the Bafe F E. Therefore the Angle D C F, is 
equal to the Angle E C F ; and they are adjacent Angles. 
But when a Right Line, (landing upon a Right Line, 
makes the adjacent Angles equal, each of the equal 
Angles is \ a Right Angle; and confequently D(J F, + D^, laj 
F C E, are both Right Angles. Therefore the Right 
Line r C, ^c. vjbtcb was to be done. 



PROPOSITION XIL 
PROBLEM. 

U!'o draw a Right Line Perpendicular^ upon a given in- 
finite Right Line^ jrom a Point given out tf it. 

T ET AB be the given infinite Line, and C the 
"*-^ Point given out of it. It is requir'd to draw a 
Right Line perpendicular upon the given Right Line 
AB, from the Point C given out of it 

Aifiime any Point D on the other fide of the Right • ' 
Line AB, and about, the Center C, with theDiftance ' 
CD defcribe * a Circle EDG. bifeS f E G in H>p^, j;. 
and join CG, CH, CE. I lay there is drawn the^ to of n^isl 
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Perpendicular CH on the given infihite Right Line 
AB, from the Point C given out of it. 

For becaufe GH is equal to HE, and HC is com- 
mon, GH and HC are each equal to EH and HC, 
and the Bafe C G is equal to the Bafe C E. Therefore 

% l>tf. lo. the Angle CH G is equal :|: to the Angle Q HE ; and 
they are adjacent Angles. But when a Right Line, 
(landing upqn another Right Line, makes the Angles 
equal between themfelves, each of the equal Angles 

^Dif, 10. is a Right one*, and the faid ftandine Right Line & 
caird a Perpendicular to that which it Hands on. 
Therefore GH is ix^cwn perpeuMcular^ upon a given 

it^nhe Right Line y^ from a given Point out of it \ which 
was to be demonurated. 
•♦ ♦ 

PROPOSITION XIU. 
THEOREM. 
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When a Right Line^ JlanMng upon aRighthine^ makes 
Angles^ thefe pall be either two Right Angles^ or to^ 
gether equm to two Right Angles. 

FOR let a Right Line A B, Handing upon the Right 
Line C D, make the Angles C B A, A B D. I fiy, 
the Angles CjB A, ABD, are either two Right An- 
gles, or both together equal to two Right Angles. 

• Def. lo. For if CB A be equal to A BD, they are * each of 
1 1 1 tftlns. them Right Angles : But if not, draw |B E from the 

Point B1 at Right Angles to CD* Therefore the 
Angles CBE, EBD, are two Right Angles : And 
becaufeCBE is equal to both theAnglesCBA, ABE, 
add the Angle E B D, which is common ; and the two 
^.^.1. Angles CbE, EBD, together, are % equal to the 
three Angles CBA, ABE, EBD, together. Agaiiv 
becaufe &e Angle DBA is equal to the two Angles 
D B E, E B A, tog^her, add the conunon Angle 
ABC, and the two Angles DBA, ABC, are equal 
to the three Angles DBjE, EBA, ABC, together. 
Bat It has been proved mat the two Angles CBE, 
EBD^together, are likewife equal to theie three An- 
gles : But Things that are equal to one and the fanie^ 

* Ax. f. are ♦ equal between themfelves. Therefore likewife 

the Angles C BE, EBD, together, are e^ual to the 
a , Angles 
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Angles pBA, ABC, together; butCBE, EBD, 
are two Right Angles. Therefore the Angles D B A, 
ABC, are both together equal to two Right Angles. 




ich was to be demonftrated. 

PROPOSITION XIV. 
THEOREM. 

If to any Right Linf^ and Point therein^ two Right 
Limes be drawn from contrary Parts^ making the ad^ 
jacent Angles y both together ^ equal to two Right An^ 
glesy the foid two Mjght Lines will make but one\ 
ftraightLtne, 

POR let two Right Lines BC, BD, 4:awn from 
* contrary Parts to the Point B^ in any Rkht Line 
AB, make the adjacent Angles ABC, ABD, both 
together, eqoal to two Ri^nt Angles. I lay, B C^ 
BD, miMce bat one Rieht Lme. 

For if BD, CB. do not make one findght Line, 
let CB and BE make one. 

Then, becaufe the Right Line AB (lands upon the 
Right line CBE, the Angles ABC, ABE, together, 
will be ecnial * to two Right Angles. But the Angles • % ] eftUs « 
ABC, ABD, together, are alio equal to two Right 
Angles. Now takme away the common Angle A EC^ 
and the remaining Angle ABE is equal to the re- 
maining Angle A jBD, the Icfi to the greater, which 
is impofiible. Therefore B E , B C, a3re not one firaigh^ 
Line. And in the fame Manner it is demonflrated; 
that no other Line but BD is in a ftraight Line with 
CB; wherefore CB, BD, fliall be in one ftraight 
Line. Thcrc&xcif to any Right Line^ and Point therein 
two Right Lines be drawn from contrary PartSy making 
the adjacent Angles^ both together j eqmd to two Right 
AngUsy the fa$d two RigSt Lines will make but one 
firaigbt Line; which was to be demonftrated. 



PRO 
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; PROPOSITION XV. 

THEOREM. 

tftwo Right Lines'4fnHtually cut each other ^ the offafite 

Angles are equal. 

LET the two Right Lines AB CD nilittially cut 
each other in the Toint E. I fay, the Angle AEG 
is aqual to the Angle DEB; and the Angle CEB 
equal to the Ancle A ED. 

For becaiife tne Right Line^ A E, {landing on, the 
Right Line CD, makes the Angles CEA, AED: 

^titfthb. Thefe both together (hall be equal ♦ to two Right 
Angles. Again, becaufe theRightLine DE (landing 
upon the Right Line AB, makes the Angles AED, 
DEB: Theie Angles together are* equal to two Right 
Angles. But ithasbeenprov*d, thattheAnglesGEA, 
A ED, are likewife together equal to two Kight An- 
gles. Therefore the Angles CEA, AED, are equal 
to the Angles A ED, DEB- Take away the Common 

X jix.f. Angle A ED, and the Angle remaining CEA, is f 
equal to the Angle remaining BED. For the fame 
Reafon, the Angle CEB ihall be equal to the Angle 
1)E A. Therefore // two Right Lines mutnally cut 
each othery the opfojite Angles are equal:; which was 
• • to be demonftrated. 

Coroll. 1. From hence it is manifeft, that two Right 
Lines mutually cutting each other, make Angles 
at the Seftion equal to four Right Angles. 

Coroll. 2. All the Angles conftituted about the fam& 
Point, arc equal to four Right Angles* 
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PROPOSITION XVI. 
T H E p R E M. 

1 

Jf OMf Side of any Triangle be ^dueed^ the outviofd 
Angle is greater than either of the inward Oppofite 
Angles. 

T ET ABC be a Triangle, and one of its Sides B C, 
•*^ be produced to D. I fay, th? outward Angl$ 
ACD is greater than either of the inward Angles 
CBA, orBAC. 

Forbifed AC in £% and join 3 E) which produce « 10 tftkisf 
to F, and make EF ^ual to BE. Moreover, join 
F C, and produce A C to Q. 

Then, becaufe AE is equal to EC, and BE to 
EF, the two Sides AE, E B, are equal to the two 
Sides CE, EF, each to each, and the Angle AEB 
t equal to the Angle FEC ; for they are oppofite -^ if of this] 
Angles. Therefore the Bafe AB, is% equal to the ^^tfthis^ 
Bafe FC; and the Triangle AEB« equal to the Tri- 
angle FEC; and the remaining Angles of the one, 
equal to the remaining Angled of the other, each to 
e^h, fubtending the equal Sides. Wherefore the 
the Angle B AE, is equal to the Angle ECF ; but 
the Angle EGD, is weater than the Angle ECF; 
therefore the Angle ACD, is greater than the Anj;lc 
B AE. After the fame manner, if the Right Line 
BC, be bife<Sed, we demonftrate that the Angle 
BCG, that is, the Angle A CD, is greater than the 
Angle ABC. Therefore one Side of any Triangle being 
froaucedj the ositward Angle is greater than either of the 
itfward offo^te Angles ; which was to be denlonftrated. 

PROPOSITION xvn, 

THEOREM, 

Two Angles of any ^triangle together^ ho^wfiever taken^ 
are lefs than two Kight Angles. 

T ETABCbea Triangle. I fay, two Angles of 
^^ it together, bowfoe\'er taken, are lefs than two 
Right Angles. • C For 
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For produce BB to D. 

Then tecaufe the outward Angle A CD of th^ 
^ i6cfthis. Triangle ABC, is greater ^ than the inward oppofite 
Angle APC : If the coniniQn Angle A CB be addecl, 
' the Angles A CD, ACB, together, will be. greater 
than the Angles A BC, ACB together : But A C D/ 
fil^tbis. ACB, arc f equal to two Right Angles. Thefefore 
ABC, BC A, are lefs than two Right Angles. In 
the fame manner we demonftrate that the Angles. 
BAC, ACB, as alfo CAB, ABC, ate lefs tMi| 
two Right Angles. Therefore two Af^gles ofafgy Trirf ' 
a^k together^ Ikowjbevfrtaken^ eart lefs tbdft PWo Right ^ 
Angles \ which was to be demOnftrated. \ 

PROPOSITION. XVIII. 
THEOREM. 

7%i greater Side of i'very' Triangle fpdktend/the gr^afer 

Angle, ' / 

LET ABC be ^ Trianele, having the Side AC 
greater than the Side A B/ I fay the Angle ABC 
is greater than the Angle BG A* 

for becaufe A C is greater than AB, AD may be 
rtmc equal to A B, ahd B D be j oili'dy 
• Thea becaufe AD B is an outward Angle of the 
» i6 if this. Triangle Bt)^ it will be '♦' greater than the inward. 
tfrf'/iWj, oppofite AngleDCB. But ADBis f equaltoABD; 
becaufe the Side AB is equal to the Side AD, Thcre^ 
fore the Angle A^D is Hkewife greater than the An^r 
gle ACB; and confequently ABC (hail be much 
greater than ACB. Wherefote the greater Side of 
V every Triangle fubteH'ds the griat^r Angle ^ which was 
to be demonflrated. 
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PROPOSITION. XIX. 
THEOREM. 

Tie greafir Jlttgle of everyTrim^U fiiitifnds thegriater 

Side. 

T ET ABCbe a Triangle, having the Angle ABC 

^^ greater than the Angle B C A* 1 lay the Side AC 

is.CTeater than the Side AB. 

. For if it be npt greater, AC is either equal to AB, 

or lefs than it. It is not equal to it, becaufe then the 

Angle ABC would be equal * to the Angle ACB; * f oftUs. 

but it is not. Therefore AC is not equal to AB; 

neither will it be lefs; for then die Angle ABC would 

be t lefi than the Angle ACB; but it is not. There- t«8 efthis. 

fore AC is not lefs than AB. But likewife it has 

been provM not to be equal to it: Wherefore AC 

is greater than AB, Therefore the greater Angle of 

every Tri^gk fiihtends th greater Side ; which wa$ 

to be demonjlrated. 



« y 



PROPOSITION XX. 

THEOREM, 

Two Sides of any Triangk^ kovjfoever tak^y are toge-^ 
ther greater tban the third Side. 

LET ABC be a Triangle; I fay two Sides ther^^ 
of, ho wfoever taken, are together greater than the 
third Side; viz. the Sides B A, AC, are greater than 
the Side BC; and the Sides AB, BC, greater than 
the Side AC, and the Sides BC C A, greater than the 
SideAB. -^ »p 

For produce B A to the Part D, fo that A D be 
♦ equ^l to A C. and join D C. • ♦ j oft^ 

Then becaufeD A is equal to AC, the Angle ADC 
Aall be equal f to the Angle ACP. But the Angle tf ^'^ 
BCD is greater than the Angle A CD. Wherefore 
the Angle BCD is greater than the Angle ADC; 
^md becaufe DCB is a Triangle, having the Angle 
BCD greater dum the AngleBDC, and the greater 

G a ' Angle 



^i^ of this. Angle fubtends ♦ the greater Side: the Side DB will 
be greater than the SkJcBQ. put DB is equal to 
B A and AC together. Wherefore the &des BA, 
. AC, together, are greater than the Side BC, In the 
fame Manner we demonftrate,- that the Sides AB, 
Be, together, are greater than the Side CA; and 
the Sides BC, C A, together, are greater than the Side 

AB. Therefore two o'tdei of any Triangk^ houfoevcr 
tflken^ are together greater than the third Sade ; whicl| 
was to bedemonflxated. 

PROPOSITION XXI. 
T H E O R E M, ' 

If two Right LiUfsbe drofwn from the extreme Poittts 
of one Side of a Triangle ta any Point within thefame^ 
thefe two Lines fiball be lefs than the oiber two Sides 
of the Triangle^ but contain a greater Angle. 

FO R let two Right Lines B D, D C, be drawn from 
the Extremes B,C of the Side BC of the Triangle 
ABC, to the Point D within the fame! 1 fay BD, 
DC, are iefs th^ BA, AC, the other ^woSi<les of the 
Triangle, but contain an Angle BDC greater than 
the Angle BAG, 
For produce BD to E. 

Then becaufe two Sides of every Triangle togcr 

fzooftUns. ther are * greater than the third, BA, AE, the two 

Sides of the Triangle ABE, are greater than the 

Side BE. Now add EC, which is common, andtl^c 

t -4xr. 4^ Sides B A, AC, will be + greater than BE, E C, 

Again, becaufe CE, ED, the two Sides of theTrif 
angle C E D, are greater than the Side C D, add D B, 
which is common, and the Sld^s CE, EB, will be 
greater than CD, DB. But it has been proved, that 
B A, A G, are greater than BE, E C : Wherefore B A^ 

AC, are much greater than BD, DC. Again, becaufe 
^iCefthh, the outward Angle of every Triangle, is % greater than 

the inward and oppofite one : B D C, the outward Aur 
[le of the Triangle GDE fliall be greater than the 
tngle CED. For the feme Reafdh CEB the out- 
ward Angle of the Triangle ABE, is likewife great-' 
jr tto the Angle BAG ; but the Angle ^DC h^ 
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been provM to begreater than the Angle C £ B. Where- 
fore the Anele BDC fh^l be much greater than the 
Angle BAC. And fo if tv)o Right Lines it draftun 
from the extreme Poimts of one Sidf of a Triangle ttrany 
Point Within the fame ; tbefe" two Lines foall be lefs 
than the other two Sides of the Triangle^ bttt contam 
a greater Angle ; 'which was to be'demotdtrated* 

PROPOSITION. XXII. 

PROBLEM. '■' 

7i defcribe a Triangle of three Right Lines which ari 

equal to three others given : But it is requifite^ that 

any two of the Right Lines taken together be greater 

than the third ; becaufi two Sides of a Trianp^Jfow^ 

foever taken^ are together greater than the third Side » 

T. ET A,B, C, be three Right Lines gii^en, two of 
•"-^ which^y ways taken, are greater than the third, ^' 

7//jt. AandB together greater than C; A anciC greater 
than Di and'B and C greater than A. Now it is re>- 
qoired to make a Triangle of three Right Lines equal , 
to A^B,C : Let there be one Risfat Line D E termi- 
nated * ^ D, but infinite towards E ; and take D F * 3 ifthisl 
equal to A, F G equal to B, and G H equal to C ; 
and about the Center F, with the Diftance F D, deP 
cribe a Circle DKLf ; aad about the Center G, with \ 9 peft^ 
the Diftance G H, defcribe another Circle K L H, 
and join K F, K G. I lay, the Triangle K F G is 
made of three Ri^ht Lines equdl td A,B, C for be- 
caufe thePoiatF IS the Center of the Circle DK; FK 
fliali be e^ual to FD; but F D is equal to A ; there- 
fore F K is aifo equal to A. Again, becaufe the Point 
G^is the Center of the Circle LKH, GK will be ^ :|: Def, if, 
equal to GH; but GH is equal to.C: Therefore fliall 
GK be alto equal to C ; but F^G is likewile equal'to 
B ; and confequently the three Right Lines K F^ F G> 
K G, are equal to the three Right Lines A, R C ; whero-, 
fore the Triangle K F G is made of three Right Line* 
K F, F G, G K, equal to the three given Lines A, B, C ^ 
which was to be done » '** 

C3 PROP. 
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PROPOSITION xxin. 

PROBLEM. 

'With a given JUiit Line, sad at * ftven Poita hf Hy 
t» tn3u a Ri^t'Ui^i Angle eqtm t(t a Rigbt'-U$fd 
Angle given 4 

T ET the given Right Line be A R, and the Point 
•*-' given therein A> and the given Right-lin'd Angle 
D GE. It is required to make a Right-linM Angle at 
the given Point A, with the given Right Line A B, 
equal to the ghren Right*lin'd Ancle DCE. 

Aflume the Points t> and £ at Pleaftue in the Lines 

CD, CEv and drawDE; then, of three Rsght Lines 

•iiiftUi. equal to CD, DE, EC, make * a Triangle AFG, 

fo that AF be equal to CD, AG to CeJ and FG 

toDE. 

Then becaufe the two Sides DC, CE, are equal 
to two Sides FA, AG, each to each, and the cafe 
DE equal to the Bafe FQ; the Angle DCE fliall be 




DCE; nobicbwdstobedonf* 

PR0P0SITI014 xxiv. 
THEOREM * 

^tm Tfumfks have twoSides of the one^ eaual to Ptx/o 
Sides of the other ^ each to eacb^ and the Angk of the 
cne^ eotftainedtinaer the equal Rtgbt Lines ^ g!^^^ than 
tbe correjpondent Angle of the other ; then the Bafe of 

she 4»e will be greater than tbe Bafe of tbe other. 

« 

LET there be two Triangles ABC, DEP. havine 
ttwro Sides AB, A C, equal to the two Sides D c, 
PF, each to' each, viz. the Side A B equal to the 
Sl# DE, and theSide AC equal to DF; and let the 
/tnrie BAG be greater than the Angle EDF.^ I lay, 
t£eBafe BC \% greater than tbe Bafe £ F. 

"^Fof 
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' For l>m^& tb? Angle B A C is greater than tjie 

Angle El)F, make * « Angle EDCj at the PoiiitP i^i^tftUs, 

in the Right Line D E. equal to ttm Angle BACy aad 

make f D eqwl to either A C or D F, and joia ^F^ f ^ tfOis^ 

'FG. • .' *' > 

Now becatrfe A B is cqu^l to D Z^ and A C to D Q, 
the two Sidiss 6Av AG, are ^cb equal tp th^ two 
Sides EA I> i^v »Eui the Angle B AC equal to the 
Angle EPG : Therefore th^ Bafe BC is equal li to y ^ ^/^/^ 
the Bafe EG. Again, becaule I>G is equal to DF^ 
the Angle P,FG is | equal to the Angle DGFj and ; 5- rfMs; 
H) thi5 AnglePFG is greater than the AngleEGF: 
And conftqueiitly the Angle EfG is much greater 
than the Angle E G F, , And becaufe E F G is a Tri- •. 
angle^ having the Angle £ F G greater thaA the Angle 
£(j[F I and the^eateft Side Injbteud^ i^ the greateft ^j^rftUs* 
Angle; the Side EG fliall be greater than the SHe E F. 
But the Side E G is equal to the Side B C* Whence 
BC is likewife greater than EP. Therefore if two 
Triangles have twQ Sides aftbf o$fe, tqualtOPmSidcsof 
she other y each to each^and the An^e of the one^ cgn^ 
tain^d under the eq^ Right J^ines^ greater thorn the eor-^ 
rejpondem Angk of the other \ then the Bafe of the fine 
Wiii ke greater than the Bafe if the other; which wa9 
10 be demonlkated; 

PROPOSiTIOl4 XXV; 
THEOREM. 

ff two Tt-mtlies have two Sidef of the $ne equal tp fuh 
Sides ef iSe^0ri9tr^ each to eaci^ and theBafe of the 

oue ^rsMi^r ihMn the B^/# of the othi" - ^t^-. n. n ir*. 



t ETtIi^fcetwoTrfejgl^ABC,DEF^Jiavinj 
•*-' two SidiE* A B, A C* mck equal to two Sides 
DE^ DF« viz. the Side AB equal to the Side DK 
and the Side AQ to the SidePF ; but the Bafe BC 
greater thaa tiie Bafe £F. I iky, ijie Angle BAG 19 
alfo ^e^tter thm the Angle ^P F. 

For if It be hot greater, it will b6 either equal or 
iefs^ But the Au^le BAG is not equal to thb Angle 

^ C4 \ EDFj 
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• ^ofthis: EDF ; for if it was, the Bafe BC would be * equal 
to theBafe EF; but it is not : Therefore the Angle 
BAG is not equal to the Angle EDF, neither will it 

t i^ift^. be lefler ; for if it ihould, the Bafe BC would be f lefs 
than the Bafe EF ; but it is not. Therefore the Angle 
BAG is not lefs than the Angle EDF ; but it has 
likeWife been provM not to be equal to it. Where- 
fore the Angle BAG is necci&rily greater than the 
Afcgle EDF. //, therefore, two Triangles have Pt»o 
Sides of the one equal to two Sides of the other^ each to 
: eachy and the Bafe of the one greater than the Bafe of 
the other ; they paU alfo have the jingles^ contained un- 
der the equal Sides-^the one greater than the other i 
a which w^ to be demonftrateoT 

PROPOSITION XXVI. 
THEOREM* 

tf. two Triangks have two Angles tf the oni equal U 
two Angles bf the other y^ each to each^ and one Side 
of the one equal to one 6ide of the other ^ either the 
Side lying between the equal Angles^ or which fubtends 

' one of the equal Angles ; the remaining Sides of the 
one Triangle pall he alfo equal to the remaining Sides 
of the other ^ each to his correjpondent Side^ and the 
remaining Angle of fhe one^ equal to the remcuning 
Angle of the other. 

LET ^here be two Triangles ABG, 0EF, having 
two Angles ABC, BCA of the one, equal to 
two Angles D E F, E-FD, of the other, each to each, 
that is-^ the Angle ABC equal to the Angle DEF^ 
tad the Angle BCA equal to.the Augle E F D. And 
let one Side of the one be equal to one Side of the 
other,, which jifirft let be the Side lying between the 
equal Angles, viz. the Side BC equal to the Side EF. 
i fay, the remaining Sides of the one Triangle will be 
equal to the remaining Sides of the other, each to 
ieach, that is, the Side A B equal to the Side D E, and 
the Side A C equ^ to the Side D F, and the remain- 
ing Angle BAG equal to the reflmining.wAngle EDF- 

> . - ■ For 
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For if the Side AB be not equal to the Side DB, 
one of them will be the greater, which kt be AB, 
make G B equal to D E, and join G C^ 

Then becaufe BG is equal to DE, and BC to EF, 
the two Sides G B, B C, are equal to the two Sides 
DE, EF, each to each; and the Angle GBC equal 
to the Angle DEF. TheBafe GC i^ "^ equal tb the ♦ 4 ^tU^ 
Bafe D F, and the Triangle G B C to the Triangle 
DEF, and the remaining Angles equal to the remam- 
ing Angles, each to ieach, which fubtfend the equal 
Sides. T3iercfore the Angle G C B is equal to the 
Angle DFE. But the Angle DF'E, by the Hypo- 
thelis, is equal to the Angle BC A; and lb the An- 
«leBCG is likewife equal to the Angle BCA, the 
lefs to the greater, which cannot be. Therefore A Bis 
not unequal to D E, and confequently is equal to it. 
And lb the two Sides AB, BC, are each e(|aal to the 
two Sides DE, EF, and the Angle ABOequal to the 
Angle DEF: And confequently the Bafe AC ♦ is 
equal to the Bafe D F, and the remaining Angle 
BAC equal to the remaining Angle ED F. 

Secondly, Let the Sides that are (ubtended by the 
equal Angles be equal^ a$ AB equal to DE. I fky, 
the remaining Sides of the one Triangle, are equal to 
the remaining Sides of the other, viz. A C to D F, 
andBCtoEF; and al(b the remaining Angle BAC, 
to the remaining Angle E D F . 

For if BC be unecmal to EF, one of them is the 
greater, which let beBC, if poffible, and make BH 
lequal to E F, and join AH. 

Now becaufe BH is equal to E F, and A B to D E, 
the two Sides AB, BH, are equal to the two Sides 
DE, EF, each toeach, and they contain equal An- 

fles : Therefore the Bafe AH isr* equal to the Bafe 
)F ; and the Triangle ABH fhall be equal to the 
Triangle DEF, and the remaining Angles equal to 
the remaining Angles, each to eacn, which fubtend 
the equal Sides : And fo the Angle 6 H A- is equal to 
the Angle E F D. But E F D is f equal to the Angle t ^*'^ *^ 
BCA; and confequently the. Angle BH A is^^equal to ^ft' . 
the Angle BCA: Therefore the outward Angle 
BH A of the Triangle AHC, is equal to the inward 
and oppofite Angle BCA; which is i- impoffible : ^i6oftf»s>: 
Whence B C is not unequal to E F, therefor^ it 15 

equal 



.equal to it But AB is alfo ^lua to D £. . ; Where- 
fore the mo Sides A B, B C, are equal to thi? two 
Sides D £, E F> each to e^h ;: and they contain cqud 
Angles, And lb the Baie A C is equal tp the jBafe 
DF, thcTrijineleBAC to Ae Triangle DEF, aad 
the remaining Angle B A C equal to thei. renuunii^ 
Angle EOF. If, thereftHr^, /^^ Trioft^hs kave two 
singles €qnaL each to eofb^ Md^fi^ Side of the one equal 
t$ one Side of the other^ either the Side lying between the 
taual AitgleSy oriuhii^i fuktewds one of the eq$ud^9igles^ 
the remasmn^ Sides of the one T'rui^gle pdibe alfo eqtuU 
to the remfitmng Sides of the other ^ each to his cortef^ 
fondent Sidfy emd the temaining Angle of the one eqnal 
to the remaining Angle of the other i which was to be 

^enK>nftrated, 

* 

PROPOSITION XXVII, 

THEOREM. . - 

If a Right liinej^ f^H^g nfen two Jiight LineSy makes, 
the attem^ Angles equal htPUfeen themfelves, the 
two Right Lines pall bit faralkL 

LET the Right Line £Fi fidling upon two VMa 
Lines A B, C D, make the altemateAngels A £F, 
EFD. equal between tbeiti&lves* I Iky the£s{^ 
Line AB is faraUel to C P« 

For if it be not parallel, A B and C P^ prodnc'd to*^ 
wards B and D, or towards A and C, will mecti 
Now let fton. be produced cowards B and X>y and 
. meet in the Point G. 

Then the outward Angle AEF of the Triangle 

^t6tftlHs. GEF, is "^ greyer tkan tbe inward and opposite An* 

t i^omtbe fS^ £I^<39 and aU2> equ) t to St; which is abfard« 

L^, Therefore A B and CD, prpducM towards B and D, 

^ will not meet each other. By die fame Way of ret* 

foning, neither will they meet, being prodnc'd to* 

wards C and A. But Linesthat nxet each other on nd* 

♦ J>^ 3f * ther Side, are % parallel between thentfelves. Thcrcr 

fore A B is parallel to CD- Therefi^e, if i» R^ht 

Line^ falling upon two Right Lines^ makes the alternate 

Angles equal between themfthes^ tbe two Right Lines 

. Ib2l befaraUel\ which was lo be demoofirated. 

a PRO"* 
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PROPOSITION' xxym* 

THEOREM. 

j[jf 4 High Line^ fi^^g ^<^ ^vw Jf-^g^ Lwes^ matts 
. sit outward Angle af tit one Line eqmul to the m^ 
ward and oppqfite Angle of the other on^ tie fame Side, 
or the imvard Aisles on tie fame Side together eandl 
to two Right An£les^ the two Might L$nes fiall ie 
faraUel between tbemfelves* 

T ,£T the Right Line £F faUiftg ni^Qh tWo Right: 
**-^ Lines AB, CD, make the outward An£;IeEGB 
equal to the inward and pppofite Angle GllD; or 
die inward Angles S6H. GHD on the fame Side 
together eq^ial to two R^ Angles. / I fay the Right. 
Line AB is parallel to the flight Line CD. 

Forbecaa& the Angle EGtB is • equal- to the An-»*l'H«»«6t 
gle GHD, ^d die Angle £GB f equal to the An- ^• 
.gle^GH, the Angle AGH ffiall be equal to the t'i*^^- 
Angle GHD; bat tnefe are alternate Angles. There- 
fore AB is ^parallel to CD; ^ ^tfofMs: 

A^flLbecmifetheAxiglesBGH, GHD, areequal 
to twto Kig^t Alleles, and AG R fi G Rare ** equal ^t^ifiin* 
Mo t wt> Right Ones, the Ancles A G H: B G H, will 
bo equal to the Angles BGH, GHD; and if die 
common Angle B G H be taken from both^ there will 
remain the Angle AGH equal to the Angle GHD; 
' 4mt tliefe are alternate Angles. Therefore AB is pa- 
rallel to CD. If therefore a Right Line^ falling nfom • 
two Sight Lines^ makes the oeoward Anrle 4f the inte^ 
' Line equal to the inward and offofite AngU of the other 
me thejame Side, or the inwaraAngles on the fame Side 
Ugether eqmal to two Right Angles, the two Rtght Liner 
fbaU be parallel between themfihes; which was to bo 
xleikiomtratcd. 



PROt. 
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PROPOSITION XXIX. 

THEOREM. 

If a Right Line falls upm two Parallels ^,ft wiU make 
the alternate Angles efmal between themfihes; the 
outward Angle eaual to the inward and ofpojite An- 
gle^ on the jame iide ; and the invJard Angles on the 

. fame Side together efual to two Right Angles. 

T ET the Right Line EF Ml upon the parallel 
^-^ Right Lrincs AB^ CD. I fay the alternate An- 
gles, AGH, GHD, arc equal between themfclves ; 
the outw<urd An^le, £ G B^ is equal to the inward one 
<3HD, on the lame Side ; and the two inward ones, 
JBGH, GHD, on the fame Side, are tc^ether equal 
to two Right Angles. 

• For if A G H be unequal to G H D, one of them 
will be the greater. Let this be A G H ; then becaufe 
the Angle AGH is greatet than the Apgle GUD^ 
add the conunon Anele BGH to both: And fo the 
, Angles A G H, B G H together, are greater than the 
Angles B G H, G H D, together. But the Angles 

fiirftbh.AGHj BGH, are equal to two Right ones*. There*- 
fore BGH, GHD, are lefs than two Rieht Angles. 

iAx.ii. And fo the,Lines A B, G D, infinitely produced f, wiU 
meet each other; but becaufe they are parallel, they 
will not meet. Therefore the Angle AGH is not 
unequal to the Angle G H D. Wherefore it is necefr • 
• farily equal to it. 

i iseftUs. But the Angle A G H is i: eq^al to the Angle E G B f 
Therefore EGB is alfo equal to GHD- 

Now add the common Angle BGH, and thea 
EGB, BGH, together, are equal to BGH, GHD, 
.together; but EGB, and BGH, are equal to two 
Right Angles. Therefore alfo BGH, and GHD, 
ihall be equal to two Right Angles. Wherefore, // 
a Right Line falls upon two Parallels^ it will make the 
alternate Angles equal between themf elves ; the outward 
Angle equal to the inward and ofpojite Angle ^ on the 
fame Side^ and the inward Angles on the fame Side to-* 
, ^ether equal to two Right yf^^fcx; • which was to be 
demonflrated. 

PRO- 



PROPOSITION xxx: 

THEOREM. 

Hijgit Lmes fturtUel to am a»d the fame Kight Lhie^ 
are tdfofaraUel betwecM tbemftlves. 

T ET AB and CD be Right Lines, each of which 
•■-' is parallel to the Right Line E**. I fay AB is 
alfo parallel to CD. For let the Right Lme GK 
^} upon them. 

Then becaufe the Right Line GK falls upon the 
parallel Right Lines A B,E F,the Angle A G H is ♦ equal * »9 ef^* 
to the Angle G H F ; and becaufe the Right Line, G K, 
falls upon the parallel Right Lines £ F. C D, the An- 

fie GHF is equal to the Angle <3KD*. But it has 
, een proved, that the Angle A G K is alfo eqyal to' the 
Angl? GHF. Therefore AGK is equal to GKD, 
and (hey are alternate Angles, whence AB is parallel 
Jto C D f. And fo JUgh Mines f^raUel to ont and tbe^ 4. j- ^^; 
fame Right Line^ arefaralkl between fiemfehfs j which 
vfras to be demonffaratedr 

PROPOSITION XXXJ, 

PROBLEM. 

To draw ^ Rigkt liinf tbro^ a give ft Point far Jkl t§ 

a given Rigbt l^ine. 

T ET A be a Point civen, and BC a Ri^ht Line 
•■-^ given. It is requirM to draw a Right Line thro* 
rhe Point A, parallel to the Right Line B C. 

AfTume any Point D inBu, and join AD; then 
Xtak^'* an Angle DAE, at the Point A, with the *2irfthh% 
Line DA, equal to the Angle ADC, and produce 
E A Ibrait forwards to F. 

Then becaufe the Right Line AD falling on two 
Right Xjines B C, E F, makes the alternate Angles 
E AD, ADC, equal between themfelves, E F ftall 
be t parallel to B C, Therefore the Right Line E A F f »7 rf^^ 
is drawn thro' the given Point A, parallel to the given 
jK^ight Liiie ^ C ; v^ffkh was to be d(me% 



QdroB. Henee it ,^pe^, tl^ if pne Angle pf smy^ 

Triangle be equal to the other two, that is a Right 

^one; becaufe that the Angle adjacent to this Right 

one, is equal to the other two. But when adjacent 

Angles are equal, they are necei&rily Right biies« ^ 

PROPOSITION XXXIL 
THEOREM, 

If one SiJf of ofty Triangle be produc^d^ tie outward 
An^le is eq$tal to both the imuard and oppqfite jingles ; 
and tie three ipward Angles of 4 T'rian^ are ejual ta 
two Right Angles, 

T ETABCbeaTrianri^dneofwhofeSidesBG 
•^ is produced to D. j[ fty, the outward Angle 
ACD IS equal to the two inward andoppofite An- 
gles CAB, ABG; and the three inward Angles of 
; the Triangle, w;2:. ABC, BC A, CAB, are equal tq 
two Right Angles. 

*3i^i. For let CE be drawn ♦ thro' the Point C parallel 

• to the Right Line A B. Then becaufe AB is parallel 

to C£, and AC fidls upoii them, the akeroateAngles 

f ip of this. B A C, A C E^ are f equal between themfelves. Again, 
becaufe AB is parallel to'CE, and the Right Line 
B D fells upon them, the outward Angle E C D is f 
equal to the inwurd and oppofite one ad C; but it has 
been prov'd, that the Angle ACE is equal to the Angle 
BA(J. . Wherefore the whole outward Angle ACD 
is equal to both the in Ward and oppofite Angles BAG, 
ABC, And if the Angle ACB, which is comtnbn, 
be added, the two Angles ACD, ACB, are equal lOi 
the tKree Angles ABC, BAC, ACB ; but the An- 

ijztfthif. gles ACP, ACB, are^: equal to the two Right Angles, 
Therefore alfofhall the Angles ACB, CBA,CAB^ 
be equal to two Right Angles; Wherefore if one iide 
of any Triangle be prodnc^dy the outward Angle is equal 
to both tbi inward and oppofite Angles ^ and the three in-^ 
ward Angles of a Triangle are equal to two Right An^ 
gles; Which was to be demonftratcd. 



Coroll 



CorolL I. All the three Angles of any one Triangle 
taken togethor, tire equal to all the three Angles of 
any other Triangle taken together. 

Coroll. I. If two Angles of any one Triangle, cither 
feparjitely or taken together, be equftl to two Ai^ 
gles of any other Tnangle ; then the renuuning 
Angle of the one Ttiangle, will be equal to t&e re^ 

, maming Angle of the other, 

Ciroll, 3. If one Angle of a Triangle be a Right An« 
gle, the other two Angles together make one Right 
Angle. 

CorolL 4. If the Angle included between the equal 
Leg^ of an Ifofceles Triangle be a Right one, each 
of the other Angles at the Bafe will be half Right 
Angles. . • 

Corolh s* Any Angle In an Equilateral Triangle is 
eqiiud to one Third of t wA Right Angles, or two 
TWrds of one Right Angle, 

THEOREM! 

All iihe inward Angles of any Rigfat-linM Figure 
wharToevq:, inake twice as many Right Angles, 
abating four, as the Figure has Sides. 

FO R any^ RtgbP-Ur^d Figmre may be refah^d into as 
manyTrioHgks^ abatmg tw%f as it hath Sides, For 
Exsn^le^ a Fignre basfinr SideSy i^-^nff h^ refoWd 
into two Triangles: If a Fignre hasfipe Stdes^ it may. 
be refih^d into three Trianpes ; if.fix^ into fonr ; and 
fim. Wherefore (by Prop, XXXll.) the Angles rf ^ 
all.tbefe Triangles are equal to twice as mam Rights 
jingles as there are Triangles: But tie Angfes of all 
the Triiu^les are equal to the inward Angles of the Fin, 
gure; 7%er^fbre .all the inward Angles of the FigntO' 
are "equd to twice as many Right Angles as there ar^ 
'^"iofiglef^ that iSy twice as ma»f Right Angles^ taking 
ayfosar^ as the Figure has Sides. W. W, D, 
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T H E O R E M 11. 

All the outward Angles of any Right-lin'd Figure 
together, make four Right Angles. 

fpOH the outtvard Angles^ together with the imvard 
•* o»f J, mate twice as many Kight Angles as the fi- 
gure has Sides \ but from the lajl Tiearem^ all the in^ 
ward Angles together make twice as many Right Angles ^^ 
abating jour^ as the Figure has Sides. Wherefore the 
outward Aeries are all together equal to four Right An* 
gles. W/W.D. 

PROPOSITION. XXXUL 

» 

T* H E O R E M. 

T^wo Right Ifines^ which join two equal and Parallel 
Right Lines^ towards the fame PartSy are ago equal 
and farallel, 

T E T the parallel and equal Right Lines A B, C D, 
■^-^ be joined towards theCwnePartt, by the Right. 
Lines AC, BD. I fay AC, BD, are equal and pa- 
rallel. 
For draw BC. | 

Then becaufe A B is parallel to C D, and B C 
falls upon them, the alternate Angles A B G^ B C D. - 

^x^eftbis. are* equal. Again^ becaufe AB is equal to CD, W 
B C is common; the two Sides A B, B C, are each 
equal to the two Sides B G, CD; but the Angle 
ABC is alfo equal to the Angle BCD; therefore the. 

i^rftins. Bafe A C is t equal to theJBafeBD: And the Triangle 
ABC, equal ^0 the Triangle BCD; and the re- 
maining Angles equal to the remaining Angles, each to 
each, which fubtend the equal Sides. Wherefore the , 
Angle. A C B is equal to the Angle C B D. And 
becaufe the Right Line B G, falling upon two Right 

^tjefthij. Lines AC, BD, makes ijithcalterviate Anglps ACjB, 
C B D, equal between themfelves ; AC is ^ parallel 
to B D. But it has been provM alfo to be equal to 
it. Therefore /wo Right Lines, which join two equal and 
f4fajleljiight Lines, towards the fame Parts, are alfo 
equal and farallel ; which was tO be demonurated, 
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Defin. A^ParalMo^f^ofh is a Quadriliaeral Ftgure^ tacb 
ofwhofe ofpqfiu Sides are farMhL . v , . . 

p R o' p o s IT r' o N "^kxxiv; 
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The oppofite Sides and oppofite Akgfes of tiky PdraiUhh* 
^ram are equal ; ana the Diameter divides the jam^ 
intQtwa.eqmlP.0rts. - -,, r - ■ » . -r 

T :E T ABD e ht a Pirallclogftoi, Whofe Di$m«t 
~ itr is BC, I £iy, the xsppjafiteSwles; and oppofit^^ 
Angles gre e^nal.'bemeen'themiHves, and th^^Dia- 
toeterBDbifeJa&thc'Parallelogtain- .':.,".. 

For hecaufe A B is parallel to G D^ , and the Right . , , 
Line BG falls on diem, the: alternate Aflffics A BQ 
B C D^ ar6 ■*- eqitel between .thetiUfeTYes, ' Whcwfi)r« ♦ ip ^tWn 
ABC, GBDy' are two Trangiesyi' having twd Ant 
gles ABfi>f BpA^ of the bncf equal to two An? 
e\ts BCD, GiBD, of die other,? ea^sh tq «ich';; jwd . 
likewife-orie Side of the Oae eqiialto^b^ite Side,ojFiribe ^ ^ 
other, -wjc; the Side B C between the e^l Aii^'j^ . . 
"Which is common. Therefore the remaining Si(te$ 
ihall be | equal to the remaining Sides, each t(^c^c^ f .a^^Ai^' 
and the remaining Angle to the remaining Aa^t: 
And fa die Side A B is C5<)uar ta the Side GEf, .die 
Side AC to BD, and the AngteBAC to the.Al^te 
B DC. • And becaufb the An^e .ARC is equal to tht 
An^le B C D,, and the Angle C.BD tq the .Ai^le 
AC*B;r.thcrctpreiii(? wholeAngh ABt) is equal to 
the whole Angle A C D : But it has .been prov'^tlwit 
the Angle BAG is alfo equal to the Angle BDiC. 

Wherefore the oppofite Sides and Angles of any 
Parallelogram are equal between themfelves. * 

I fay, moreover, that the Diameter bifefts it. For 
becauie A B is equal to CD, and BC is common, 
the two Sides A B, B C, are each equal to the two 
.Sides I^C, GB; and the Angle ABC is alfo equal 
to the Angle BCD. Therefore -the Bafe A G is 
\ equal to the Bafe DB ; and the Triangle ABC is f ^eftii^^ 

D equal 
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equal to the Triangle BCDu Wherefbre the Diame- 
ter BC bi&Os. th$ PartUcl<«tsm ACDB; vMtk 
was to be demo»ftrai*i(,. 

PROPO.s.i,Ti,ON jgcxv. 

THEOREM. 

Parallelograms conftltuted upon the fame Bafe^ a$fdie^ 
^ tween fb^Jkme^ Pofi^lUy^ are equal between tbemm 
. felveSi 

T ETABCD, EBCF- be Parallelograms confti- 

•*^ tuted upon the fame fiafe BG, and between the 

fime Paraltelf A F sid B C I By, theParallelo- 

piuii ABCD, is eqaal tothePandklogram EBGF. 

For becfluf^ ABCD is a Paralldogram^ AD i$ 

^ ^^oftbis. ^equal to BC ; and for ^e Gone Realbn EF h equal 

\ Axiom I. to oC ; Mrhareftxre At) iball be f equal to £F; but 

r ^. 1. PE is common* Therefore the whole AE is^equal 

. €0 tihe whole D F. Bat AB is equal to DC; where-- 

fore E A, AB, th^two Sides of the Triangle ABE, 

are^qoal to the two Sides FD^ DC, eath toeach ; 

♦ i^oftUs. and the Aagte F D G * equal to the Angle E AB, the 

cn0t ward one to the^inward one« Therefore the m€e 

t4^/i&tf. EfiisfequaltotheBafelEF, andi}ieTtiaBJ|ie£AB 

t6 the Triangle F D C. If the common Triangle 

4 ^* 3* . DGE be taken Aom both, thene will remain % the 

Tw5>C2imri ABGD, eqcttltotheTrapcainmFCGE; 

and if the Triangle GBC which is common, be ad* 

ded, the ParalleWnim ABCD win be equal to the 

Parallelogram E B C F- Therefore, Parallelograms 

'4i>$0Huaed ufon tie fame Bafe^ and between the fame 

<Paraikh^ atiis^iitU between themfelves^ which was to 

be dcJmonilrated. 
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P R p P O S I T I O N XXXVI. 
THEOREM. 

Parallelograms conftitttted ufo» equal Bafes, and he* 
Pvjeen the fame Parallels y are equal between them" 
felves, 

T ET the Parallelograms A B C D^ E.F G H, be , 
*" conftituted upon the equal Bafes BC, FG, and * 
■ between the fame Parallels A H, B G. I fay, the 

• Paraileiogram A B C D is equal to the Parallelograhi 
EFGH. 

For join BE, CH. Then becaufe B C is ♦ equal ♦ j^\ 
to F G, and F G to E H ; B C will be likewife equal 
toEH; and they are parallel,indB£,CH, joins them. 
But two Right Lines joining Right Lines which are 
equal and parallel tlie fame Way, are f equal, and pa- f 3 3 efthis. 
rallcl : Wherefore EBCH is a.rara]lelograni, andjs 
^ ± equal tb the Parallelogram ABCD ; for it has the ^is^^^^ 
lame Bafe B C, and is conffituted between the fame 
Parallels B C^ -AD, For the fame Reafon^ the Pa- 
rallelogram EFGH is equal to the fame Paralldo- 
ipram EBCH: Therefore the Parallelogram ABCD 
fliall be equal to the Parallelogram EFGH. And fo 
Parallelograms conjiituted upon equal Bafes ^ and he- 

• tween the fame Parallels^ are equaibetVJeen themfehes j 
^ which was to be demonftrated*' / 

PROPOSITION XXXVII. 
THEOREM. 

Triangles conjiituted upon the fame Bafe^and tetween tSc 
fame Parallels^ are equal between themfehes* 

' T ET the Triangles ABC, DBC, beconftituted 
^ upon the fame Bafe B C, and between the fame 

• Parallels AD. B C. I fay. the Triangle A B C, is ^ 
■ equal to the Triangle DBC. 

" .For produce AD both ways to the Points E and F ; 

^ and thro' B draw * BE parallel to C A ; and thro' C, • 3 x o^thh* 

CF, parallel to BD. 

D X Where- 
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Whcreforei)oth EPCA, DB,CF, are.Paxallelo- 

*%frfthls. granft; ind the Parallelogram EBCA is ♦equal to 

' the Parallelograpi DBCFi; for they (land upon the 

fame Bafe BC, "and between the fame P^allels BC, 

t i^tftUs. E F. But the Triangle A B C is f one half of the P^- 

.rallelogram EBCA,. becaufe the Diameter AB bi- 

feds it; and the Triangle DBC is one half of the 

Parallelogram t>BC F, for the Diameter DC bifeds 

, it. But Things that are the Halve$ of cqiul Thii]|[s, 

J Ax. 7. 3re \ equal between themfelyes. Therefore the.lti- 

; angle ABC, is equal to the Triangle D;BC. Where- 

, ifor^, Triangles conllituted upon the, fame Bafe^ and be- 

tween the fame Parallels^ are equal between them^ 

.. jf^&«; which was tobedcmonftr^ted.; 

* . . . ■ • ■ , 

p R o p o s I T I o n" xxxvrii. : 

* THEOREM. , 

Triangles conllituted upon equal Safes ^ and between 
" , the fame Parallels y are equal between themfehes. 

. T* ET the Triangles ABC, DC E, f>e conftituted 
' "E^^ *^ equal Bafes BC, CE, arid between the 
, f^me Parallels BE, AD. /Ifay th^ Triangle ABC 
is equal to the Triangle D C E. / 
For produce AD Doth Ways to the Points G, H : 
• ^irfthis. thro'B draw *B 6 parallel to C A.; andthro%EH, 
parallel to DC. 
Wherefore both ^?C A, DCE^t, are Parallelo- 
f 36^/^//. grams, and theParMlelogram GBGA iyf equal to 
the Parallelogram ,DC EH: For. they (land upon 
equal Bafes, BC, CE, and between the fame Paral- 
ii^ofihis. lels BE,..GH. But the Triangle ABC is ^ onehalf of 
the Parallelogram GBC A, for the Diameter AB 
bifefts it ; and the Triangle D C E ij^ is onie half of the Pa- 
r rallelogram DC EH, for the 'Diameter DE bifefils 
. it. But Things that are the Halves of equal Things, 
f Ax, 7, su-e * equal between themfelves. Therefore the Iri- 
angle A B C is equal to the Triangle D C B. Where- 
fore Triangles conftituted upon equal Bafes , and be^ 
tween the fame Parallels^ are equal between themfelves ; 
which was to be dcmonftratca. 

PRO- 
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PROPOSITION XXXIX. ; 
THE O REM. 

£^iir^ Triangles conftituted upon the fame Bafa^ on the, 
fame Side^ are in thefitme Parallels, 
. • ' - • « . ^- . '. 

T ET ABC, BBC, be equal Triangles, confti-. 
•*-^ tuted upon jthe fame Bafe BC, on the lame Side. 
I lay they 2ixt b^ween the lame Parallels. For let 
AD be drawn. I fay AD is parallel to B C. 

For if it be npf parajlely draw * the Right Line '^imftkk. 
A E thro' the Point A, parallel to B C, and draw EC. 

Then the Triaigle A B C, f is equal to the Triangle t V 9ff*«^ 
EBC; for it is Upon the fkaxe Bafe BG, and between 
the fame Parallels. B C, A E. But the Triangle ABC 
is :|: equal to the Triangle DBC. Therefore tHe*^>'«» 
Triai^le DBG is.alfo eqiial.to the Triangle EBC^-^- 
a left to a greatier, which is impoflible. Wherefcire- 
AE is not parallel to BC: And by the.fame Way of 
Reafoning we prove, that no other Line but AD. is. 
parallel to BC. Therefore AD is parallel to BC. 
Wherefore e^ual: Triangles conftitkted upon the fame ' * 

Bafe^ on the fame Side^ are in the fame Paralkh^ 
which.was to be demonurated; 

P R O P O S I T I O N XL. 

THEOREM. 

Equal Triangles conftituted upon equal. Bafas^ on. the 
• fame Side^ are between tbe^fione Parallels,, v . . . \ 

T ET ABC, CPE, be equ^7"riangles, confti- 
^-^ tuted upon equal Bales BC, CE. I fay they 
are between the fime Parallels,- tFor let AD be 
drawn. I fay At) is parallel to BE." 
. For if it be not, let A F be drawn * thro* A,j>aral* • 3 1 efthh. 

lei to BE, and draw F£ . . 

Then the Triangle ABC is f equal to the Triangle t jS^fi^&cf^ 
F C E ; for they aire conftituted xxpoii equal Bafts, ahd » 
between the fame Paraliels RE, Af . \ But the Tri- 
apglc AB C is equal to the iTriafigteDC E. Tlxere- : 

. . D J. a ' . fQW.^ 
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fore the Triangle DQ? flmll be eq«al tp the Trian- 

fle FCE, the greater to the lefs, which is iiripoffi- 
le. Wherefore A F is not parallel to B E. And in 
this Manner we demonflrate, that no Right Line can 
be parallel to Bfe, but AD. Therefore AD is pa-i, 
rallel to BE. And ib equal TrioMgles conjittuted upon 
eaual Bafes^ on the fame Side^ are between the fame 
Parallels; which wis to be demohftrated. ; 

PROPOSITION XLL 
PROBLEM. 

Jfa Parallehgram and a Trianrle hatte the fame Bafe^ 
and are between the fame Parallels^ the ParaUeh^ 
gram will be double to the Triangle, 

T E T the Parallelogram A B C D, and the Triangle 
•■-' EBC, have the lame Bafe. and be between the . 
fame Parallels, BC, AE. I 4y the Parallelogram 
A BCD is double the Triangle EBG. 
For join AC. 

* J7 iftUs. Now the Triangle ABC is * equal to the Triangle 
EBC; for they are both conffituted upon the fame 
£^e B C, and between the lame Parallels B C, A E« 

\Z^rfthit. But the Parallelogram ABCD is i double the Tri- 
angle ABC fince the Diameter A C bifcas it. Where- 
fore likewife it (hall be double to the Triangle EBC. 
. If^ therefore, a Parallehgram and Triangle oave both 
the fame Bafe^ and are between the fame Paralleb^ the 
ParallelogroM wilt be doubk to the Triangle ; which 
was to hi demonibated. 

PROPOSITION XLIL 
PROBLEM, 

To conJUtute a Parallelogram equal to a given Triangle^ 
in an Angle equal to a given Right^in^d Angle ^ 

T ET the given Triangle be ABC, and the Right- 
•■-^ linM Angle given D, It is required to conftitute 
a ParaUelogram equal to the given Triangle ABC, 
in a Right-'Un'd Angle e^ial to D« 
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Bifea • BC in EJoto AJB, jstild«t the Point E, m • loifthi,. 
the Right liine EC, conftkiitc t « Af^le GEF, t»3^M>- 
equal to D. AJfo draw i AGjthro' A, parallel to i^l^^thts. 
EC, and thro^ C the Ririit Line OG paralW to FE. 

Now FECG is a FaraUdOgram: And bccanfe 
BE is equal to ECjthe Triangle A BE (hall be* equal * jS^rto. 
to the Trlan^e AEC; for ttey ifamd. upon equal 
Bafes BE, £C, and are between the fame Parallels 
B C, A G. Wherefore the Tiiaia^le A B C is double 
to the Triangle A E C. But the Parallelogram F E C Q 
is alfo double to the Trimigle A EC ; K>r it has the 
lame Bal^ and is- between the fame Far allds. There- 
fore the Parallelogram FECG, is equal to the Ttfc 
angle ABC, and has the Angle -CfiF equal to ,tht 
Angle D. Wherefore the Paraltelugram F ECG is 
conftituted equal to the given Triangle A BC, jn an 
Angle ECF e^ial to a given Angle .D; vtbi^bv^at 
tQ be done. 

PROPOSITION. XLIIL 
THEOREM, 

In every Parallelogram the ^mPtemeffts of the ParaU ' 
lelogramSy that (land ahotit tie Diamrter^ are ejual 
between themfelyes. 

T ET AB CD be a Parallelogram, wh^feDiame- • 
1M ter is AB; and let FH, EG, be Paralldograms 
ftanding about the Diameter JB D. Now A K, K G, 
are called the Complements of them; I fay the Com- 
plement A K is equal to the Complement k C. 

For fjnce ABCD is aJParaUelogram^ ^d BD is 
the Diameter thereof, the Trhngle ABD * is equ^I *^4,rfttt$i 
to the Triangle gDQ, Again, becaufe HKF© fc 
a Parallelogram, whofr Diameter is D K, the Trian* 
gle H DK fliall * Ije equal to the Triangle D F K ; and 
for die fame Reafon the Triangle K B G is equal to 
the Triangle KEB, But fince the Triangle BEKas 
equal to the Triangle B G K, and the Triangle H D K 
to DFK; the Triangle BEK, together with thp 
Triangle HDK^^s equal to the Triangle BGK,to- 
gether with the Triangie ® F K. But thewhole Tri-* 
angle ABD is likewife equal to the whole Triangle 
^ J) 4 BDG 



l^'D C WhoTffpre, .^fee CJon^epient i:epi|jning, A J^, 
will be equ^ tq thc.rjemai^ng^Gomgleni^nt |^ 

- Therdforie /'» ^ez;^ ry P^dldogratn. ^hf f^on^cT^ents of 
ike ParaUelogr4ifnSji\ th^tfiandj^oup pb^ ^^ajpf;(^r^ f^^ 

^ ^qml between tbmfilves;^ whiclj ^^ tp;bp ^ojje,. 









: . PRO P O SI T I OlN -XLI¥, 

PROBLEM. .'' \ 

■ ' '■ r • • . . ft 

^^j ^^ " -.,1.1. , 

^(fapffy aParallehgrdmfQ aghen R^k^ Liffe^eifualto a 
giv^n Triangle^ in § givem Rigbt4in^4 4^gt^' 

f ET the Right Line given be AB, the gWcn Trir; 
^ augle C, and the given Right-lin'd. Angle. D. I^ 
is requif'd to the given RighcXihe AB, to apply aPa*^ 
ri^lelogram equal to the given Triangle C. 
fn an Angle equal to D, make the Parallelogranv 

*4%rftbis. BEFG equal to * the Triangle C; iiji the Angle 
EBG, equal to D. Place BEin aftraight-Lii^ewith 
AB, and produce F G to H, and thro' A let AH be 

f^i^this. drawn f parallel |to either GB,. or FE, and joinHB, 
Now becaufe the Right Line H F falls on the Pa- 

fiptftbis. rallelsAH,EF the Angles AH F, H FE^ are i equal 
to two Right Angles, And fo BHF MFE, are 
iefs than two Right Angles ; but Right Lines making 
lefs than tWQ Right Angles, with a third Line being 

* 4x. I * • infinitely produc'4^ wili, n>eet * each other. Whierer 
iFore H B, F E, prbducM, will meet, ?ach other ; which 
let be inK, thro* which * draw KL parallel to E A, or 
Fit and produce AH, G B, to the rpipts Land M. 

Therefore HLK F is a Parallelogram,, whole Dia-r 
metejT is HK; and, AG, ME, aye- Parallelograms 
about HK; whereof LB, BE, are the Complements. 

ff^^ if this. Therefore LB is f equal to BF. But BF is alfd 

, ipqual to the Tri^gle C. Wherefore like wife LB 

fliall be equal to the Triangle C; and hecaufe fhe An- 

^if if this, gle GBE is \ equal to tlfe Angle ABM,' and alfo 
equal to the Angle D, the Angle A M B fliall be equal 
to the- Angle D. Therefore to the giv^n Right Line 
AB is apply 'd a Parallelogram, equal, to. the givei^ 
Ti:iangle C, in the Angle ABM, eqiia| to the given 

Anele D : which was to be done. ; " 

^ PRO. 



HosHfc^ MfffM'^Mbn^mTh 4i. 
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^oinake aPardtleU^rarn final to a ghen IltghtrUn*4, 
figure ^ in a given Right-lin^d Angle, * 







4, to 
^ ^ igiire 

ABCD in an Angle equal to E, 

Let DB b^ joiu'd andnialve ♦ the Parallelogram •Aiif^; 
FH eqAal tothet-riSigle ADB, in ahVlngleHKF, 
equal to the given Angle %, , , 

Then to the Right^me'GH- apply f the ParallCf ^44^/44,; 
logra^ GM, equal to the Triangl? I)3C, in an 
Angle GHM, equal-to the Angle jE.' ■ * ' ' 

.: Npw, bec;^fe,^ne.AP^9^ E- is equal to- HKF, qf 
GHM, the Angle HkF Ihall beequaf to Qiim 
a4d KHG tobpth'; arid the Angles HK:F^^KHG, ■ . .. 
are;' %th^r^ equ^l to . th'^ 'Angle's. KHG, . G H M> ': * '. '1 '^ 
But; HK^F, K H G, are'rti tQgether. equal to t^o Right itaefihh. 
Angles. Wherefore, likewife, the • Anf l^sX H G. ^ 
G H M, Ihajl be eqnal to tWo Right; '^ngl^s : And -^ 
ft) at tTie given Point t^ in the Right Line G H, two 
JEUght Lines KH^ HM, not draviru on the lii^ie Side,' 
make 'the adjacent Angles, both .toge^tier,. equdl to; • 
two Right Anglesr;'"apd conftquently %H^.UM*'^i^(ftUj; 
jRiak^ one (Iraight lylqe: . And becaufe the Right Lme ' 
HG fails upon the Parallek KM, FG,".thaalt€ri(iale 
Angles MHG, HGI^. are:}: equal. And'irHGL - . r 
ht adcied to both, tHe Allies M H G, UGlp togev " :' - * 
ther, ifj? equal tq 'ti}c,Ajcig\t^ M G F,HG L^ together, 
But. tbi^'Angles M H. Qt^B G L, are "^^ together equal y.^, ,, 
to two^ ^M^ Angles.. 'Wherefore likewif^ the An- * ' * -' * • 
gles'tJ'iaF, H,GL, afb together ^qual to tv(^o Right 
Angles} ;and foTja, G.L^ make one ftraight ]Lmc, 
And fiiice.KFis eqiiaVarid parallel to HG, "4s like- 
wife HG to MX, liF'fhall be f equal and. parallel f%oofthis, 
to ML, and the R'ight Lines KM, FL, joiiT themf 
Whcre&re K M, F L, ^i^.i equal aud parallel There- + troftbui 
fore KFLM is a Par^ferd^ram. • Jilt fincethe Tri-' ^^' ^ 
jlfflgle A§P is equal, to the Pay 4ll^i(5|f am H F, and 

!'?"'""' ' ' ' " The 



Ac Triangle DBC to the Parallelcraam GM; then 
the whole Right4ui'd Figure AB CD will be equal 
to the Jwrhole Par^llclogran» K F ly M. Therefore 







Coroll. It. is manifeft, from what has hcfia (aid, hoif 
to apply a Parallelogram to a given. Right Lin4 
equal to a given Right-UnM Figure in^ given Right- 
linM Angle. ' 

PROPOSITION XLVL 
PROBLEM. 

To deffribf a Square upon a givfn ^(f & Ltncj 

T ET AB be the Right Line given, upon vvhich it 

•M is requirM to defcribe a Square. 

% X 1 tfthts. Draw t A C at Right Atiffles to A B from the Point 

f^tfthis. A given therein ; make£Al)equal to AB, and thro* 

:f3i4?iWx. the Point D draw \ DE parallel to AB; ajfo ^liro* 

B draw BE parallel to AD. 
*i^(fflfis. Then ADEB is a Parallelogram; andfqABtis 
equal to D E, and A D to B E. But B A is equal to 
AD, Ther*3re the fouf Sides ?|A^ AD, DE,EB, 
are equal to each other. ' ' ' 

And fo ^he Paralellbgram ADEB is equilateral; 
I fay it is likewife equiangular. For becaule the Right 
Line AD fells upon the Parallel^ AB, D E. the An- 
^i^afMs. gles BAD, ADE, are f equal to two Right Angles. 
But BAD is a Right Angle: Wherefore A©E is 
alfo a Right Angle ; but the oppofite Sides and oppo- 
^l^cftbis. fite Angles of Parallelogram;? are \ equal, 'therefore 
^ch of the oppofite Angles ABE, BEI>, a^e Rfeht 
Angles; and confequently AD BE is a Ke^^angie: 
But it has been proved to be equilateral. Thcretore 
it is necef&rily a Square, and is defcribM upon th^ 
Right Line AB ;. which was to be done. 

CorolL Hence every Parallelogram that has oneRtgh* 
Angle is a ReSangle, 

PRO- 



PROPOSITION XLVn. 

» 

THEOREM. 

the Si£ fuhendiffg the Aighi A»f^le^ is equal to t^ti 
the Squares defcrw*d ufon the Sides Containing the 
Right Angle. 

T ETABCb€aRkRt.angledTriahgle,havingthe 
-"-* Right Angle BAG. I lay the Square defcriW 
upon the Right Line bC. is eoual to both the Squares 
defcrib'd won the Sides B A, A C 

For defcribe * upon BC the Square BDEC, and *±6tfMl 
onBA, AC, the Squares GR HC/and thro* the 
Point A draw AL t)arallel tJo BD, or CEi mA 1« 
AD, FC, beioinU^ 

Then becaufe the Angles B AC, B AG,t areRkht f D<f. j©; 
ones, two Right Lines AG, AC, at tte given Pc^nt 
A, in the Right Line BA, being on contnuy Sides 
thereof, make the adjacent Angles equal totwoRigbl 
Angles. Therefore CA, AG, make X one flr^ght ±i±oftlisl 
Line ; by the iame Reafdn A B, AH, make one ftraight 
Line. And iSnce the Angle DB(J is equal to the 
Angle FBA. fbr each of them is aRigbi one. add 
AFC, which is common, and the whote Angle 
DBA is * equal to the whole Angle FBC. And *,^. ^i 
fthce the two Sides AB, BD, tu« eijuil :to the twa \ 

Sides PB, BC, each to each, ^d the Angle DBA ' ' ' 
equal to the Angle FBC; the Bale AD will be f f±iftliu 
equal to the Bafe F C, arid the TtmagLe ABD. equal ' 
to tWe Triangle FBC: :But the ParrflclogwmaL 
is X double to the Triangle A B D ; for they have the» + . , -r^- 
fiime Bafe DB, and are between the feme Parallels +*'^"*'* 
BD, AL. The Square GB is ^ alfi>. doable to die 
Triangle FBC; for they have the fiunfe Bafe FB, 
and are m the fanle Parallels PR GC. But Things 
that are the Doubles of equal Thifags are * equal to ♦^Z^, 
each other. Therefore the Parallelogram BL is equal, 
to the Square GB. After the fame Manner, A£, 
BK, being joined, we prove, that the Parallelogram* 
CL is equal to the Square HC. llierefore the whotle 
Square DBEC is equal tothetwjo SqwnxsGB^HCw^ 
But ^ Squaie DBEC is defaib'd on the Right Line 

BC, 



B C, and the Squares G B, H C, oii *B A, A cV Ther^^ 
fore tho^ Square BE, defcribM oa,t)ie Side BC, is 

t£ng 
ejial t/^'^Hofi^t'he Squares- Hsferiyd upon Ihe ^£s con^ 

imingthe'RtgbtAf^k, 



• > \ 



PROPOSITION XLVIII. - 
- Jr THE O-Rfi'M. 7 

l^a &(judfe defcr'tH^d upon one '^ide'. of a T'riangle^he 
e^taito the Squares defcrih^dkponthe other twoSidesf 
^ -^ oj ^^ fi^'^rtangk^ then th Aifgfe tonpain^d iy^thefe' 
••\^: * ^' PM other Sides hd Right Angle, 

T pi the Square dtfcrib'd upon the Side BC of tb6 
^ Triangle ABC, be equal to the Squares defcrih'A. 
. r, ■ ; upon the other two Sides of xhc Triangle BA, AC: 
IfaytheAhgl&BACisaRightonc. . , - » 

For Ifet 4iiere be drawn ,AD from the Point A, at. . 
Ririit Angles to AC; Ukewife make AD equal to 
.^? \ :BA, andjoinDC, 

Then becftufe D A is equal to A B, the Square de4 
fcrib'd on DA will be equal to the. Square defcxib'd. 
OS AB;- And adding the common Square defcfib'd. 
on A C/the Squares defcribVi on D A, A C, are equal 
.r. 'v .' to Jthe Squares ^efcribM on B'A^ AC. ButthcSquare 
^±i$ftks <lefcrib''d on 'DC is ♦ equal to the Squares delbribM 
^^^ oh DA, AG; for DACds a Right Angle: But the' 
Square on BC isput equal to the Squares on B A, AC»j 
Therefore the Square defcrib'd.on DC is equal. to 
the Squate defcrtb'd on B C ; and fo the Side C D. is 
, : ^ . , equal to the Side CB,- And.becaufe DA is equal to 
'' * A B, arid AO is common, the two Sides D A, A C, 
are^ equil to the two Sides BJLAG; and theBafe 
D C is equals to the Bafe C B; . Therefore the Angla 
4 8iif /i&ii J^AG IS t equal to the Angle BAG; but DAG.isa: 
.:. .K*R«ht Angle; and fo BAG will be a Right Angle: 
' " alio, ff^ therefore, a Square defirib^d upon oneXde, 
of a Triangle ie equal to the Squares defcrib^d upon the ' 
vther two Sides of the faid Triangie: (ben the Angle con^ 
faif^d by thefi twa other Sides is. ^ kigit Angle ; . \v^hich 

was to bewmonftrated. . ' 
'!'. ; ' -^ •' \ -' - EUCLID'^ 
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D E F i NI.T I On is. 

J^rSRT Rigk-m^kd Par^lelegrMf is 
Jaid to he cBntmn^d taidtr -two Right 
Liitei, cam^rehendiitg a Right jIm- 

gk: 

II. /» every PataHelogram. either of tbofe ParalUlo- 
frrams that are about the Diameter, together with the 
Complements^ is' called a CHomor/. " , ' 



PROPOSITION L 

j-'.. r:;'.''T^'EO]|iE,M. . 

ff there he two Right Lines^ 4UmL o»e pf them h ^« 
kfided ittto any Numher of Parts *^ the ReHangU com* 
frebenJed under the whole, and divided Line, Jball 
he equal to all the ReSangles contained under the 
^hole Line^ and the feveral Segments of the Mvtded 
Lme:\ ; . - / ^ 

fer A ahd BC be two Right Lines, 
-ivh^Qof BX^ is cut ^r dkrided any ^ocir ia 
the^^qints D, %.l iiy, the Reftiigle 
comamed'tinderthe Right tiuies A andj5 C, 
is equal to the Re£langles contained under 
A and BD^ A and DE, and A and EC. 





let ^ there be drawnDK/EL, CH, thro't), E, C' 

parallelto-fiGl *; - 

Then the ReSangle feH is equal to the Redangles 
BK, DJi^PHi l^ut^beJleaangle^BH, is.that con- 
tained und^ A 'and B Ci for it i& containM under 
G B, BC; and GB is equal to A ; and the Reflangle 
SKis tfaat^contaiVil under A and BD | for it is contained 
pnder G3 mid jPiD, aud^GP is equal to A ; and the 
.Reaanglc DL is that contajn'd iinder A and DE, be- 
caufe D K, that is, B G, is eqtial to A i So likewife 
the Redangle E H is that contiained Under A and E C. 
TheccfbreNthe R^e^angle under A and BC, is equal to 
. the ReSangle under A ajid BD, A and 1) E, and A 
and EC. Therefore, if there he^ two Right Lines 
given, and one of them be divided into any Number of 
jParts, the Reitangle comprehended under the whole 
and divided Line jhall he equal to all the ReSangles 
£ontaiied under the whole Line, and the feveral Segments 
of the divided Line ; which was to be demonitrated. 

PRO- 



PROPOSITION n. 

* • • . « • . I 

THEOREM. 

ff a R'iffht Line be any how divided^ the ReSavgU^ 
coutasMed uuder the wbok Litfe^ and each of the Seg'^ 
tnents^ or PartSy are equal to toe Square of. tb^'^^whol^ 
Lime, ' . • 

T ET the Rkbyt Line A!!^ be any how divided in 
^^ the Point C. I lay, theReOangfe contained un- 
der AB. B C, together with that contained under AB 
and AC, i$ equal to the Square made on AB. m ^j: ,^ 

' For let the Square ADEB be defcribed* on AB, ^' ^' 
and thro' C let C F be drawn parallel to AD or B E. 
Therefore-A B is equal: to the Re£bngle$ A F and 
C £. But A£ is a Square defcribed upon A B ; and 
AF is the Refiangle contained under BA, AC; for 
it is contained under D A and A C, whereof A D is 
equal to A B ; and the ReSangle C E is contained 
under AB, BC, fince BE is equal to AB. Where- 
fore the Reftangle under A B and A C^ together with 
the Redangle under AB and B C, is equal to the 
Square of A B. Therefore, if a Right Line he am 
hovj divided^ the ReSaifgles coutained under the wbok 
Line^ and each of the Segments^ or Varts^ are equal ta 
the Square of the wbok Ziine, 



PROPOSITION lU. 
THEOREM. 






Jf a Right Line he am. bov) ctit^ the ReSanzU cof^ .t ^. :■ 
4aineauttder the whole tane^ and one of its PartSy is ^ 
equal to the Re^angle contatned under the two Paris , . 
together^ with the Square oftbefirjlrmenHoffd Part. 

LET the Right Line AB be any how cut in the , - .. 
Point C. 1 lay, the Redangle under A B ani 1 . - 
BC is equal to the Keaangje under A C and B C, tOr " ' ' ^' 
gether with the Square delcribed on BC. 

For defcribe * die Square CDEB upon BC ; pro- * 4^. 1. 

duceED to F; and letAFbe drawn tthro'ArP^^- \ 3i» «• 
lei to CD or BE. 

a Then 



\ 



'4> mtfii^iTitiMWrs. Bdoilfi 

Then the ReSarigk AB ^V M eq^ual to the two 
Reaarigles AD, Ct': And the lleaangle AE is that 
contained under A Band BiCg for it is contained un- 
der AB ^d-BE, .whereof^ E is equal to BC.; And 
the ReXkangie AD- is that ionSiihcd under AC antf 
CB, linoe DC is eqnaftb iCB-t And D B is a Square 
a^fci^ili^dupoii BC. ' Whtf^f6fc*thcRcaangle under 
AB and BC is equal to the Redangle under AG land 



is'ejhfliothe'Re3di^troiiiM^'ui^r thepv^d Parti 
tj^ctber^.wth. tbt Sffmiff/6l^ihe^fitfi Partj; 

i^yhicfi w^s.to be' d^moriffirat^o.' ^ '• ^'--^ - . v* *"^ 

• • . -. 4 V . ..... J J ^ fc.J. I. C .• . -♦ • . 1^ ' 

,^^ •'. ,-'. « :T.H E'iQ'ia'^'E:M* . ''.': <. 'J/. 

*^4 i^^ig>S^ i/»^ b^ any'jkim'-cuf^tiii Square '^hkh it 
^^ made mt^i^ whole jLffiir'f^ifl' ^'e^ual to t^^ 

made off the Segments! ^efehf^'tdgether whh ¥tvUethe 

\ Re6iangk'copai^edtlM^fihf^'Sjg)iie^^ ' "., *-'•' 

T: fe'f ^hefefcht Lii^e A^BParr^hoVcuf 'iiiC. I 



•% 



t,V.. f. 



angle coniainea unaer xw>, v^u. 

* 4^. I. For ♦ defer ibe the Square A DEB upon A B, join 
1 41. 1. BD, anailhr^ Odraw ICOJF ^arilld tt AD or 

BE ; and alfo thro' G draw HK parallel to A B or 

Dp ; ' ^ ^ '-T ; . * • 

Then Uec^ufe C F is parallel to A D, arid B P &.Ils 

+ 4^ »• *ap6n tjicm-,' the outward Ajpgfe\BH3 equil 

to the inward ' and oppofite -Angle AD B : But the 

* f.i. Angl^ AD B IS * equal' to the Anglfe A BD, • 6ncc the 

Side B A is^ e^tial to thS' Side A D. Wherefore the 

Angle C G B is equal to the Angle G B C ; and fo tjje 

f 6. I. Side BCeqllal f to the StdefC 6 "; but likewife the 

* 34- »• ^SidcCB h 1 equal to the Side G JC, and the Sid^ C G 

to B K: Therefore G K is. equal to K B, arid C GK B 

is equilateral. 1 fay, it is alfo Right-atigled ; for be- 

' • ' caufijCG is parallel to Bi^ and CBttills on them, 

- •• ■ / IhcAngle^ KBG,-GG^,ard^ equal to two Right 

Affiles. But KBC is a Right Angle. Wherefore 

■^ % - G B G 



<SBiG aMb'is a-Kight Angfe,-anii! Hw oppofiie Angles 
C G IC .^,K B (hall be Right Angles. Tli^r^ii 
CCK-B isa'Rimngle. But it has been proved tp ' 
be eqiulateraj' Thetfore C G-^CB is a Square d<- 
leribcd uponBf;. For the &BjeReafonHF'is^fo 
A Square mafle-upbp'HG, that b e(jual to the Square 
of^. 'WheiaefbreHF and C Rare the Squares of ■ 
Kg and CB. And becaufe thcReQangle AG is 
•■equal to the ReftapgleGE, and A-G js that which * 4J ti 
is coflta 0-B. -for G-C is equal to • ■ . 

CB: G heReaangleonder AC, 

andCB eaangles,Aq, GE, ari 

Mud K le contained under AC 

CP; a le Squares of AC-CB. 

5%c«fe IF ci,AG,G^fe,are i 

tqttrttc . and' CB, with tyricc thtt 

Reaangte coiltMned under AC andXilB. DutH^ 
CK, AtLGE, msBce up the w^(?le Square of K-ff 
TKS. AIMBB. Therefore ^heS<^jltfeof ARis equ'S 
to theSqu^s of AC, CB,'tomhcr with twice the 
R^ai^ -coittained- under A C, CB: Wterdbf e, 
^ a'Righff-fi^be i^ bov/ cpa; fih^Sjxare vihici a 
JBO^ on ^pihok^vK, wHUe e^ual to tl^ Sqwres 
made on tbeiSermeits.tbertaf^j6getf>er witi poJ^te ^ 
Ke^angk eomatm^faTderfbtSe^nteiftti which "was to 
be aemosuTAed. 

CoroU: Hence it is maniftl^ that the Parallelogram* 
• whidi-ftand about theDiametcr of a Square, are 
likewife Squares. 

PROPOSITION V. 

THEOREM. 

/fa /tight Line bt tut into two eanalPant, andint* 
.■tvM ffttjual mes ; the RtSmgu under the Knegual 
Parttj together with the Square that is made of the 
intermediate Dijiance, is equal to the Square made 
■4f half the Line. 

T E T any Right Line A B be cut into two equal 

^*-* Parts in C, and into two unequal Parts in D. I 

fey the Reflangle contain'd under AD, DB, toge- 

E thcr 



50 \ Euclid's Uh IE Hi^^ti. .BodkOf 

ther with the Square of CD, is equal to the Square 
ofCB, 

i46.u For t defcribe C £ P B, the Square of BC, draw 

^ ,, , BE, and thro' D draw * DHG^ parallel to CE, or 
^ • BF, and thro' H draw KLG, parallel to C B, or 
£P, and AK thro'A, parallel to CL, or BO. 

t^i*i' ' Now the Complement C H is :t ^^ ^ the Com- 
plement H F. Add DO. which is commion to botli 
of them, and the whole C O, is equal to the whole 

f ^^'j DF; but CO is f equal to A L, becaufe AC is equal 

' *^* • to C B; therefore A L is equal to DF, and adding 
CH, which, is common, the whole A H ihall be 
equal xo 1^ D, D L, together. But A H is the Red- 
angle containM under AD, DB; forDHisf equal 

♦ Cor.4. to D B, * and F D, D L, is the GnomonMNTX; 

9f this, therefore M N X is equal to the Re6Ungle concain'd 
under AD, DB^ and if LG, beine common, and 
/^ equal to the Square of CD be added; thentheGno- 
tnonMNX. and LG, are equal to the Redangle 
contained under AD, DB, together with the Square 
of CD; but the Gnomon MNX, and L G, make 
up the whole Squ^e C£ F B. viz. the Square of CB. 
Therefore the Kecbngle under A D, DB, together 
with the Square of CD, is equal to the Square of 
CB. Wherefore, if a Right Line be cut imo two equal 
Parts^ and into two unequal ones ; the ReSastgk under 
the unequal Purts^ together with the Square that is made 
tfthe snter mediate Diftance^ is equal to the Square 
made of half the Lme; which was tobe demonftnited. 
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PROPOSITION VL 
THEOREM. 

If a Right Lwe be Mvided im$o two tq$$al Parts^ and • 
another Right Lime he added JifeSly to the fame^ the 
ReSangk eonttuH^d under the LinCy compomnded of 
the whole and added Line^ (taken at oneLine^ and 
the added Line^ together w$th the Samare of half the 
Line J is ejnal to the Square rf the Line eomfoundej 
rf half the Line J and the added Line taken as ouf 
Line, 

T ET the Right Line Afi-be blfefted m the Poin« 
*-* C, and BD added dlreaiy thereto. I fay the. 
Reftangle under AD, and DB, together with the 
Square of BC, is equal the Square of CD. ♦ 4^. t^ 

• Fordefcribe * CEPD, the Square ofCD, and t l^-i. 
join D E; draw f B H G thro* B, parallel to CE, 
or D F, and K L M thr o* H, parallel to A D, or 
ER as alfo AK thro' A, parallel to CL, or DM. 

Then becaufe A C is equal to C B, the ReSangle ± 45. i, 
A L fhall t be equal to the Re6bngle CH, but CH is 
I equal to H P. Therefore A L will be equal to 
H F ; and adding C M, which is common to both, 
then the whole Kedangle A M, is equal to the Gno- 
mon NXO. But AM IS that Redangle which is* c>. ^ 
' Contain'dunder A D, D B, forDM is * equal toDB; rftbis. 
therefore the Gnomon NXO is equal to the Re6bui- 
jle under A D^ and D B. And adding L G, which -^ Car . 4, 
is common, t;/«. f ^^^ Square of C B; and then the ffthis. 
Redangle under AD, DB, together with the Square 
of B C, is eqiial to the Gnomon NXO- with LG. 
But the Gnomon NXO, ai^ L G, together, make 
up the Figure CEPD, that is the Square of C D. 
Therefore theRedangle under AD, and DR together 
with the Square of S C, is equal to the Square of 
C D. Therefore, if a Right Line be divided into two 
tqualParts^ andanother Right Line be added dire£tly to 
tbefisme^ tie Re&angle contained under the Line\ com- 
founded ofthewhok ^nd added Line^ (taken of one 
Line^) and the added Li^^ together v^tb the Square 

E i Sf . 
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•f ha^ the Linf^ is equal to the Square of the Line 
compounded 6fhdfihe iMe^. andthe^a^A. L\ne takem 
us one Line ; which was to be demonftratcd. 

PROPOSITION VII. 
THEO REM. 



» « . ■< V 



1^ a Right Ifine be ,a)$y ho^ cuty the ^Square of the 
%pbolf Jitney together Vikk th. Squane jtf one of the 
Segments y is evH4l,to dot^Ujhe ^Reitangle cofftain^d 
. nn^erthe whpU i/^^ ^nd tlef^d Sapient ^ together 
with the Square^ made of the other Segment. 

LET the Right Line AB be any : how cut iq the 
, / Point C. 1 fay 'tKa'gquarV^ Bt; tpger 

tfi'er, are equal to dojflSf^ 'tlie "Re6^gle c6ntaia*d 
.under AB, BC, tofether with tfiie Square, made of 
AC. . 

♦ 46. !• For let the Square bf .A B Be * deC:rib*d, viz. A 
APEB^ and coiiitrua iy the Figii^e. ^. ^ , 
1 4j. I . ihea becaule the Jleflangle .AG. 'is ,'t,*g^^^^ *P> 
the Redtangle GE. JiF'CR ,v^Kic^ is common, ,dc 
add^d to bpth, thV^^^ 

equal io the whole KeSahglq yE, a^d jTo^tne Reg- 
aijigles A F. .C E^ 'are double to the'Reaahgle A Fj; 
but AE, CE^niaie up the'<5nb^onKlrfji(^ aiid . 
ji\c Square CF. !f herefbre the T&iiomph K I^Kf, 
togethef \vith th^ Square CP^A^ BedoiiBleto ffic 
''Reaahgle A F. But doiibje meRedangle under A 6, 
.B C, is double the Reiaan^Ie A^F, ^or fij^ is f eqiial 
to BC. Therefore .;t1^e Xjiiombn*K!.JUM^ and tfi'c' 
Square C F, aie efluarto twice, th^ Re^iSMigie .con- 
tain d .uiidenA B, BC. And if H Fj which is com- 
mon, being the' Square ^of At}, be added 't6 both ; 

then . 

M» H W l> m ill I I iW»^— — — — — ^fH»^Jl^— — — ■— i— — ^1^>»' 

• \ 

5 ^ ^^ure isfaid tp h etiijh^uBedy vhen JJuet^ drntm in 
s rarslUligrmn parallel to the Side^ theretf^ ent.th Hiaene^ 
ter in one Foiat^ and make two Fara^ekgrams abottt theJ)H 
mmeter^ and two ComUememi* ^e Meji^e «. donMe Fifffre 
isfaid to be confiruBeJ^ vhen two Right Lines. parMlel to. the 
Sidesp make four Farallehgrains Mone Ae J^dtheimr^ dmd 
jfwr Complements. 



\ 



tiiea tbe ^(m>a KhM^ ^4 the Squares CF. 
P F, ar^e'wjf Jo pouble (^le Rcaangl* contain'a 

omon If 1j 
, ^*^i, jire equsJ'ty. *.^*,^, -^w «., ...^ u,^ 
Squares of A B, 5 C. Ther?%et%Squaresof AB, 
J^tL ; ai;e tqgethCT ^ual lo ^Riiblf tljp Reaangic con- 
^bOh'^ 4^ BC, {ogetfiet with' the Squaft 
ja AC. Tpaefpfc, if a 4^t iW ^ imj ifow «(j;, 
?V ^iff"^ 'J t'f V'^ole tiff, iogttifr with the Sqmire 
ofoife of the Sf^ments. k eqt^l to Sifkle the Reaangie 
ta^t^^undfr ijf hjim twt, atui'tke,fiti4 Sefftuns^ 
together ^fiith f^e Square^ mfidf e^ the eflfrr ^fgifieifiii 
i^ch was tobe dcmqiilbatecl. 

' PROPOSITION vin. 

T H E Q |t E M. 

■ If a Right Live h' *tj; how («* into two Parls^ Jbiif 

timet tfie Re^anaty contaM'i uHiier the •whole Line^ 

fikdofie of the' ^artSy hgether with the Square of 

' tie other Part, w eqkai to the Sinare (^ the Line, 

' CQmpuf^d'of _ih/(-w^U%tfe,an,4 the firfi Part ' 
teM^ as one Line. ''■-'■'■ 

T ET tije Ridit 1 >w mC. 

•■-* I % four tjpes 'd tuusr 

^RBCtqgsthttj iseqoal 

iptneSqaai^ of A] :Idn«. 

" Bpt let til? flight «* «> Ql 

ti tti^i ^^^ (?3i»l Dare A£ 

pjOnAD, ^dc ari. 

Now fince C B i ) alfo Io^dm' 

t d 4 aiid P I* is. ._ - __ . . _ ,- Jhall be t"^*!; 
lifcC^fifepiualtoKN; fcr ihefameReafoning PR 
Si equal to R O. ^d mcf C B is equ^ to B D. 
and G K to K N, "the Reaanek C K will t be* ,5 , 
equal to the Reaangle B N, and the Refiangle GR 
to the ReSangle RN. But CK is • equal to RN;« ^ ,; 
foi ther are the Conplements of the Parallelogram 
C O. Therefore BN is equal to G R, and the four 
Squares BN, KC, GR, RN, ate equal to each 
E 3 other; 
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other ; and fo thqf are together Quadruple C K* 
i^ain, btcanfe C B i» equal to B D, and B D to 
BK, that is£ equal to CG ; and thefaid C B is equal 
alfo to G K, that is, to G P ; therefore C G fliaU 
be equal to G P. But P R is equal to R O; there- 
fore the Redangle A G fhall be equal to the Red- 
angle M P, and the ReAangle P h equal to R P. 
But M P is equal to P L ; for they arc the Comr 

!)lements of theParallelognun ML. Wherefore AG 
s equal alio to R F. Therefore the four Parallelo- 
grams AG, MP, P L, R F, are equal to each 
other, and accordingly they are together Quadruple 
of A G. But it has beenprov'd that the four Squares 
CK, BN, GR, RN, are Quadruple of C K» 
Therefore the four Redaneles, and the foursquares, 
making up the Gnomon STY. are together Qua- 
draple of A K; and becaufe A'K is a Redanfle 
containM under AB, and BC for B K is equal to 
B C ; four times the Redangle under A B, B C. 
will be Quadruple of A K. BSit the Gnomon STY* 
has been prov'd to be Quadruple of A K. And fo 
four times the Reftanglc contained under A B, BC, 
t CoT' 4. l5 equal to the Gnomon STY. And if X H, being 
fftUs. eq^al to t the Squ^e of A C, which is conunon, 
be added to both : Then four times the Redangle 
contained under A B, BC, together with the Square 
of A C, is equal to the Gnomon STY, and the 
Square XH. But Aij Gnomon ST YandHX, mi*e 
A E F D, , the whole Square of A D. Therefore 
four times the Reftanglc contained under AB^ BC, 
together with the Square of A C, is equal to the 
Square of A D, that is, of A B and B Q taken a$ 
one Line. Wherefore, if a Ri^Une h at^imv ctft 
imo two Parts^ fyikr times the Rt&angU contaiif d nn-* 
der the whole Line^ and one of the J? arts ^ together 
, wHh the Sanare of the other Part, is equal to tbp 
Square of the Line^ eompomnded of the^ whole Liste^ 
and thefirft Part taken as one Line j which was to b<^ 
4emonttrated, 
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PROPOSITION IX. 

THEOREM 

If a RightLine h Mmy how p^mfp tW0 fftuJ^ amdtwo 
mfff^af Poftt^ then the Squarts if the mmeqnsl Parts 
t^getbfr^ are daubk to the Square of the halfjaipe^ 
(ond the Square ef tAe intermediate Part. 

m « 

LET any Right Line AB be cut unequallt in D, 
and equally iitC. I lay the Squares of Ad.DB, 
together, are double to theSquare$ of AC and CD 
toe^her* 

Tor let ♦ CE be drawn from the Point C at %^ « u. i. 
Aitf;les to AB, which make emal to AC, or CB, 
andjoin E A, EB. Ajfo thro' D let j DF bedrawn t ji. i. 
pgtallel to C^, and F G thro' F parallel to AS, and 
drawAF, 

Now becaufe AC is equal to CE, the^gleE A C 
will be ^ equal to the Angle AEQ; and iioce the ^ f. t. 
Angle at C is a Right one, the other Angles A EC 
E AC, together, (hall * make one Right Angle, and * S C^* 
are equal to each other: AndfoAEC,EAC,areeach 3*^- «• 
equal to half a Right Angle. For the fame Reafon 
are alfo CEB, EBC, each of them half Right An<* 
gles. Therefore the whole Angle AEB is a Right 
Angle, And fince the An|le G £ F is ha}f a Rj^ht 
one, and £ G F is a Right Angle; for it is f equal tq f ip. i, 
the inward and opp6fite Angle EGB, the other An* 
gle E F G will be alio equal to half a Right one. 
Therefore the Ao^e G E F is equal to the Angle E FG, 
And fo theSide EG is if, equal to the Side G F. A^ainu 4: 6. i. 
becaufe the Angle at B is half a Right one, and FUB 
is a Right on^ pecaule equal to the inward and oppo- 
se Angle ECB, the other Angle BF D will be half 
^ R^t Angle. Therefore the Angle at B is equal 
to the Angle BFD; and fo the Side DF is equal to 
the Side DB. And becaufe AC is equal to CE, the 
Square of AC will be eqtial to the Square of CE, 
Thpefore the Squares of AC,. CE. together, are dou^ 
ble to the Souare of AC; but tne Square of jg A • 
is I equal to the Squares of AC, CE, toged^er, ({nee 4- 4j. iV 
^CE is a' Right Angle, Therefore the Square of 

E 4 £A 
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E A is double to the Square of AC. Again, becaufe 
EG is equal to GR a6d A^S^titfeof XGf is equal 
to the Square of E F. Therefore the Squares of E G, 
G F, together, aiedbuBIe t6 Hie SqUare of G F. But 
"t 47* I. the Square of E P'is \ equal to the Squares of E G,G F, 
THarfcfore fte Sxjuare <Sr*E F Is Tteiible the Sqttefe of 
GF: ButeFis«<ta»toCD5 Jtfid fo tHe Sqwrft of 
EF double to the S^rif of 0D> Bat the Sqiiarc 
of A E is lilcewife double t^ tHe Squ*6 of AC. 
Wherefore the Squares of A E, and E F, are double 
to the Squares of AC ^d GJ3. But the Square <if 
AF is + equal to the Sqtfatrfes of AE and fiF; Be- 
fcaufe the Angle AEF is a Right Attgle, and cdhfci- 
qu^ntly the Square of A F is awble to the Squares 
of AC, and CD, But the Sqtiafes ^ At)^ DF^ 
are equal to the Square of A F : Fbr the Aligle at D 
is a Ririit Angle. Therefore the S<iuates ef AD, 
and I>E^ tbgcthef,- fliMl bedoubtetb ftie'Squarfes of 
AC and CD together. But DF is equal to DB. 
Therefore the Squaires of A I>, and £) S, together, will 
be double to the Sq^res of ACahd CD, t6geA^: 
Wherefore, if a R^bt Line h'ean^ h^ cut mto ifxfo 
erjUttl^ offd two unequdlPartSj then the Sfuares of thS 
nneatial Parts together^ -dri aouih h the S^ki^ ^ the 
half Ljne^ aHd we Square if the intehheamtt Part; 
itJiTch was to be deritonftfated 

PRO POSIT 10 N X. 

t H E O R fe M. 

Jf a Right Line he t^ into two ej^jki PHrifs^ imd ftn if 
he direBfy added aaikher\ ibe 'Sqf^rif in^ik On Y^e 
Lint comfonnded df\ the whtde Line^ and the added 
t^e. together t^ith ihe Sfitdre of j^ie. t^dtd Line^ 
'^patihe dSubktatik Stpare of the haift/hfe^ kMdthe 
Square of [that Line 'vfhich is comptfttnde'd ^f\ the 
' haff, and the-jidded Line. 

LE t the Right liie A6 bie bl!ftft\sa th C, and any 
itra%ht Lme *© added dire% th'crtto. I fty 
tHe Squares of ADyI>Bj together, are tt^Tible to the 
• ' S^uafes of AC, CD, t6ge*fcr, 



Foi>dmir*'CB^aBi thcP^iBt Cai lUgkt ilagtes * u. i« 
^ hBy whfcbiiMkcc^puil ta AC, <ar CB, and dnrar 
A£, EB; UkewiSff tfaro' fi lct£F be f dmwn pa- f 31* t. 
Mlel to AD, and thxo' D, D F f parallet to CE. 

ThcA hMLxA tbMi Right Line £F &Us upon the 
|'ai^kl9£C(,FDvtiiejld^sCBF,£F]>,are:^equ^ t ^9- 1* 
tcr.two R%fat An^a. Tharefiore the Angles F£B, 
JEFI>^ «• eogeiher Jefa tka» two Bjgkt Angles. But 
Bight Lifins makiK, with a t^ikd Liae, An^es toge- 
Aa lefl than tvro Ki^t Angles, being infinitely pro- . 
dac'd, WtUmeic*, Wherefore £B, FD.prodac'd, "^^.la. 
will.nMttc towards BD. Now kt them beproduc'd, 
and maec ^a^h other in the Point G, and let AG be 
drawn. 

And then becaiift AC is eipial to CE, die Angle 
ABC will be equd to the Amle EACf: Bat the f s. u 
Angle at C is a Right Angle, - Th^efore the Ax^Ie 
CAE, or AEC, is half a Right one. By the fame 
wav of Beafoiii^e;, the AngleCEB, or BBC, is half 
a Right one. Therefore ABB is a Right Angle. 
AndiinceEBCishplf aRi|JitAn^ie,DBGwill^:alfo * il*. i- 
be half a Right Angle, iince it is vertical to CBE. 
But BDG is a Right Angle alfo; for it is :t equal to 
lhe4ilMr(tateA|igieI2C£ Therefore the remaining 
Angle D GB is half a Right Angle, aii4 So eqoal to 
DBG. Wherefore the Side BD is ♦ equal to the * tf. i.- 
Stdi^OG. J^n, beoaufe EG F is half a Ri^ An- 
gle, and the Angle at F is a Right Angie^ lor it is 
eqwl to the oi^Kme Apgle at C; . th^ remaining An- 
gle F£ G will be alfi) half a Right one, and is e^ael 
to the Angle EGF; and fo the Side GF is * equal 
to the Side £F. A*l'|li9ce £C is equal sq CA, end 
the StpiBkQ i>£ EC eanal to theSqnane of C A; thete- 
£iife t^ Squares of EC, C A, together dte douUe to 
theiilliiare irf'C A But the Square of £ A is f equai f 47. u 
fo the Squares of EC. CA. Wherefoce the Square 
9e £ A is double to the S<paret>f AC, Again, be- 
<MftiGPisequal toFE, tfae&faaceofGF alibis 
equi^ to the Square of F £. Wherefore the Squ^ures 
0t 6F, F£, are double to theSqutfrei>f FE. But 
rheSquam^of^B G is t equal to the Squares of G F, F E. 
Th^sefote the Souare of i£G is double to the Square 
df £F: But £P is equal to CD. Wherefore the 
$Q«)iie<»f £G 4baU Jbe douUeto the Squacejof CD. 

But 
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Btit the Square of £ A fais been prdvM' to be doid>le 
to the Square of AC. Ther^ore the Squares of 
AR EG, are douHle the Squares of AC, CD. But 

.t 47* >• the squares of A G is f equal to the Squares of AB, 
EG; and confeque&tly the Square of AG is double 
to the Squares of AC, CD. Butthe S<mares of AD^ 
D G, are t equal ito the Square AG. Therefore the 
Squares of AD, D G, are double theSqoares of AG, 
£D. But DG is equal to DB. Wheceft^e the 
Squares of AD, DB, are double to the Squares of 

' AC, CD. Therefore if a Right Lime be eta imt9 tW0 

Sual Parts J and to it be direSfy added amtber; tie 
^uare made om [the Line eomfou$$ded of] tie whole 
Line^ and the added one^ together with the Square oftba 
^ ' mdied Line^ fhaU he diotMe t9 the Sauare of. the hdf 

Line^ and the Square of [that Line wiichis epn^Ojondid 
ff} ' ^he half J and the added Line, 

P R O f> O S I T I O N. XI. 

PRO B LE M. 

To cut a given Right Line fi^ that the ReSangle con^ 
Siuned under the whole LinejOnd one Segment jbe equaf 
to the Square of the qtber Segment. 

L^ET AB be a given Right Ldde. It is required to 
^ cut the fame Xo. that the Redangle comtaiued; 
under the whote, and one Segment thereof, he equai 
to the Square of the other Segments 
• 46 I Defcribe * ABCD the Square ot AB, hifea AC 

in E, and draw B£ : Alfo, pMJuce C A to F, fa 
that E F be equal to E B. Defcribe F G H A Ac 
Square of A F, and produce GH to K. I fay, AB 
is cut in H iOj that the Refisngle under AB, UH, is 
equal to the Square of A H. • 

For iince the Right Line A C is bifeded in E, and 
A £ is diredly added thereto, the Red^uigle under 
/ CF, FA, together with the Square of AE, will be. 
1 6cfthis. f equal to the Square of EF. But EF is equal to 
EB. Therefore the Riedangle under CF, FA, to- 
gether with the Square of A£, is equal to the Square 
#47 tftl^. of £ B. But the Squ^es of B A, A £, are \ equal to 
the Square <^f EB; for the Angle at A is a Right An*^^ 

gle. 
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gle. Therefore the Redangle under C F, F A, to- 
gether with the Square of A £, is equal to the Squares 
of B A, AE. And taking away the Square of A E, 
which is conmion, the renudning Redangle under 
€F, FA, is equal to the Square of AB. But FK 
is theReaangle under CF, FA; fince A F is equal 
to FG : and the Square of AB is AI>. Wherefore 
the Redangle F K is equal to the Square AD. And 
if A K, wmch is common, be taken from both, then 
the remaining Square FH is equal to the remaining 
ReaSang^e H D. But H D is the iteSangle under A B; 
BR fince AB is equal to BD, andPH is the Sqmuv 
of AH. Therefore the Reftangle under A B, B H 
ihall be equal to the Square or A H; And to the 
given Right Line A B is cut In H, fo that the Red- 
angle under AB, BH, is equal to the Squiare of AH. 
trhicb was t^ be done. 

PROPOSITION XII. 
THEOREM. 

■ 

£r (AtnCe migUd TrUmks^ the Sqmare ef the Side fmi" 
tenamg the oHmfe Mgle^ is greater than the Squares 
efthe Sides contmnii^ the o»tufe Angk^ by twtee the 
Re&4is^le Mftder enr of the Sidei^ communing the ob* 
tftfe jingle^ viz. that am whicb^froduc^dy tie Perpen*> 
AcmtarfMsy and the Line taken witbotftj between the 
ferpendicnlar Oftdthe obtnfe Anglel 

1. ET ABC be an obtufe angled Triangle, havii^ 
'. the pbtule Angle BAG; and^ from the Point B * tt. i. 
draw BD perpendicular to the Side CA producM« 
I fay the S^are of BC is greater than the Squares of 
B A and AC, by twice the Ke£Ungle containM under 
CA, and AD. / 

For becaufe the Right Line CD is any how cut in - 
the Point A, the Squak of CD ihall be \ equal to the 1 4^^^ 
Squares of C A, and AD, together with twice the 
ReSangle under CA, and AD. And If the Square 
of BD, which is common, be added, then the Squares 
of CD, DB, are equal to the Squares of CA, AD, 
gnd DB^ and twice the ReAai^le eontain^d un<ier 

CA' 



^«K%S«,^v«»ir«- ap<*»- 



CA ^04 AR |h 

Qfl«i ujice ^P >i t 
tot^ the Souare 6t 

CAw ■ 
CA,ai 

Sl<lttc 

syifpoK 
W^g6 
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PSQEOSIT'lON XIII. 
THEOREM. 

l» afKte angled Iriiuigla^ the Square of the Side fuh- 
temding tie ac^tf j£igleif is ftji tkan the S^Hores of 
the Sides -eoHtaixiug ''thi arete Angle^ by twice 4 
ReSoMgle under one of the Sides about the acute Am- 
tk, yh. c» fi^ fife fei^fftt^f^ ffUt, mi tfif 

X ET ABC be aa «fWc «gl^ Triangle, laying 



drawn AD perpcn^icitlar to BC I &y die Square 
:fs than the' Squares of CB and BA by 



, of AC is lefs 
twjuf B 
. ., Fortjei 
Xf^thi,. I?,fheS 



added to 



>B It cu| a^ bwn ut 
P will Se + ^u»I tq 
i4 §P, togMb|rV'Vl( 



^!?^ 



pri5,;aii<i 



adaea to es ot L^p, i),u, xqq 

£A, afejeqjwj iofjvice 4p Rei^gle.can^n'fi un- 
I CB.aJwlBp, together >v«h .cheSquaj^s pf^Q 
aai DC. B«£ tjie iq«fre of AB is % pq^ W dis 
Squares «f9I> apd DA; for the A pglp jf R is a 
Bight Angle. And tlie Square of AGis % eqii^d to 
the Sqiwes of AD aad pC. Therefore the Squares 
4f CBOTi P4 are ea^ |o thp Saiwif of A'G, to- 
' gcther 



than Ac SqiJiircstJieBaiwfBft, 1^ ttrldc ttfe fttc- 
tMg1eQf)U(iGBibdS&. TkixmAkih iUiat iu^kii 
Tru&giti, m S^itt-e *f *6<r SiSe f^^ttinSftg'tbe aeiree 
JtHlgles, ii Irfs ikon iheSjimrei cfWe *&!« rowiiiiW 
the atnte Angkj by twice a ReHaMgte 'under Vile vf lO: 
Sides about tee acute Angle^ viz. o» wbifb the Perfen- 
Scmlar falls, and the Line affim^d vMbin the 'triianle^ 
froHf the f^eKiicuiM-fo ihe MkU nfngie ; ivhieb was ~ 
to be demonflrated. 

PROPOSITION XIV. 

PROBLEM. 

7i Utah a Square eqsial to a ghem Right-Bi^d FigMre, 

it is re- 

BCDE*4j-. r. 

fBEbe 
already 
le Right- 
£otED 
xlac'd to 
ne done, 
a Center, ^ to, i, 

_ _ .emicircle 

BHF; andletDEbeprodncMtoRanddrawGH. 
Now becauie the Right Line BF is divided into two 
«qaal Parts in G, and into two unequal ones in E, 
the Rectangle under BE and E F, together with die 
Square of G E, Iball be X equal to the Square of G F. + f tfoii 
But G F is equal to G H. Therefore the ReSangle 
under B E, E R together, with the Square of G E, is 
equal to the Square of GH. But the Squares of 
HE fcd'EG 'are • equal to the Square of GH. * , - ,- 
WBSraOTe the RSaangje under BE, EF together *'' ' 
with the Square of EG, is equal to the Squares of 
HE, EG. And if the Square of E G, whidh is com- 
mon, be taken from both^ the remaining Rectangle 
contain'd under BE and EF, is equal to the Square 
■of EH. But the ReQangle under BE and E F is the 
Parallelogram BD, becaufe EF is equal to £D. 
There- 



Therefore the Panllelf^^un BD is eqnal to the 

Sqoare of EH; but theTaralletogramBD is equal 

to the Right-lin'd F^re A. Wherefore the Right- | 

lin'd Figure A is equal to the^uace of £ H. And 

fi> there is a Square made equal to the given Right- ' 

lui'd F^ure A, vix. the Square of EH; vihUb was 

M bt Jewe. 
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EUC L ID'S 
ELEMENTS. 

BOOK m. 

DEFINITIONS. 

f . 1UAL CirtUt art fmih v/b^ Diam**' 

ten are Wf^ i ^ from wbtji Cem 
teri the Sjfkt Lines that or* drawa 
are 'fnai. 
U. A Right Lim ispuito ttmeh a Or- 
■hif^tbefiuiu^midttimgpfdmc% Joe* 
tMtMtit. 
in. Cirdei grefaiJto t9Mcb eatb ether, vihiehT'tmehigg 
Jama tut one amaher, 

IV. Jiieh Limi i» a Cirtle art fad to he eqtuJh Jif^ 
tmt fivtn the Center, vibtn Perpen^enlars araaum 
fnm the Center to them be ejmal. 

V. And that Line ii faid to he farther from tbt Center J 
on which the greater Perffnditnlarfalb. 

VL A Segment of a Circle is a Ftgnre cantoned tinder 
a /tight Line, and a Part rf the CirtHmferente ef a 
Circle. 

VII. An 
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VIII. A» JImU is faiii p it md9^pnettt, luhtitfamt 
Peim u taicM m fheCinttit^rtwtetb»reef, «mdfrom 
it H^t JMies me .dmvm to tke Emb ef that Right 
Line, falhidi ii the S»ffi if ih» St:gfuem ; then the, 
jlugh canmimadimiier -Hiie iLinti ^awm, ii fmidtobe 
OH Ar^kin *Segmeitt- 

receive any CircumfereHce of the Circkj tbett the 
jfnsleiifaiduiJiaHdMfmtbaf^reuH^erwmce. 

X. ASeaorofaCircle^.ii that l^ure .eort^fehevtkd 
ietvye»n4ht /Ught Li»es^avAt^m tmCtMer\ ti»d 
the drcHmference contained between them- 

Xl- Similar Segments of Circlet are thofe which include 
e^MdA>^lei^dr^ere^tht^^letini,themaret^al. 



PROP t>s H' \xi it 1. 
PRQ.B,LE.M,. 

?o find the Center of a Circle given. 

ET'ABCbetheCircle^iven. .Itistc-' 

quired to'firid the Center ttietctSF. 

Let IheRight' Line AB be any h<^w 

. • lo- »■ ' drawninit, which*t)UeS in thePoint 

t "• »- "D ; aad let D C be f dnWm fr«n »he 

Point D af Right Angles to A'?, which 

■ let be produced to £. 

Thenif ECbe*bUeaed inFjTfay/thePQint'FiS 
dw Center o£ the Circle ABC. • ■ 

For if it beni3t,kt'Giie theCenter, aodlefGA, 

GO, GB, be drawn. "NowbecauleljAis c^alto 

PB, «idDG is common, the two Sides AD, DG» 

are equal to the two "Sides GD, D B, each to each'; 

iVef.ij.i. andtheBafeGAjsiequalto theBafeGB; for they 

are drawn from the Center G. Therefore the Anglt 

11 8. I. A D G is il equal to the Angle GDB. But when a 

Right I^e (tanding upon a Right Line, nYakes the 

adjacait 
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adjacent Angles equal to one attother, each of the 
equal Angles will * be a Right Angle. Wherefore *I>ff'io,tJ 
the Angle G DB is a Right Angle. But F D B is alfo 
a Right Angle. Therefore the Angle FDB is equal 
to the Angle GDB, a greater to a lefs, which is ab- 
lurd* WnereforeG is not the Center of the Circle 
ABC. After the fame Manner we prove, that np 
other Point, uttlefs F, is the Center. Therefore F « 
" the Center of die Circle ABC; 'which was to befotind, 

CgtoIL If in « Circle, any R%ht Line cifts another 
Right Line into two equal Parts, and at Right An- 
gles ; the Center of the Circle will be in that cut- 
ring Line. 

PROPOSITION It 
THEOREM. 

tf my two Pmms he ajfunfd in the Circumference of a 
Ctrcle^ the Right Line joining thofe two Pointx Jbafl 
faU within the Circk. 

T ETABCbea Circle ; in the Circumference of • 
^-^ which let any two Points A, B, be affumcd. I 
lay. a Right Litie dr^wn from the Point A to the 
Pouit B, falls within the Circle. 

For let any Point E be takfen (n the Right Line A B, 
and let D A, D E, I) B, be j oined. 

Then becaufeDA is equal tt> DR theAngleDAB 
will be * equal to the Aligle DBA; and fince the * f. i. 
Side A E of the Triangle t) A fi is produced, the 
Angle DEB will be f greater than the Angle D AE, f »^* ?•' 
but the Angle DAE fe equal to the Angle DBE; 
therefore the Arigle DEB is greater than the Angle *; 

DBE. But thegreater Side fiibtends the greater Angle. 
Wherefore DB is greater than DE. But Dp only 
comes to the Circunlference of the Circle ; therefore 
D E does not reach lb f^. And fo the Point E falls 
within the Circle. Therefore, ift'wo Points are af" ». .-- 
fnmed in the Circufnferince of a Circle^ the Right Line 
Joining thofe two Points Jhdt fall within thi Circle ; 

which was to be demonfirated. 

p CorolL^ 
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Ci^U. Hence if a Right Line touches a Circle, it will 
touch it in one Pomt only. 

PROPOSITION. IIL 
THEOREM. 

JHf in a Circle a Right Line drawn through the Center^ 
cuts awj other Right Line not drawn through the 
Center^ into equal PartSy it Jhall cut it at Right An-- 
^les; and if it cuts it at Rifftt Angles^ it fifall cut it 
into two equal Parts. 

LET ABC be a CSrclc, wherein the Right Line 
C D, drawn thro' the Center, bifefts the Right 
Line AB not drawn thro^ the Center. I lay, it cuts 
it at Right Anjgles. 

* 1 tftUs^ For * find E the Center of the Circle, and let E A, 

ER be joined. 

Then becaule AF is equal to FB, and F£ is com- 
mon, the two Sides A F, FE are equal to the two 
Sides B F, F E, each to each, but the Bafe E A is 
equal to the Bafe E B. Wherefore the Angle A F E 

J. 8 1, fliall bet cji^al to the Angle BFE. But when a Right 
* ' Line {landing upon a Right Line makes the adjacent 
Angles equal to one another, each of the equal Angle? 
is ± a Right Angle. Wherefore A F E, or B F K is 
a Right Angle. And therefore the Right Line C D 
drawn thro* the Center, bifefting the Right Line 
AB not drawn thro' the Center, cuts it at Right An- 
gles. Now if C D cuts AB at Right Angjes, I fay, 
It will bifea it. that is, AF will be equal to FB. For 
. the fame Conftrufiion remaining, becaufeEA, being 

drawn from the Center, is equal to E B, the Jtogle E A F 

n - - fliall be H equal to the Angle E B F. But the Right An- 

* ^' gle A F £ is equal to the Right Angle BF E ; therefore 

the two Triangles £ AF, EBF, have two A^^g^^s of 

the one equal to two Angles of the other, and the Side 

. EF is conmion to both. Wherefore the other Sides 

± -t^ T of the one fhall be | equal to the other Sides of the 

'*' other : And fo A F will be equal to F B. Therefore 

if in a Circle a Right Line drawn thro* the Center^ cuts 

any other Right Line not drawn thro* the Center^ into 

two equal PartSy it fiall cut it at Right Angles '^ and if 

it 
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it cuts it at Right Angks, it foall cut it info ton eftul 
Pvrts'y which was to be demonftiated. 

PRO POSITIONS 

THEOREM. 

If in a Circle^o Right Lines ^ not being drawnthrd* the 
"Center^ cut' each other^ they will not cmt each other 
into two equal Parts. 

T ETABCDbeaOircle^WliefeintwoRightLines 
**^ A C, B D, not driwn thro' the Center, cut each 
other in the Point E. I fay, they da not bifeft each 
other. y .: .r ., 

For, if poffible, let them bifeS each ojper, fo that^ 
AE be equal to EC, and BE to ED. Let the Cen- 
ter F of the Circle ABCD be *found, -and jotnEF^* » "f^^ 

Then becaufe the Riffht Line FE drawn thro' the 
Center, biieSs the Right Line AC not drawn thro' 
the Center, it will f cut A C at Right Angles. And f 3 ^T'*''* 
lb F E A is a Right Atigle. Again, becaule the Right, 
Line FE bifefts the Right Line BD not drawn thro^ 
the Center, it will f cut BD at Right Angles/ There*- 
fore F E B is a Right Angle. But PEA has been 
ihewn to be alfo a Kight Angle. Wherefore the An* 
gle F E A will be equal to the Angle P ER a lefs to a 
greater ; which is abfurd. Therefore AC, BD, do 
hot mutually bifeft each other. And fo ^in a Circle 
two Right Lines ^ not being dravJn thro* the Center^ cui. 
tacb other ^ they ivill not cut each'other into two equal 
Parts ; which was to be demohftrated. 

PROPOSITION. V, 

THEOREM; 

tf two Circles cut one another^ they pall not have the 

fame Center* 

T ET the two Circles AB C, C D G, cut each 
•■-' other ill the Points B, C. I fay, they have not 
the fame Center. 

For if they have, let it be E, and join E C, and 
draw £ F jQ at pleaiure. . , 

F 2 ^^^ 
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Maw becaii& £ is the Ceoner of the Circle CDG, 
CE will be equal toEF. Anio^ becaole E is the 
Center of the Circle C D G, C E is equal to E G. 
But CE has bead fkswn to be e^oal to EF. There-^ 
fore EF ihall be equal to EG, a lefs to a greater^ 
^bich cannot be. Thecefote the Point E is not die 
Cento: of both the Circles ABC, CDG. Where- 

fbre, ^twtfCircks cut one another^ they (hall not ba^e 
tbcfiim Cemter ^ which was to be demonftrated. 

PROPOSITION VI. 
THEOREM. 

If tW9 Circks touch one. another inwardly^ they wiU not 
tkue one. and the fame Center. 

LB T tw^Cicdcs A B C, C D E, touch one another 
' inwardly in die Point C. I fay, they will not 
ha\^ one ana the lame Center. 

,FQt if they have, let it be F, and join FC, and 
^w FB any how. 

Thcni)ccaule F is the Center o^ the Circle ABC; 
CF is equal to FB. And becaufcF is only theCenter 
of the Circle CDE, CF (hall be equal to EF. But 
CF has been ihewn to be equal to F B. Therefore F E 
is equal to F B, a left to a greater ; which cannot be. 
Therefore the Point F is not the Center of both the 
Circles A B C, C D E. Wherefore, #/ two Circks 
touch one another imvarMy^ they will not have one and 
^psme Center \ which wiis to be den^onftrated. 



a 



PROPOSl^f 10 1^ VH. 
THEOREM. 

If in the Diameter^f 4> Ctr^li fome Pwnt he taktn^ 
which is not the Centet tf the Circle^ ama firom tb^ 
Point certain Rilht Lines fall on the Ciremmferenee 
of the Circle^ the greafefi of theft Lines baU be tbsl 
wherein the Center of the Circle is ; the lka(l^ the Rm" 

* mainder of the fame Line. And of au the other 
Lines ^ the nearejl to that which was drawn thro* tie 
Center^ is always greater than that more remote^ and 
only two etfuat Lines fait from the abovefaid Point 
npon the Cfh:tifkference^ on each Side of the- Icafk or 
gttratefl Lines^ 

T ET AFCD be aQrCle, i^^hofcDiantoeris AD^ 
'*-' ih Whidi affume fome Point F, whfcb is* not die 
Gentet of the Circle. Let tfie Center of the Grcle 
"be Ej and from the Point P let certain R^t lines 
FB, PC, PG, fan on the Circumference. 1%^ FA 
is thegr^teft of thefe Lines, and FD the leaft^ and 
of the others FB is greater than F C, and PC greater 
than FG. 

i^or let BE, CE, GE, be joined. 

Then becatife two Sides of every Triai:^e ai|5 

* greater than the third ; BE, EF, are greater than* jq. % 
B JP. But A E is equal to B E. Therefore B E and' 

E F are equal to A P. And fb A F is greater than 
FB. 

Again, becaufe B E is equlil to C E, and P E is 
common, the two Sides BE and FE, are equal to the 
two Sides C E, E P. But the Angle B E F is 
greater than the Angle CEP. Wherefore the Bafe 
B F is greater than the Bafe F C f. Por the famcf ^4. i. 
Keafon, C F is greater than F G. 

Again, bccaule G F and F E are f greater than 
G ^ and G E is equal to E D ; G F and P E 
fliallbe greater than E D ; and if F E, which is com- 
mon, be taken away, then the Remainder G F is 
greater than the Remainder F D. Wherefore F A 
IS the greateft of the Right Lines, and P E the lead : 
Alfo B Pis greater than PC, and PC greaterthan F G- 

F 3 Ifay, 
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I lay, moreover, that there are only two equal 
Right Lines that caa fell frpja the Fojnt P on 
ABCD^the Circumference of the Circle, on each Side 
. the ihortcft Line F D. For at the given Point E 
f i3*»i with the Sight Line £ F, make j: ' the Angle FEH 
e(}ual to tt& Angle G £ F, and join B H* Now 
b^caufe G E is equal to £ H. and £ F js common, 
the two Sides G E and £ F, are equal to the two 
Side^ H E and £ F*. But the Angle G EF, is equal 
to the Anel'e HEFi Therefore the Bafe FG fhall 
be ^ equal to the Bafe F H. I fay, no other Right 
Line falling from the ' Po|nf I?, on the Circle, can 
be equal to F G. For if there can, let this be 
F K. Now fince F K is equal to F G, as alfo FH, 
F K will be equal to F H, vity a Line drawn 
nigher to that paffing thro' the Center, equal to one 
more remote, which cannot be. Iftberrfore^ in the 
Diam^erofaCircle^foinePQimtbe takeny which is n^t 
the Center of the Circle ^ and from that Point certaim 
IGgbiLines fait on the Circumference of the Circky th^ 
greateft of thejfe Lines jhatl be that wherein the Center 
of the Circle is ; the leajiy the Remainder of the, fame 
Line, And of ail the other LineSy the neareji to that 
which was drawn thro* the C enter y is always greater 
than that more remote ; and only two equal Lines fall 
from the abovefaid Point upon the CircumferencCy on 
each Side of the leaji orgre^efi Lines ; which was to 

be demonftrated. 



PRO- 
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P R O P O S I T I O N vin, 
THEOREM. 

If fame Point be idfunCd without a Circle^ and from it 
' certain Right Lines he drawn to the Circle^ one of 
which fajjes thro^:the Center^ but the other any how ; 
the greateji of thefe Lines^ is that fajfim tbro^ the. , 
Center^ and falling , upon the Concave Part of the. 
Circumference of the Circle ; andof the. others ^ that^ 
which is neareft to the Line faffing thro* the Center 
is greater than that more remote. But theleafi of , . - 
the Lines that fall upon the Convex' Circumference 
Qf the Circle^ is that which lies between the Point 
and the Diameter ; and of the others^ that which is' 
. ni^her to the leaft^ is lefs than that which is further, 
dtjiant ; and from that Point there can be drawm 
only two equal Lines ^ which foallfatl on the Circum^ 
ference on each Side the leafi Liijfe, 

T E T ABC be a Circle, out of which take any 
•■-' Point D, From this Point let there be drawn, 
certain Right Lines D A, D E, D E, DC, to the 
Circle, whereof D A panes thro' the Center. I fay 
I) A, which pafTes thro' the Center, is the greateft of 
tjie Lines falling upon A E F C, the Concave Circum-* 
ference of the Circle, and the leaft is D G* viz. the,. .: 
Line drawn from D to the Diameter G A : Like- 
wife D E is greater than D F, i|n4 D F^eater than 
D C. But of thefe Lines that fall upon H L G K 
the Convex Circumference of the Circle, that which ; 
is neareft the leaft D G, is always lefs. than that more 
remote ; that is, D IC is le^ than D L) and D L lef$ 
than D H. 

Fur find * M the Center of the Circle ABC, and ^ i ^tkh. 
let M E^ M F, M C MH, M L, be ioin'd, ' ^ 

Now becaufe A M is equal to M/E; if M P, . 
which is conunon, be added, A D wil^ be qqual to . 
EM and M D. But E M and M D are \ greater f %o. i. 
than E D t therefore A D is alfo greater than E D. 
Again, becaufe ME is equal to ^fF, and M D is 
common, then £ M, M D, (hall be equal to M F, 
MD; ^dthc Angle EM D is greater than the An.. 

F4 8^« 
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1 14. 1 . gle F M D. Therefore the Bafe E D will be f greater 
than the Baf^ F p. ^ "V^^e prove, 'in the fijne Manner 
that F D is greater than C D. Wherefore D A is the 

Seated of the Right yneaffeHingffOtn the Point D ; 
E is greater than D F, and D F is greater than 
DC. 
* 20, 1 . Mor^ov^r, becaufe M K and K D are 'i' greater thai) 
M D^ and M G is equal to M K ; then the Rem^n- 
t Aa:/i?wt4, dfiT K D will f be greater than the Remainder G D, 
And ioGD is lefs than K D, and- confeqnently is 
the lea^. And. becaufe twa Right Line J M K, 
KD, are drawn fii?om M and D to the Point K, with- 
ixuu m the Triangle M L D, M K, atnd K D, »c :^ kfs 
tban M L and LD; but M K is €qual to K L, 
WheFefor« the Remainder D K is lefs than the Re- 
mainder D L. In like Manner we demonftrate that; 
D L is left than DH. Therefore D G is the leaft. 
And D K is lefs than D L, and DL than DH. 
• I fey, likwife, that from the Point I> only two 
equal Right Lines can fall upon the Circle on each 
^ 13. f . Side the leaft Line. For make* the Angle D MB at 
tlpe Point M, with the Right Line M D, equal to 
the Angle K M D, and join DB. Then becaul^ 
M E is equkl to M B, and Dd P is common, the 
tffo Sides K M, M D, are equal to the twoSides^ 
B M, M I>, each to each ;^ bat the Angle KM !> 
i» equal to the Aiigle B MIX Thorefore the Ba^ 
f 4. 1. BK is t «1«^1 to^^^ Bafe 1) B I fty no other 
Line can be drawft* frewm the Point J> to- the Circle 
equal to D'K ; Stot V nhcr^ c«», '4et D N. Noi^r 
fince D K is equal to D N, as aUb to D B, thepc- 
fore DB Ihall be equal to^^D^N^ t//*. the Line drawn 
neereft to the le^ equal tcj tkar more- remote^ which 
has been ffeeWn to be- impoffiMe^ Therefore, iffime 
Point be ajj'um^d without a Circle^ and from it certain- 
Kght Ltnes be drawn to the Cinley one of which fajf^s 
through the Center^ bttt tieo^ers-any haw ; 4h&greatefl 
of thefe Lines^ is that Paffing thpo^ we Center^ andfuU 
ling upon the Concave Fart of thif Circmnfifr^nce ftfthe 
Circle ; a^d of the- others^ that which is nearefl to the- 
Line pajjing thr^ Ihe Center^ i^ ^tater than that tnope 
remote, Rut the leafi of tie hme^ that faU ubom the 
Qonvex Cipc^nrnference 0/ the Cir^k^ it that which lits 
betwe^ ibe- Poin0 ani the Diatmte^t ; amd rftbe^ others^ 
'* . that 






tisp which is ^ightfr-fo the kafl^ is lefs thorn that which 
Its f further diftafit ; an J from that roint there can be 
drawn onfy two equal Lines which/ball fall on the Cir^ 
^umference on each Side the leaft Cine ; which was tO 
be <iemoiiifaated. 

PROPOSITION, IX. 
THEOREM. 

If a Point he affunid in a Circle^ and from it mare tbast 
t^o equal Right Lines he drawn to the Cireumfe^ 
rence; then that Point is the Center of the Circle. 

T E T the Point J> be aiTumM wfthin the Circle 
-^T* ABC; and from the Pohit I>, let there fall 
iriore than two Right Lines to the Circumference^ 
'Viz. the Right Lines D A, D B, DC. I lay the af- 
fumM Point D is the Center of the Circle AfeC. 

For if it be not, let E be the Center, if poflSble, 
and join D E, which produce to G and P. 
. Then F G is a Diameter of the Circle A B C ; and 
& becaufethe Point D, not being the Center of the 
Circle, is affum'd in the Diameter F G, D G, will 
* be the greateft Line drawn from D to the Circum-* 7 flT^ 
ference, and D C greater than D B, and D B than 
PA; but they are alfo equal, which is abfurd. There* 
fore E is^not the Center of the Circle ABC. And 
in this Manner we prove that no other Point except 
I> is the Center; therefore P is the Center of the Cir- 
cle ABC; which was to be defnanjirated. 

^ Otberwifi: 

fiet A B C be the Circle, within which take the 
Point D,. from which let more than two equal Right . 
Lines fall on the Circumference of the Circle, viz, 
the three equal ones D A, D B, DC: I fay, the 
Point D is the Center of the Circle ABC. 

Fox join A B, B C, which bifeft ♦ in the Points 
E and 2; as alfo join ED, DZ; which produce to 
the Points H, K, O, L; then becaufe AE is equal to 
EB, and ED is common, the two Sides A E, E D, 

^ * Ihall 



^4 ^«f/r^s Elements. Bookllt 

fliidl be eqaal to the two Sides BE, ED. And the 
Bafe D A is equal to the Bafe D B : Therefore the 

• 8. 1. Angle AED will be * equal to the Angle BED: 

And fo [byDef. lo. r.] each of the Angles AED, 
BED, IS a Right Angle: Therefore HK bifcaii^ 
A B, cuts it at Right Angles. And becaufe^ a Right 
Line in a Circle, DileSing another Right Line, cuts 
jt at Right Angles, and the Center of toe Circle is in 
the cutting Line, [by Cor.i.^,] the Center ofthe Cir- 
cle ABCf will be In HK. For the lame Rcafon- the 
Center of the Circle will be in OL. And theRight 
Lines HK, OL, have no other Point common but 
D: ThercforeD is the Center of thcCircleABC; 
wbieb war to be demonftrated. 

PROPOSITION X. 
THEOREM. 

4 Circle cannot cut another Circle im more than 
two Points. . 

FOR if it can, let the Circle ABC cut the Circle 
D E F in more than two Points, vii. in B, G, P, 
and let K be the Center of the Qrcle ABC, and join 
KB, KG, KF. 

Now becaufe the Point K is afium'd within the 

Circle D E F, from which more than two equal 

Right Lines K B, K G K F, fell on the Circumfe, 

X a jfLj, rence, the Point K (hall be f the Center of the Cir- 

±BJ%P 'cleDEF. ButKis^itheCcnteroftheCnrlcABC. 

* ^ Therefore K will be the Center of two Circles cut- 

ting each other, which is abfurd. Wherefore a Cir- 
cle cannot cut a Circle in more than two Points ; 
whici' was to he demonfirated. 
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P R O P O S I T I O N XI, 
THEOREM. 

If two Circles toufb each other on the hjide^ a»d $kif 
Centers be fonmL the Line joining their Centers^ 
will fall on the [Pqin$ p/3 ContaS of tboje Circles* 

1 ET two Circles ABC, ADE, touch one ano- 
■*-^ ther inwardly in A, and let JP be the Center of 
the Circle ABC, and G that of A D E. I fay, ^ 
Right Line joining the Centers G and F, being pro* 
duc'd, will fall in the Point A. 
. If this be denied, let.the Right Line, joining FG, 
cut the Circle in D and H. 

Now becaufe A G, G F, arc greater than A F, ^ , 
* that is^han FH; take way F G, which is common, ' 

and the Remainder AG is greater than the Remainder 
<3 H. But A G is oaual to G D; therefore G U 
is greater than G H, the lefs than the greater, which 
is abfurd. Wherefore a Line drawn thro' the Points 
F,G, will not fall out of the Point of ContaS A, 
and fo neceflarily muft fall in it ; which was to be d€% 
ptonjirated, 

PROPOSITION XHt 
THEOREM. 

If two Circles touch one another on the Outfide^ a Right 
fjine joining their Centers will pafs thro* the [Point 
^/] i^onta^, 

LET two Circles AB C, A D E, touch one ano- 
ther outwardly in the Point A ; and let F he the 
Center of the Circle AE( C, and G that of A D E, I 
^y, a Right Dne drawn thro' the Centers F, G will 
pau thro'^the Point of ContaS A, 

For ifit does not, let, if poffible, FCDG fall with 
put it, and join FA, AG, 

Now fince F is the Center of the Circle A B G, A P 
will be equal. FC, And becaufe G is the Center q£ 

the 
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the Circle A D E, A G will be equal to GD: But 
AF has been fhcwn to be equal to F C ; therefore 
FA, AG, are equal to FC, DG. And fo the whole 
♦ ao. 1. FG is greater than JP A, AG; and alfo lefi, * which 
is abfurd. Therefore a Right Line drawn from the 
Point F to G, will pafs thro' thePoint of Contaft A; 
nvbfcb was to be demonjirattd, 

PROPOSITION xm. . 

THEOREM. 

One pit di cannot touch another in more Points thast 
one^ whether it be inwardly^ or ontwarMy. 

FOR, in the firft Place, if this bedenieci, let the 
Circle AB D C, if pofliblc, touch the. Circle 
' EBFD inwardly, in more Points thtvi one, viz^m, 
B,D. 

And let G be the Center of the Circle A B D C^ 
and H that of EBFD. 
Then a Right Line drawn from the Point G to H, 
f iiijfrAw.will t f^il in the Points B and D. Let this 
Line be BG H D. And becaufe G is the Center of 
the Circle ABDC, the Line BG will be equal to 
G D. Therefore B G is greater than H D, and BH 
much greater than H D. Again, fince H is the Cen- 
ter of the Circle EB F D, the Lin« B H is equal to 
H D. But it has been prov'd to be much greater 
than it, which is abfiird. Therefore one Circle can- 
not touch another Circle inwardly in more Points 
^ than one. 

Secondly, let the Circle ACK, if poffiMe, touch 
the Circle ABDC outwardly in more Points than 
one, viz^ in A and C, and let A, C, bejoin'd. 

Now becaufe two Points A, C, are aflum'd in the 
Circumference of each of the Circles ABDC,* ACK 
:^i4^^A//.aRight Line joining thefe two Points, will fill i 
within either of the Circled. But it firiiis within the 
' Circle A B D C, and withcmt the Qrcle ACK, whic& 
is abfurd. Therefore one Circle. caniv>t touch ano- 
ther Circle in more Points than one outwardly. But 
it haft been prov'd, that* one Qrcle cannot touch ano- 
ther Circle inwardly, [ in naore Pomts tihan one. 1 

Where- 
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Wherefore one Circle canmt touch amtber in niofe 
Points than one^ whether it be inwardly or ontwnrdh ; 
which was to be demonftrated. 

PROPOSITION XIV. 
THEOREM. 

Eqmal Right Lines in m Circle are eqnatty dtfiant front 
the Center \ and Right Lines ^ which are etfuaih di^ 
' ftant from the Center^ are equal between themfelves, 

T £T ABDC be a Grcle, wherein are the equal 
^^ Right Lines A B, CD. I lay thefe Ldnes are 
equally diftant from the Center of the Circle. 

For let E be the Center of the Circle ABDC; 
from which let tiiere be drawn E F, E G. perpendi- 
cular to AB, CD, and let AE, EC, be joined. 

Then becaufe a Right Line E F, drawn thro* the 
Center, cuts the Right Line AB, not drawn thro* 
the Center at Ri^ht Angles, it will * bifed the farne^ ♦ ^tftbb. 
Wherefore AF is equal to FB, and fo AB is double 
to A F. For the fame Reafon C D is double to C G, 
but AB is equal to* CD. Therefore AF is equal to 
CG; and becaufe AB is equal to EC, the Square of 
AE Ihail be equal to the Square of EC. But the 
Squares of A F and F£ are t equal to the Square of f ^7. x; 
A E. For the Angle at F is a Right Angle; and the 
Squares of E G, aud G C, are eaual to the Square of 
£ C, fince the Angle at G is a Right one. Thcre^ 
fore the Squares of AF and F£, are equal to the 
Squares of CG and G£. But the Square of AF is 
equal to the Square of C G; for AF is equal to CG. 
Therefore the Square of FE is equal to the Square 
of EG; and foFE equal to EG. Alio Lines in a 
Qrcle are :(: laid to be equally diftant from the Center, 4; 27i^. 
when Perpendiculars drawn to them from the Center ^cftUs^ 
are equal. Therefore AB, CD, are equally diflant 
from the Center. 

But if AB, C D, are equally dtilant from the Cenr 
ter, thatis, ifF£beequalto£G. I lay AB, is equal 
to CD. 

For the fame Conftru£Hon being fuppq^sM, we dc^^ 
mo&ftrate as above, that AB is double to AF, and i 

^ CD ' 
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CD to CG; and becaufe A£ is equal to EC, the 
Square of AE will be equal to the Square of EC. 
f 47. i'. But the Squares of E F and F A, are f equal to the 
Square of AE, and the Squares of EG, and G C, 
equal t tolhe Squares of EC. Therefore the Squares 
of EF, and FA, are equal to the Squares of EG 
and GC. But vne Square of E G is equal to the 
Square of EF: for EG is equal to EF. Therefore 
th« Square of AF is equal to the Square ofCG; and 
fi>AF is equal to CG. ButAB is double to AF, 
and CD toCG. Therefore equal Right Lhus m« 
Circle are equaily diftant from the Center \ a»d Right 
Lines, which sre equally diftant frotn the Centery are 
equal betvieen themfehes ; which was to be demon- 
firated. 

PROPOSITION XV. 
THEOREM. 

jI Diameter is the grtattfl Line in a CirtU ; and of all 
the other Lines therein, that which is neorefi to the 
Center is greater than that more remote^ 

T ETABCDbeaCircIe-whofeDiameteris AD, 
'*-' and center E ; and let B C be nearer to the Dia- 
meter thanFG. I %, ADislthegreateft, andBC 
is greater than F G. 

For let the PCTpendiculars E H, E K, be drawn 

ftom the Center E to BC,FG. Now becaufe BC 

is nearer to the Center than F G, EK will be greater 

than EH. Let E L be equal to EH; draw LM 

thro' L at Right Angles to E K, which produce to N, 

and let EM,EN EF, EG, be join'd. 

Then becaufe EH is equal to EL, the Line BC 

• i+rfite.'wni be equal to MN*. Again, fince AE is equal 

to EM and DE ro EN AT) wiil be equal to ME 

and EN. But MEand EN aref greater than MN: 

And fo AD is greater than MN ; and NM is equal 

to BC. Therefore AD is greater than BC. And 

iince the two Sides EM, EN, are equal to the two 

Sides FE, EG, and the Angle MEN greater than 

. the Angle FEG; the Bafe MN fhall be % CTcater 

■ than the Bafe FG. But MN is equal to BC. Therw 

fore 
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fbre BC is greater than F G. And fo the Diameter 
AD is the createlt, and B C is greater than FG. 
Wherefore^fc Diameter is the ^reafeft Line in a Circle ; 
and of all the other Lines therein^ that which is nearefi 
to the Center is greater than that more remote \ which 
was to be demondtated. 

PROPOSITION XVI. 

THEOREM. 

A Line dfav>n from the extreme [Poini\ of the t)ia^ 
- meter of a Circle at Right Angles to that Diameter ^ 
Jhall fall without the Circle \ and between the (aid 
Right Line^ and the Circumference^ no other Line 
can be drawn ; and the Angle of a Semicircle is greater 
than any Right^lin^d acute Angle ; and the remaining 
Angle [without the Circumference'^ is lefs than any 
Right'-im^d Angle. 

T, ET ABC be a Qrcle, whoft Center is D, and 
■*-^ Diameter AB. I fay, a Right Line drawn from 
the Point A at Right Angles to AB, falls without 
the Circle. 

For if it does not, let it fell, if poffible, within the 
Circle, as AC, and join DC. 

Now becaufe DA is equal to DC, the AxigleD AC 
(hall be * equal to the Angle ACD. But DAC is a ♦ . ,; 
Right Angle ; therefore ACD is a Right Angle : And 
accordingly the Angles DAC, A CD, are equal to 
two Right Angles; which is abfurdf. Therefore a + iy,t* 
Right Line drawn from the Point A at Right Angles 
to jBA, will not fall within the Circle; and fo like- 
wife we prove, that it neither falls in the Circumfe- 
rence. Therefore it will necel&rily fell without the 
fame; which now let be A E. 

Again, between the Right Line A E, and the Cir- 
cumi:erence C H A, no other Right Line can be 
drawn. 

• For if there can, Jet it be FA, and let 4^DG be + "• '• 
drawn at Right Angles from the Center D to F A. 

Now becaufe A G D is a Right Angle, and DA G 
is lefs than a Right Angle, DA will be greater than 
DG*. Bat DA is equal to DH- Thej^oreDHis^ 15^1- 
2, greater 
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greater ^anDG, ite lefs dnua the greater ; whidiis 
abfard. Wb^efore no Right Line can be drawn be- 
tween A E, and the Circumference A*H C. I fey 
moreover* tl»t the Ai^le of the Semicircle, con* 
tain'd uncer the Right iSine B A, and the Grcumfe« 
rence CHA, is greater than any Right-lin'd acute 
Angle ; and the remaining Angle contained under the 
Circumference CHA^ and the Right Line A£, is 
lefs than any Right-linM Angle. 

For !f any Right-lin'd acute Angle be greater than 
the Angle contam'd under the Rignt Line BA, and 
the Circumference C H A ; or if any Right-lin'd An- 
gle be lefs than that contain'd under the Circiunfe*' 
rence CHA, and the Right LineAB, then a Right 
Line maybe 4rawn bet ween the Circumference CHA 
and the Right Line A£, making an Angle greater 
than that contained under the Right Line B A, smd the 
Circumference CHA, viz. Which i* contain'd under 
Right Lines, and lefs than that contain'd under the 
Circumference CHA, and the Right Line AE. But 
fuch a Right Line cannot be drawn from what has 
been prov'd* Therefore no RIght-lin'd acute Angle, 
is greater than the Angle contain'd under the Right 
Line BA, and the Circumference CHA; nor left 
than the Angle contain'd under the Circumference 
CHA, and the Right Line AE. 

Corott. Prom hence it is manifeft. that a Right Line 
drawn at Right Angles on the End of the Diame- 
ter of a Circle, touches the Circle, and that in one 
Point only, becaufe, if it ihould meet it in two 
Points, it would fall within the &me ; as has bet» 
dftnotqlrated. 

PROPOSITION XyiL 
PROBLEM. 

7a draw a Right Line from a given Pointy tbatfisM 

^ touch a given Circk* - * 

T ET A be the Poim given, and BCD the Cir- 
^•^ cle. It is rcquir'd to draw a Right Line from 
the Point A^ that ihaU touch the given Llarcle BCD/ 
2 Let 
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Let E be the Center of the Circle, and join AE; 
then about the Center E, with the Diftance E A, de- 
fcribe the Circle A F G ; draw D F * at Right Angles * 1 1 . i; 
to E A, and join EBF, and AB. I fay the Right 
Line AB is drawn from the Point A, touching the 
Circle BCD, 

For fince E is the Center o]? the Circles BCD, 
Af G,. the Line E A will be.equal.to EJP, and ED 
to EB, Therefore the two Sides AE, EB, are equal 
to the two Sides FE, ED, each to each; and they 
contain the common Angle E. » Wherefore the Bale 
DF is t equal to the Safe AB, and th6 Trianelie 1 3** '^ 
DEF equal to the Triangle BBA, and the retrudn- 
ing Angles of the one equal to the remaining Angles 
ot the other. And fo the Angle EBA is equal to 
the Angle E D F, But E D F is a Right Angle, 
WhcrdSre EBA is alfo a Right Angl^, and EB is 
a Line drawn from the Center; but a Right Line 
drawQ from the Extremity of the Diameter of .a Cir- 
cle at Right Angles :|: to it, touches the Circle. Where- 4^C>».i^ 
^e A B touches the Circle ; wbicb was to ke done. tf^^^ 

PROP O S IT 10 H XVia 
THEOREM, 

ffany Rt^bt Line touches a Circle^ and from the Cen^ 
ter to the Point of ContaS a Right Line be drawn \ 
that Line will he perpendicular to the fangfnt, 

r ET any Right Line DE toych a Circle ABC in 
^ the Point C, ^d let there be drawn the Right 
Line F C from the Center 0, I iJf F C is perpen- 
dicular to DE, 

For if it b^ not, let FGbe drawtt* from the Point *ii.i,' 
F, perpendi:ular to DE, 

Now becaufe the Angle F G C is a Right Angle, 
the Angle GCF will be+ an^cute Angle; andac- f 31. r, 
cordingly the Angle F G C is greater than the Angle 
FCG; but the greater Side lubtends \ the greater 4; ^9-'' 
Angle. Therefore F C is greater than F G. But F C 
§qual.to.FB. Wherefore FB is greater than FG, 
^ lefs than the greater ; which is abfurd. Therefor^ 
fQ is npt perpendicular to DE, And in the fam^ 

e Manner^ 
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Manner we prove, that no other Right Line but FC 
is perpendicular to D £. Wherefore F C is perpen- 
dicular to DE, Th^doT^^ if am Right Line touches 
a Circle^ and from the Center to the Point ofContad a 
Right Line he drawn ; that Line will be perpendicular 
to the Tangent ; which was to be demonftratcd. 

PROPOSITION XIX. . 
THEOREM. 

If any Right Line touches a Circle^ and from the Point 
qf ContaS a Right Line he drawn at Right Angles to 
the Tangent^ the Center of the Circle Jball he m the 
faid Line. 

T ET any Right Line DE touch the Circle ABC 
-*-^ in C, and let C A be drawn from the Point C at 
Right Angles to DE. I fay^ the Circle's Center is 
in AC. 

For if it be not, let F be the Center, if poffibic, 
andjoinCF. 

Then becaufe the Right Line D E touches the Cir- 
cle ABC, and FC is draWn from the Center to the 
* t8 rftUs. iPoint of Contra ; F C will be perpendicular to D E* 
And fo the Angle F C E i^ a Right one. But A CE 
t Wrom the is alfo a Right Angle \ : Therefore the Angle F C E 
ij^pi is equal to the A ngle A C E, a lefs to a greater ; which 

IS abfurd. Therefore F is not the Center of the Cir- 
cle ABC. After this Manner we p#ove, that the 
Center of the Circle can be in no other Line, unlefi in 
A C. Wherefore, if any Right Line touches a Circle^ 
and from the PSnt of ContaS a Right Line be drawn 
at Right Angles to the Tangent^ the Center of the Cir- 
cle Jball be in the faid Line ; which was to be demon^ 
ftrated. ^ 



I < 



PRO- 



Book niv Euctid's £l e m e ]^ t Si 83 

P R O P O S I T I O N XX, 
THEOREM. 

^e jlftgle at the Center of a Circle is Joubk to the ^ 
jingk at the Circumference^ when the fame Arc ii 
the Bafe of the Angles, 

T ETABCbea Circle^ at the Center, whereof is 
•*-' the Angle BEC, and at the Circanrference, th©^ 
iAngle B AjQ both of which ftand upon the fame . ». 
Arc BC. I fay, the Angle BEC is double to the 
Angle BAC. 

For join AE and produce it to F. 

Then becaufe £A is equal toEB, the Angle E AB. 
ihall be equal to the Angle EB A*. Therefore the * f. tZ 
Angles EAB, EBA, are double to the Angle E AB; 
but the Angle BEF is t equal to the Angles EAB, f 31. i, 
EBA ; -therefore the Angle BEF is double to the 
Angle EAB. For the fame Reafon, the Ancle E F C 
is double to E A G. Therefore the whole. Angle 
BEC is double to the whole Angle BAG. A- 
gain, let there be another Angle BDG, and join DE, 
which produce to G, We demonftfate in the fame 
Manner, that the Angle G EC is double to the Angle 
GDC ; whereof the Part G EB is double to the Part 
G D B. And therefore B E C is double to B D Q ^ 
Gonfequently, an Angle at the Center of a Circle /> 
double to the Angle at the Circumference^ when the 
fdme Arc is the Si^e ef the Angles ; which was to be 
demohftrated. 

PROPOSITION XXL 
THEOREM. 

• » 

Angles that are in the fame Segment in a Circle^ arf 

equal $0 etuh other i 

T ET ABCDBbeaCkckj andletBAD,BED, 
•*-^ be Angles in the jKme Segment B AED. I fay, 
thoie Angles are equsDt 

<3 a Foe 
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For let F be the Center ojF the Circle ABCDE, 
and join B F, FD, 

Now becaufe the Angle B F D is at the Center, 
and the Angle BAD at the Qrcv^niference, and they 
ftand upon the fame Arc BCD ; the Angle B FD 
f^iorfthh. will be * daaUe to the Angle BAD. For the iame 
Rea^, th^ Aag^ BF D k alfo ilouble to the Angle 
BED. Therefore the Angle B A D will be equal to 
the Angle BE p. 

If the Angles B AiX B BD, are in a Segment left 

tfuui a Semicircle, let A £ be ^wn ; und cnen all the 

f 31. 1. Angks of the Trtangle ABG are f equal to all the 

> Ai^lee of the Triati^e DEG. But the Auj^les ABB, 

AdE, are equal, from what has been b^re p^o?*^, 

:f ij". I. and the Angles AGB, DGE, arc alfo equal ^^, for 

tbey are vertical Angles. Wherefore the vemaming 

Angle B A G 4s eqiml to ^ remainii^ Angle G E D. 

Ther^R:>re, AngUs -Amt ofpe mthe fame Segmem im b 

Circle^ ape etpud to tacb 4piier ; Which was to be de- 

monftrated. 

PROPOSITION XXII. 
THEOREM. 

T'h offfofite A»gks efany Quiidriiu$erd Figmit defer tied 
m aCirele^ are eqnal trPmo Might An^s. 

T ET ABDC be a Circle, wherein is defcribed the 
, •*-* Quadrilateral Figure A BCD. I fay, two op- 
pofite Angles thereof «:$ ^ual ta two Right Aisles. 
ForJomAD, BC. 

Then becaufe the three Angles of any Triangle are 

* 32. i: * eqiial to two Right Angles, the dusee Aqelcs of the 

Triangle ABC, vtz. the Angles CAB, ABC, BCiL 

are equal to two PJght Angles. But the Angle ABC 

fii if this, is t equal to the Angle ADC ; for they are both in 

the fame Segment ABD C. And the Angle A CB is 

f equal to the Angle AD B, becaufe they are in the 

fame Segment ACDB : TherefSre the whole Angle 

BDC is equal to the Angles ABC, ACB; and if 

the commcm Angle B AC be added,^ then the Angles 

BAG, ABC,' ACB, are equal to jhe Angles B AC, 

BDC; but the Angles B AC, ABC, ACB, are 

% . . ^ * equal 



JBDokRI. 5w/ifs Elements. 85 

* equal to die tWo lUght An^k^ Therefore likewiie, ^ 32. !• 
the iLii|;le$ B AC^ BDC fhtl) be equal to two Right 
Angto. And after the fame Way we ptov^e, that the 
Angles A B By A C D, are atfb equal to two Right 
Angles^ Thei^efojre the cfppfitie Aisles $f aky Qmairi^ 
lateral Rgure defiribed in a Circk^ are eqntii t^ POJtf 
Kight Aisles ; which was to be deitionfibsed. 

PRQPOSITION XXIIL 
THEOREM. 

Two fimilar and unequal Segments of two Circles^ can-- 
not heCet upon the fame Kight hine^ and on the fame 
Side theretfi 

■pOR if this be peffibte* let the two fimilar and un* 
•*• equal Segments A C IJ, A D B, of two Curcles (land . 
Upon the Right Line AB on the feme Side thereof, ' 
DrawACD, and let CB, BD:, be joined. Now be- 
cauie the Segment A C B is fimilar to the S^;mene 
A D B, and fimilar Segments of Q'rcles are * frndk * Bef. nl 
,which receive equal Angles ; the Angle ACB will eftbu. 
be equal to the Angle AD B, the outward one to the 
inward one ; which Is f abiurd. Therefore fimilar f iff. i- , 
and unequal Segments of two Circlet ^ cannot be fet upon 
the fame Right Line^ and on the fame Side thereof i 
which was to be demonftrated, 

PROPOSITION XXIV, 
' T H E O R E M, 

Similar Segments of Circles hei^g upon equal Right Lrnes^ 

lOre equal to one another ^ 

LET AEB, CFD be equal Segments of Circles, 
{landing upon the equal Right Lines AB, CD, 
I fay, the Segirient A £ B is equal to the Semient 

CFD. 

For the Segment A E B being applyM to the S^* 
ment CF D, fo that the Point A co-incides with G, 
and the Line A B with CD; then the Point B will 
co-incide with the Point D, fince A B and G D are 
equal. iAnd fiace the Right Line AB co^cktes with 

G3 CD, 
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CD, theSegment AEB will coincide with the Seg- 
ment CFD. For if at the fame Time that AB cd- 
iqcides with CD, the Segment AEB flioiild not co- 
incide witfi tjie Segment CFD, but be btherwife, as 
C G D ; then a Circle would cut a Circle in more 
Points than two, v'tz, in the Points C, G, D ; which 
f to rftUs. 'S * impoffibleJ Wherefore if the Right Line AB 
co-incides with C D, the Segment A E B will co-incide 
with and be equal to the Segmeht CFD. TherdFore 
fimilar Segments of Circles being upqn equal Right Lines y^ 
are equal to one another ; which was to be demon- 
' ftr^ted. . . ' 

PROPOSITION JCXV, 
PROBLEM, 

A Segment of a Circle being given^^ to defer ibe the Cir^. 
cle whereof it is the Segment. 

TTETABCbea Segment of a Circle given. It is 

•■^ required to defcribe a Circle whereof ABC is a 

Segment. "^ 

» i«. t: Bifea * AC in D, and let DB^be drawn f from 

t "•'• the Point D at Right Angles tP AC, and join AB. 

I f^ Now the Angle AbD is either greater, equal, or lefs. 

than' the Angle B A t). And firlt let it be greater, ^d 

{j:23.i» make ^ the Angle BAE at the given Point A, with 

the Right line BA. equal to the Angle ABD; pro-; 

duce DB to E, and join E C. 

Then becaufe the Angle AB^ is equal to the An- 
gle BAE, the Right Line BE will be * equal to E A, 
And becaufe A D is equal to D C, and DE comifton, 
the two Sides AD, DEj are each equal to the two 
Sides CD, DE; and the Angle ADE is equal to the 
Ande CDE; for each is a Right one. Therefore 
the Bafe AE is equal to the Bafe EC. But AE has 
been proved to be equal to EB. Wherefore B£ is 
alfo equal to EC. And accordingly the three Right 
i<ines AE, EB, EC, are equal to each other. There- 
fore a Circle defcrib'd about the Center E, with ei- 
ther of the Diftances AE, EB, EC fliall pafs thro* 
the other Points^ and be that requirM to.be defcrib'd. 
But it ii manifell that the Segment ABC is lefs than 
2 a &€- 
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a Semicircle, becaufe the C^ter thereof is without 
the fame. 

But if the AngleABDbe equalto the Angle BAD; 
then if AD be made equal to BD^ or D C, the three 
Right Lines AD, DjB, DC, are equal betweea 
themfelves, and D will be the Center of the Circle 
to be defcrib'd; and the Segment ABC is a Semi<* 
circle. 

But if the Angle ABD is Irfs than the Angle 
BAD, let the Angle BAE be made, at the given 
Point A with the Right Line B A, within the Seg^- 
ment ABC, equal to the Angle ABD; 

Then the Point E, in the Right Line DB, will be 
the Center, and ABC a Segment greater than a Se- 
micircle. Therefore a Qrcle is oefcrib'd, whereof 
^ Segment is given ; which was to be don^. 

PROPOSITION XXVI, 
THEOREM. 

4 

In eqg$al Circles^ ^qu4 Angles fiamd t^on equal Cirdim^ - 
ferenc^s^ whether they (^e at their CI enters^ or at their 
Circumferences. • 

TETABC,DEF, be equal Circles, and let 
•^ B G C, E H F, be equal Angles at their Centers, 
atid B A (1£ D F, equal Ancles at their Circumferences. 
I iky the Circumference BaLC is equal totheCircumr 
ferenceELF. 

For let BC, EF, be joined. Becaufe ABC, DEP, 
are equal Circles^ the Lines drawn from their Cen- 
ters will be equal. Therefore the two Sides B G,G C, 
are equal to the two Sides EH, HF; and the Angle 
G is equal to the Angle at H. Wherefore the Bafe 
BC is * equal to the Bafe EF. Again, becaufe the ♦ 4. i; 
Anele at A is equal to that at D^ the Segment BAG 
will be t fimilar to the Segment ED F ; and they are ^jyd^ n. 
upon equal Right lines pC, EF. But thofe fimilar ^^^ 
Segments of Circles, that are upon eqi^l Right Lines, 
are % equal to each other. Therefore the Segment ^\^tfdm. 
BAC, will be f equal to the Segment EDF. But ^ x)^. n, 
the whole Circle ABC, is equal to the whole Circle 
D E F. Therefore the remaining Circumference P K C, 

G 4 ihaU 



ftftll'Be equal to the reiloaiiiitig Circumfer^Ke EL P. 

Therefore in equal Circles^ equal Angles ftofid upoH 
tqud Circumferences^ whether they be at their Centers^ 
6r at their Circumfetences ; Which Was to be demoa- 
firated« 

PROPOSITION XXVIL 
THEOREM. 

^9irtis^ that ft and upon equal Circumferences in equal 
Circles i^ are eqtiat to each other ^ whether they be at 
their Centers or Circumferences. 

LET the Angles BGC, EHF, at the Centers 
of the equal Circles ABC DEF, and the An*» 
gles BAG, ED F, at their Circumferences, ftand 
upon the lequal Circumfifriaices BC, EF» I lay the 
Angle BGC is equal to the Angle EHF, and the 
Angle B AC to the Angle EOF. 
^ For if the Angle B G C be eaual to the Angle E H F^ 
it is manifeft that the Angle BAC is alfi> equal to the 
Angle EDF: But if not, let one of them be the 

♦ 23. 1: greater, as BGC, and make * the Aiigte BGK, at 
the Point G, with the Line BG, equal to the Angle 

t *^ rf^' EHF* But equal Angles ftandf uj^on equal Circumr 

ferentes, when th^ are at the Centers. Wherefore 

the Circumference BK, is equal to the Circumference 

E F. But the Circumference E P is equal to the CJr- 

cumference BC. Therefore BK is equarl to BC, a 

lefs to a greater; tv^hich is abfurd. Wherefore the 

Angle B G C is not unequal to the Angle EHF; an<f 

fo It muft be equal to it* But the Angle at A is one 

half of the Angle BGC; and the Angle at D one 

half of tlie Anele EHF. Therefore the Angle at A 

, . is equal to the Angle at D. Wherefore An^les^ that 

ftand upon equal Circumferences in equal Circles^ are 

' tqual to each other ^ whether they he at their Centers or 

Circumferences \ which wa? to be demonftrated. 



PRO- 



1 

PROPOSITION XXVIII. 
THEOREM. 



tm eqwai Cirehs^ ejMl RMn Lims em aff etfmd f^ns 
oftheCir€i^ferinces\ the mater eqmdio titgre^er^ 
and the leffer eftiud po tbeleffer. 

T ET ABC, DEF, be equal Circles, in which ar« 
•■-' the equal Right Irkies BC, E R which cat off 
the greater Circumferences BAC, EDF, and the 
leffer Circumferences B G C, E H F . I fay the g[rcater ^ 

Circumference B A C, is equal to the greater Circum- 
ference £DF, and the leffer Circumference BGC, 
to the leffer Circtartftfence EHF. 

For afliime the Centers K and L of the Circles, 
andjoinBK,KC,EL,LF. 

Becaufe the Circles are equal, the Lines drawn 
from their Centers are * ^Ha equaL Therefore th# *Dtf^i^ 
two Sides BK, KG, are equal to the two Sides ' 

£ L, LF; and theB^ HC is equalto^ rhe Blfe LF. 
Therefore the Angle SKC, i% f equal to the Angle f 8. x. 
ELF. But equal Angles dand i upon eqtul Carcum- 4: 16 iftkiff 
ferences, when they are at the Centers. Wherefore 
the Circumference B- G C, i« equal to the Circom*^ 
ference EHF, and the vAioU Circle ABC, equal 
to the whole Circle I>SF ; andfo charemai^iiig Cir^ 
cun^rence BAC. iHftH he equal to^ the refidainiiig 
CircirmfefenGe EDF* The^efof^iA equai Cii^Ies, 
e^al R^ht Lines cut o9 ^at Psrts of the Gircumr 
Terences ; which was to h demof^/lrated, 

PROPOSITION XXIX, 
THEOREM. 

Iff equal Circles^ equal Right Lines fuhtend equal 

Circumferences. 

LET there be two equal Circles ABC, DEF; 
and let the equal Circumferences BGC, EHF, 
be affumed in them, and BC, EF, joined. I fay, 

^e Right Line BC is equal to the Right Line £F. 

' ^ " For 
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» t ifdk For iSnd * the Centers of the Circles K, L, and 
joinBK, KC^EL, LF. 

Then becaule the Circumference B G C is equal to 
the Circumference EHF^ the Anele BKC fhall be 

fiytfOis. f equal to the Angle ELF. And becaufe the Circles 
ABC, DEF, are equaL the Lines drawn from their 

i:Difu Centers fhall be ^ equal. Therefore thq two Sides 
BK, KC, are equal to the two Sides EL,LF ; and 
they contain equal Angles : Wherefore the Bafe 

4- 4- tf BC Is I equal to the BadCe E F. And fo in equal Cir- 
cles, equal Circumferences iUbtend equal Right Lines; 
V^bicb was to be demonftrated. 

PROPOSITION XXX. 

PROBLEM. 

J'ocut ^ given Circumference into two ejmal Parts. 

T E T the given Circumference be ADB. It is ret 
T^ quired to cut the feme into two equal Parts. 



la 1. 



. Join AB, which bifeft * in C ; and let the Right 
Line CD be drawn from the Point C at Right Angles 
toAB;andjoinAD, DB. 

Now becaufe A C is equal to C B, and C D is com-? 
mon^ the two Sides AC, CD, are equal to the two 
Sides BQ CD ; but the Angle ACD is equal to the 
Angle BCD ; for each of (hem is a Right Angle ; 

1 4- '• Therefore the Bafe AD is f equal to the Bafe BD. 

^iSefthis. But equal R^t Lines cut ij; off equal Circumferences, 
Wherdfore toe Circumference A D fhall be equal to 
the Circumference B D. Therefore a given Circum- 
ference is cut into two equal Parts ; which was to be 
done. 



PRO- 
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PROPOSITION. xx;xi, 

THEOREM. 

In a Circle^ the Angle that is in a Semicircle ^ is a Rifhi 
jingle ; hut the Angle in a greater Segment^ islefs 

' than a Right Angle', and the An^le in a UJJer Seg-^ 
ntent^ greater than a Right Angle : Moreover^ the 
Angle of a greater Segment^ is greater than a Right 
Angle ; and the Angle of a hjfer Segment^ is lefs than 
a Right Angle, 

LET there be a Circle ABCD, whofe Diameter 
is BC, and Center E ; and join B A, AC, AD, 
DC. I fav, the Angle which is in the Semicircle 
B AC is a Right Angle, that which is in the Segment 
ABC being greisiter than a Semicircle, viz* the Angle 
ABC, is lef^ than a Right Angle; and that which \% 
in the Segment ADC, being lefs than aSemidrcle, 
that IS, the Angle A D C is greater than a Right Angle. 

For join A E, and produce BA to F. 

Then becaufe BE is equal toE A, the Anele E AB 
ftall be * equal to the Angle E B A. Ana becaufe • ^. i, 
AE is fiqual to EC, the Angle AEC v^lll be f equal x :^^ ,^ 
to the Angle C A E. Therefore the whole Angle 
B A C is * equal to the two Angles ABC, ACB ; • ^. i. 
but the Angle F A C being without the Triangle 
ABC, is t equal to the two Angles ABC, ACB : 

Jherefore the Angle B A C is equ^l to the Angle 
AC; and fo each of them is :^ a Right An^e. :^ifio.t. 
Wherefiwe the Angle B AC in a Semicircle is a Right 
Anffle. And becaufe the two Angles ABC, B AC, 
of the Triangle A BCj, are lefs than two Right Angles, i 17 1 
and B A C is a Right Angle ; then A B C is lefs than a 
Right Angle, and is in the Segment ABC greater 
than a Semicircle. 

And fince ABCD is a quadrilateral Figure in a 
Circle, and the oppofite Angles of any quadrilateral 
Figure defcribed in a Circle, are || equal to two Right ||ia^«W«. 
Angles; the Angles ABC, ADC, are equal to two 
Right Angles, and the Angle A B C is lefs than a 
Right Angle ; Therefore the remaining Angle ADC 



/ 

will be greater than a Right Angle, and is in the Seg- 
ment AX) C, which is lefs than a Semicircle. 

I fay, moreover, the Angle of the greater Segment 
contained under the Circumference ABC, and the 
Right Line A C, is greater than a Right Angle ; and 
, the Angle of the lelier Segment, contained under the 
Circumference AD C, and the Right Line A C is lefs 
, than a Right Angle. This manifellly appears ; for be- 
caufe the Angle contained under the Ri^ht Lines BA, 
AC, is a Right Angle, the Angle contained under the 
Circumference AfiC, and the Right Line AC, will 
be greater than a Right Angle. Again, becauie the 
Angle contained under the Kight Lines CA, AF, is 
a Right Angle, therefore/ the Angle which is con- 
tained under the Right Line AC, and the Circum- 
ference ADC, is lefs than a Right Angle, There* 
fore, in a Circle^ the Angle thai is in a S^mcircUy is 4 
RigM Angle ; hsit the Angle in u greater Segment ^ is lefs 
than a Rtght Angle ; ana the Anrle in a lejfer Segmenty 
greater than a Right Angle i Moreover ^ the Angle ^f a 
greater Segment^ is greater tham a Kight Angle ; and the 
Angle of a lejfer Segment^ is lefs than s Kight Angle \ 
Whjch was to be dcmonftrated. 

PROPOSITION XXXIL 
THEOREM. 

If op^ Right Line touches a Circle^ and a Right Line 
be drawn from the Point rf Contail cutting the Cir* 
cie ; the Angles it makes with the Tangent Liney will 
he equal to thofe which are fnade in the alternate Seg^ 
ments of the Circle^ 

LET any Right Line EF touch the Circle ABCD 
in the Point B, and let the Right Line B D be 
any how drawn from the Point B cutting the Circle, 
I lay, the Angles which B D n^es with the Tangent 
Line EF, are equal to thofe in the alternate Segments' 
of the Circle; that is, the Angle FBD is equal to an 
Angle made in the Segment DAB, vit. to the Angle 
JD A B ; and the Angle P B £ equal to the Angle 
P C 3, made in the Segment DC B. For 

Draw 



Draw "^ BA from the Point B at Right Ajigles to^ xi. i. 
£F ; and tak€ any Point C in the Circumference BD« 
aodjoinAD, DC, CB. * 

Then becaufe the Right Line £ F touches the,Cii> 
cle ABCD in<the Point B ; and the Right Line B A 
is drawn from the Point of Contaft B at Right An- 
gles to the Tangent Line; the Center of the Circle 
ABCD, will t be in the Right Line B A; andfof 19.1. 
BAJs a Diameter c^ the Ckcle, and the Angle AD B, 
in a Semicircle, is ^ a Right Aj^le« Therefore the^tx.^yUr 
other Angles BAD, ABB, are equal to one Right 
Angle. But the Angle A BP is alfo a Right Angle : 
Therefote tlie Angle ABF, is * equal to the Angles* ji. i. 
BAD, ABD; and if ABI>^ wbidi is conamon, be 
t$k&n away, then the Angle DBF remaining, will 
foe €qual to that Whdch is in the alternate S<^nient of 
the Circk, viz. equal to the Angle BAD. And be- 
caufe ABCD is a Quadrilateral Figure in a Circle^ 
and the oppofite Angles thereof ar^ f equal to twof iL^f^bhr 
Right Angles: The Angles DBF, DJBE. will be 
equal to the Angles BAD, BCD. But BAD has 
been proved to be equal to DBF; therefore die An- 
gle DBF, is equal to the Angle made in DC 6, the 
:^temate Semient of the Cirde, viz. equal toithe 
Angle DOB. Therefore, if any Sigbf Line touches 
a ijiuie^ and ^ Right Line be ^awn from the Point 
of ContaB cutting the Circle ; the Angles k makes 
with the Tangent Line^ will be equal to thofe which 
are nuuU in we alternate Seff»$nfi4ffheCir^iei which 
was to be demonfirated. 

PROPOSITION xxxni, 

PRO B L E M. 

To defcribe^ u^n a given ttight Line^ a Segment of « 
Circle^ which foaU contain an Angle^ equmtoagivem 
MJght-Md Angle, 

* 
T E T the given Right Line be A B, and C the given 
^^ Right-lin^d Angle. It is required to defcribe the 
Segment of a Circle upon the given Right Line A B^ 
containing an Angle, equal to the Angle C. 

At 
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At the Point A, with the Right Line A B, make 
i *».>; i the Angle BAD equal to the Angle C, and dra# 

♦ iV. k. * AE from the Point A, at the Right Anrie, to AD; 
^ lo. K I^kcwife bifed f A B in F, and let F G be drawn 

from the Point F, at Right Angles, to AB, and join 
GB. 

Then bccaufe A F is equal to F B, and F G is com- 
mon, the two Sides AF, FG, are equal to the two 
Sides B R F G ; and the Angle AF G, is equal to the 
w.AngleBFG. Therefore the Bafe AG is :|: equal 
to to the Bafe G B. And fo if a Circle be defcrib'd 
about the Center Gj with the Diftance AG, thisfliall 
pafs<hrough the Point B. Defcribe the Circle, which 
let be ABE,, and join E B. Now becaufe AD is 
drawn from the Point A, the Extremity of the Diame- 

♦ Cbr. itfiter AE, at Right Angles to AE, the laid AD will * 
tf ikiu touch the Circle. And fince the Right Line A D 

touches the Circle ABE, and the Right Line AB, is 
drawn in the Circle from the Point of ComaQ A, 
j;iuiftiis*thc Angle DAB is f equal to the Angle made in the 
alternate Segment, viz. equal to the Angle AEB: 
But the Angle DAB, is equal to the Angle C. There- 
fore the Angle C will be equal to the Angle A E L. 
Wlif^ore the Segment of a Circle A E B is dd- 
fcribM upon the given Right Line A B, containing an 
Angle A £6, equal to a given Angle C; whicb was 
to be doH0. 

PROPOSITION XXXIV. 
THEOREM 

To cvt off a Segment from a ^tven Circle^ that pall 
contain an Angle ,^ equalto a given Right4in^i Angle i 

T ET the given Circle be A B C, and the Right-' 
•■-^ linM Angle given D. It is requirM to cut off a- 
Segment from the Circle ABC, containing an Angle 
equal to the Anrfe D. 
iitjjftbU. Draw J the Right LfneEF, touching the Circle 

♦ 23. 1, in the Point B, and make * the Angle F BC at the 

Point B equal to the Anele D. 

Then becaufe the Right Line E F touches the Cir- 
cle ABC in the Point B, and B C i$ drawn from 

thQ 



Book Illf BucluPs E L £ m bk t«. 99 

diePointofContadB; theAngleFBC willbe'^eqinl « ix^Oul > 

to that in the alternate Segment of the Grcle; bat the 

Angle F B C is equal to the Angle D. Therefore the 

Angle in the Segment BAG^ will be equal to the 

Angle D. Therefore the Segment BAG is cut off* 

from the given Circle ABC. containing an Angle 

equal to the given Right4in'a Angle D; which wm 

to be done. 

PROPOSITION XXXV. 
THEOREM. 

If two Right Limes in a Circle mntually cut each other^ 
the ReSangle contained under the Segments of the 
one J is efual to the ReSangle under the Segmet^s of 
the other* 

TN the Circle ABCD, let two Right Lines mutu^' 
•■" ally cut each other in the Point E. I fey the Rec- 
tangle contained under A R and £ C, is equal to the 
Rectangle contained under D £, £ B. 

If AD and D B pafs thro* the Center, lb that E be 
the Center of the Circle ABC D ; it is manifcft, fince 
AE, EC, DE, EB, are equal; that theReftangle, 
under A £, £ C, is equal to the Re&angle under 
DE, EB. 

But if AC, DB, do not pafs thro' the Center, af- 
fiime the Center of the Circle F ; from which draw 
F G, F H, perpendicular to the Right Lines A C, D B, 
andjoinFB,FC,F£. 

Then becaufe the Right Line GF, drawn thro' • 
the Center, cuts the Right Line AC, not drawn thro' 
the Center at Right Angles, it will alfo bifcd *the♦4^<*«- 
iame. Wherefore A G is equal to G C : And be- 
caufe the Ri^t Line AC is cut into two equal Parts 
in the Point G, and into two unequal Parts in £, the 
Redangle under AE, EC, together with the Square 
of EG, is t equal to the Square of GO. And if t^*: 
the common Square of G F be added, then the Rec- 
tangle under AE, EC, tOjgether with the Squares of 
E G, G F, is equal to the Squares of C G, G F. But 
rhe square of F E is f equal to the Squares of E G, 
G F, and the Square of F C equal \ to $be Squares ^ 47. i- 

of 
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of CG,GF. Therefore the Refiangle under AE, 
E C, together with the Square of "FB, .is equal to the 
Square of FC; but CF is equal to FB. ; Therefore 
the Reftaai^e under A E, E-C^ together with the 
Square Af 4F/is equal to the Square of FB. For 
the ferfieRetfon, the ReSangle under DE^ EB^ to- 
getferwith theSquare ofFE. is equal totheSquareof 
FB. Butit has been prov'd, that the Reftangle under 
AE, EC, together with the Square of FE, is alfo 
equal to the Square of FB, TTierefore the Refian* 
glc under AE, EC, together with the Square of FE, 
is equal to the Reftangle imder DE, EB, together 
/ with the Square of F E. And if the common Square 
• of FE be taken away, then there will remain the 
Reftangle und^ AE, EC, equal to the Rcftangle 
under l)E, EB, Wherefore, if two Right Litres if^ 
a Circle mutnalfy cut each other^ the Rc^angie con-^ 
tained under the Segments of the one^ is equal to the 
JieSakgle^fnts^jhe Segments of the otker; which w^ 
to be oemonflrated.' -* - - . - 

PROPOSITION XXXVl, 
THEOREM. 

Iffome Point be taken without a Circle^ and from that 
Point tvjo Rizht Lines fall to the Circle jone cf which 
(utS'the Circle^ and the -other touches it\ the Redtanr* 
gle contained *f0fder'the xbihk tSecUr^ Lin'e^'i^ dpd iff 
Part between the Convexity of the Circle djftd the 
affum^d Pointy will b^ equ^l to the Square of the 
Tangent Line. 

LET any Point D be affumM without the Circle^ 
ABC, and let two Right Lines DC A, DB, 
fall from the faid Point to the Circle ; whereof D G A 
cuts the Circle, and D B touches it. I fay the ReSan* 
gle under A D, P C, is equal to the Square of D B. 

Now D C A either paffes thro* the Center, or not. 
In the firft place, let it paft thro* the Center of the 
Circle ABC. which let be E, and join EB. Then 
^i%eftbis, the Angle EBp is * a Rkht Angle. And fo fince 
the Right Line A C is bifeoed in El and C D is added 
thereto, the Reftanglc uu4er AD, DC, together 

with 



with the Square of EC, ihall * be equal to the Square • 6. i« 
of ED. But EC is equal toEB ; wherefore the 
Rcftangle under AD, DC, together with the Square. 
of E B, is equal to the Square of £ D. But the Square 
of ED is t equal to the Square of EB, and BD; For 1 47- *• 
the Angle EBD, is a Right Anele: Therefore the 
Redangle under AD, DC, togemet with th.e, Square 
of £ B, is equal to the Squares of EB and fiD; and 
i£ the common Square of £ B be taken jlway, the 
ReSaiieleunderAD, DC, renoaiiiing, will be equal 
to the Square of the Tangent Line BD. 

Now let D C A not pafs tl^ugh the Center of thel 
Curcle ABC; and find ^ the Center E thereof, ^d ^ i.^tUL 
draw £f perpendicular to AC, and join EB, EC, 
ED. Therefore EFD is a Right Angle. And bc- 
caufe a Right Line £ F, drawn through the Center, 
cuts a Right Line A C at Ri^ht Angles, not drawn 
through me Center, it will * bifeS the fiune at R^ht *t.ifiiis. 
Angles ; and fo A F is equal to F C. Afi^in^ fince 
the Right Line AC is bif^aed in F, and CD is ad- 
ded thereto, the Redangld unda* A I), DC, toeether 
with the Square of FC, will be * equal to the Square 
of F D. And if the common Square of £ F be added, 
tiien the Redangle under A D, DC, together with 
the Squares of FC and P E, is f equal to the Squares 
of DP and FE. But the Square of DE, is equal 
to the Squares of DF and FE; for the Angle EFP 
is a Right one : And the Square of C£ is f equal to 
the Square of CF and F E. Therefore the Refiaor 
jle under AD, DC, together with the Square of CB^ 
is equal to the Square of ED; but C£ is equal ro 
£ B. Wherefore the Reaanele Under A D^ D C, to- 
gether with the Square of Eb, is eqUal to the Square 
Of £ D. Bu( the Squares of £ B and BD are * equal 
to theSquare of ED; fince the Angle EBD is a Right 
one. Wherefore the Redangle under AD and D C^ 
together with the Square of E B, is equal to the 
Squares of £ B and B D. And if the common Square 
<)f EB be taken away, the Redangle under AD and 
DC, remaining, will be equal to the Square of DB. 
Therefore*^ if amy Point be taken witbomt a Cirsle^ and 
from that Point Po)9 Right Lines fall /d the Cireky oHe 
of which cuts the Circle i^ and the other touches it; the 
kcSattile contM.4 under the whole Sejant Line^ ai^d 
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its Part between the Convexity of the Circle and the of* 
funid Pointy will be easud to the Square of the T'angent 
Line ; which was to be demonftrated. 

PROPOSITION XXXVII. 

THEOREM. 

If fime Point be taken without a Circle^ and two 
Jlight Lines be drawn from it to the Circle^ fe^ that 
one cuts it^ and the other falls upon it ; and, if the 
ReSangU under the whole Secant LinCy and the Part 
tbereqK^ without the Circle, be equal to the Square 
of the Line falling upon the Circle^ then this laji Line 
will touch the Circle. 

LET fome Point D be aflumM without the Circle 
ABC, and from it draw two Right Lines D C A, 
DB, to the Circle, in fuch Manner that D C A cuts 
the Circle, and D A falls upon it : And let the Red- 
angle under AD. DC, be equal to the Square of 
D B. I fay. the Right Line D B touches the Circle. 
^tn.cfthis. Eor let the Right Line D £ be drawn ♦ touching 
^^ the Circle ABC, and find F the Center of the Circle, 
andjoinEF, FB, FD. 
♦ i8 1 Then the Angle FED is f a Right Angle. And 

^- • * becaufe D E touches the Circle A B C, and D CA 
cuts it, the Reftanglc under AD, and DC, will be 
. p^ rr«* equal to the Square of DE. But the Redangle un- 
*^ ^^' der A D and D C, is ^ equal to the Square of DB. 
Wherefore the Square of D E (hall be equal to the 
Square of D B. And fo the Line D E will be equal 
to the Line D B. But F E is efqual to F B > There- 
fore the two Sides DE, EF, are equal to the two 
Sides D B, B F; and the Bafe F D is common. 
Wherefore the Angle D E F is equal to the Angle 
. DBF; but DEF is a Right Angle; whereforeDBF 
is alfo a Right Angle, and F B produced is a Dia- 
meter. But a Right Line drawn at Right Angles, &a 
the End of the Diameter of a Circle, touches the 
Circle; therefore BD neceflarily touches the Circle. 
We prove this in the lame Manner, if the Qenter 
of the Circle be in the Right Line C A. If therefore 
any Point be giffnm*d without a Circle^ and two Right 
z Lines 
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!,«(?; te Jravm from it to the Circle^ Co that out etitt 
it, and thi'Bthtr-j^lh upon it;- anSif- the Re^amk un- 
fier^ the whole Steant Line^ and the Part therei^ luitb- 
OMttheCircle, %e equal to the Square of the Line fallii^ 
Mon the Circle ; then this laji Line will touch the Cir- 
cle i which was to be demonftrated. 

Coroli. Hence, if from any Point without a Circle, 
feveral Right Lines A B, AC," arc drawn cutting 
the Circle - the Refiandes comprehended under 
rfie whole Lines AB, AG, and their external Pans 
AE, AF, are equal betwceq tbemfclves. For if 
the Tangent A D be drawn, the Reflangle under 
BA and AE, is equal to the Square of AD; and 
the R&Sangle under CA andAF, is [equal to^e 
fune Square of A D : Therefore the Re&angtcs 
fliall be equal;' 

The ENi) rf tbg Imi'D "Book, 
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EUC L ID'S 
ELEMENTS. 

BOOK IV. 

DEFINITIONS. 

I. tLRight-liu'd FiSMre U fiad to be infm- 
9 bed i» a Rifbf-iiit'd Figure, tuhem 
B every one of the Angles of the ip- 
9 frribed Figure, touches every ene of 
3 the Sides of the Figure, v/bereiu it 

w deferibed. 

II. In lite Mamur a Figure isfaid to be defirib'd about 
a Figure, vfheu every one of the Sides oj the Figure, 
eirtumfiribed, touches every one of the Angles o/ the 
Figure about which itii circumferibed. 

III. A R.itht-\in'd Figure is [aid to be infiribed in a Or- 
tie J when every one of the Sides of that Figure which 
is infcriied, totubes the drcntaference of the Circle. 

IV. A kigbt'tin^d Figure is fmd to be deferibed ahout a 
Circle, when every out of the Sides of the cireunf 
feribed Fifi^i^ tanthit tht Cirtlpnferemt of the Or- 
fit. 

V. St 
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V. So lihwife a Circk is fmd to be mfcribed in a Rifbt^ 
Uifd figure^ when the Chrcuwitrtnct of the Ctrcle 
touches §U the Sides if the Figure iu which it is iu^ 
fcrihed. 

VI.* A Circle isfaidto be defcribed about aFtgure^ when 
the Circumference of the Circle touches all the Au^ 

Sles of the figure which it circumfcribes. 
'.. A Riibt Line is fald to be appWd im m Circle^ 
when itf Extremes ire in the C£r(infereuce rf tbe 
Circle. 

PROPOSITION I. 

PROBLEM. 

3^ i^ply Right Line in a given Circle j equal to a 
given Right jLinCy whofe Length docs not exceed the 
Diameter of the Circle. 

T £T the Circle given be ABC, and themroq 
•*^ Right Line not greater than the Diameter be IX. It 
is requir'd to apply a Right Line in the Circle Aft C, 
equal to the Right Line i>. 

Draw BC the Diameter of the Circle; then if BC 
be equal to D, what was required, is done; for in 
the Circle ABC there is applied the Right Line BC, 
equal to the Right Line D : But if not^ the Diameter 
BC« gre^tpr than D, and put * C E equal to D; • j. f, 
^nd about the Center C, with the Diftance CB, let 
the Circle AE F be defcribed; and join CA. 

Then becaufe the Point C is the Center of the Cir- 
ck AE F, C A will be equal to C E ; but D is equal 
to CE. Wherefore AC is equal to D. And £b in 
the Circle ABC, there is applied a Right Line AC, 
equal to the given Right Line D, not g]:^er thw Hfyo^ 
Diameter; which was to be done. 
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PROPOSITIOK II. 
PROBLEM. 

In a givtn Circle^ to defiribe a Triangk equiangular t$ 

a given Triangle, 

• T ET ABC be a Circle given, and DEF a given 
^-^ Trianele. It is required to dcfcribe a Triangle 
in the Circle ABC, equiangular to the Triangle D EF. 

* 17. }. Draw the Right line G A H touching * the Circle 
ABC in the Point A, and with the Right Line AH 

t 23. 1, at the Point A, iMkid f an Angle H AC, equal to the 
Angle DEF. Likewife at the fame Point A, with the 
Line AG, make the Angle GAB equal to the Angle 
DFE, and join BC. 

Then becaufe the Right Line HAG touches the 
Circle ABC, and AC is drawn from the Point of 
Contaft in the Circle ; the Angle H A C ftiall be 
^ equal to ABC, the Angle in the alternate Segment 
of the Circle, But the Angle H AC is equal to the 
Angle DEF therefore alfo the Angle ABC, ;s equal 
to tne Angle DEF : For the ftme Reafon, the Angle 
ACB is likewife' equal to the Angle.D F E. Where- 

I.^' *' ^^^^ *^ ^*^^ Anc[le B A G, fhall be | equal to the 
other Angle E D F. An.d confequently, the Triangle 
ABC is equiangular to the Triangle DEF, and i% 
defcribed in the Circle ABC ; which was to be done^ 

PROPOSITION III- 
PROBLEM, 

About a given Circle to dcjcribe a Triangle^ equiangular 

to a Triangle given. 

T ET ABC be the given Circle, and DEF the 
*-^ given Triangle. It is required to defcribe a Tri- 
angle about the Circle ABC equiangular to the Tri- 
ancleDEF. 

Produce the Side E F both Ways to the Points G 
and H, and find the Center of the Circle K, and any 
how draw the Line ]^ B. Then at the Point K, with 

KG 
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K B make ♦ the Angle B K A equal to the Angle * ij. » 
DEG ; and the Angle BKC at the fame Point K • 
on the other Side the Line K B, equal to the Angle 
DFH; and thro' the Points A, B, C, let the Right 
Lines LAM, MBN, NCL, be drawn touching 
the Circle ABC. 

Then becaufe the Lines L M, M N, N L, touch 
the Circle ABC in the Points A, B, C. and the Lines 
K A, KB, KC, are drawn from the Center K to the 
Points A, B, C ; the Angles at the Points A, B, C, 
will be * Right Angles. And becaui^ the four An-, f i8. f. 
gles of the quadrilateral Figure AMB'K are equal to 
tour Right Angles, (for it maybe divided into two 
Triangles,) and the Angles KAM, KBM, are each 
Right Angles ; therefore the other Angles A K B, 
A M B are equal to two Right Angles. But DEG, 
D E F, are equal to two Right Angles ; therefore the 
Angles A KB, A MB, are equal to the Angles D E G, 
DEF, whereof A KB is equal to DJEG. Wherer 
fore the other Angle AM B is equal to the other An* 
» gle D E F. In like Manner we demonftrate, that the 
Angle LNB is equal to theAngle'D F E. Therefore 
the other Angle MLN is tj: equal to the other Angle +C^. *•' 
EDF. Wherefore the Triangle LNM is equianr ja. »• 
giflar to the Triangle DEF, and is defcribed about 
the Circle ABC ; which was to be done. 

P R O P O S I T I O N. IV» 

PROBLEM, 
To infcribe a Circle in a given Triangle^ 

T ETABCbea Triangle given, It is required tp 
•" infcribe a Circle in the fame. 

Cut * the Angles ABC, B C A, into two equal • 9. i. 
Parts by the Right Lines IJ D, DC, meeting each 
other in the Point D, And from this Point draw 
D E, D F, D G, f perpendicular to the Sides AB, t "• '• 
BC AC. . . 

Now becaufe the Angle EBD is equal to the An- 

le F BD, and the Right Angle BE D is equgl to the 

Light Angle BFD ; then the two Triangles EBD, 

DBF, have two Angles of the one, equal to two 

H 4 Angles 
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iVnglfCS of the other, and one Side D B commoir to both, 
viz. that which fubtends the equal Angles ; therefore 
^ x6. i; the other Sides of the one Triangle (hall he \ equal to the 
other Sides of the other ; suid lo D£ (ball be equal to 
PF, Andforthe^eKeafoh^-DGisequaUoDF: 
Therefore D £ is alio equal to D G. And fo thq 
three Right Lines D E, D F, D G, are equal between 
thcmfelves. Wherefore a Circle defcribed about th^ 
Center D, with cither of the Diftances D E, D P, D G, 
will alifo pafs thro* the other Points. And the .Sides 
AR BC. AC, will touch it; becaufe the Angles at 
E, r, and G, are Right Angles. For if it (hould cui; 
them, a Right Line drawn on the Extremity of the 
piametcr pt a Circle at Right Angles, will fidl with- 
f ,| ;| in the Circle ; which is * abfurd. Thertfore a Circle 
defcribM about the Center D, with either of the Di^ 
ftances DE, DP, I>G, will not cut the Sides AB, 
JBC, CA: wherefore it will touch them, and will be 
a Circle defcritf d iii the Trianele ABC. Therefore 
the Circle EFG is defcribM in the given Triangle 
ABC: which was to be done. 

PIIPPOSITIPN V. 
PROBLEM. 

,7!? defcriBe a Circle about a given Triangle. 

TET ABC be a given Triangle. It is required to 
•^-^ defcribe. a Circle about the wnc. 

• 30. 1. Bifea ♦ the Sides ABA C, in'the Points D^ E ; 

I 1 1. 1, from which Points let D F E F, be drawn t at Right 
Andes to AB, AC, which win meet either within 
the Triangle ABC, or in the ^ide BC, or without 
the Triangle. 

FirfJ let them meet in the Point F within the Tri- 
angle, and join B F V C, F A. Then becaufe A D is 
cqtial to DB, and DF is common, and at Right An- 

f 4 . 1, glcs to A B J the Bafe A F will be | equal to the Bafe 
F B. Anid after the fame Manner we prove, that the 
Bafe CF ji equal to the Bafe FA.* Therefore alfo is 
BF equal to ClF: Andfo the three Right Lines FA, 
F B, F C^ are coual p each other. Wherefore a Cir- 
cle dcfcribM about jhe Cenifei: F, with either of jhc 

Diftances 
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Diftance^ FA» FB, EC^ will pftfsalfo thro' the other 
JPoi^ts, and will be a Circle defcrib'd about the Tri.- 
angl^ ABC. Therefore defcribe the Circle ABC. 

Secondly, let D F, E F, meet each other in the 
Point F, in the Side BC, as in the fecond Figure, and 

J'oin AF. Then we prove, as before, that the Foint 
? is the Center of a Circle defcrib'd about the Trian- 
gle ABC. 

Laftly, let the Right Lines D F, E F, meet one 
another again in the Point F, without the Triangle, 
as in the third Figure ; and join A F, F B, F C. And 
becaufe AP is equal to DB, and DF is^common, 
and at Right Angles, the Bafe A F fliall be equal to 
the Bafe BF. So likewife we prove, that CF is alfo 
equal to A F. Wherefore B F is equal to C F. And 
ib again, if a Circle be defcrib'd on the Center F, widi 
cither of the Diftances F A, F B, F C, it will pafs 
thro' the other Points, and will be defcrib'd about the 
Triangle ABC^ wbicb was to be done. 

CorolL If a Triangle be Right^angl'd, the Center of 
the Circle falls in the Side oppofite to the Right 
Angle; if acute-angl'd. it fells within the Trian- 
gle ; and if obtufe-angl d, it falls without the Tri- 
angle- 

PROPOSITION VI. 

P R O 9 l. E M. 

To infiribe a Square fu a given Circle, 

T ETABCDbea Circle given, It is requir'd to 
•"-* infcribe a Square within the fame. 

Draw AC, BD, two Diameters of the Circle cut- 
ting one another at Right Angles, and join AB, BC, 
CD, DA. 

Then becaufe B E is equal to E D, (for E is the 
Center) and E A is common, and at Right Angles to 
BD, the Bafe B A fliall be * equal to the Bafe AD; ♦ 4. t. 
and for the fame Reafon BC, CD, as alfo B A, i*D, 
are all equal to each other. Therefore the Quadri- 
lateral Figure ABCD, is equilateral. I fay it is alfo 
redangular. For becaufe the Right Line A B is a 

Diameter 
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Diameter of the Circle A BC D, B A D. will be a Se- 

* 31. 1, micircle. Wherefore the Angle BAD is * a Right 

Angle. Arid for the fame Reafon every of the An- 
gles ABC. BCD, CD A, is a Right Angle. Ther&- 
tore A BCD is a reftangular quadrilateral Figure: 
But it has alfo been prov'dto be equiangular. Where- 
fore it fliall necef&rily be a Square, and is defcrib'd 
in the Circle A B C D ; which was to be done. 

P R O P O S I T I O N VIL 

PROBLEM. 

7i defcribe a Square about a given Circle* 

T ETABCDbea Circle given. It is required to 
~ deforibe a ,Square about, the fame. 

Draw AC,Bl), two Diameters of the Circle cut- 
ting each other at Right Angles, and thro' the Points 

♦ 17. 3. A, B, C, D, draw * FG, G H,H K, K F, Tangents to 

the Circle AB CD. 

Then becaufe F G touches the Circle AB C D.and 

E A is drawn from the Center E to the Point of Con- 
1 18. 3. tad A, the Angles at A will be f Rig^t Angles. For 

the fame Reafon, the Angles at the Points B^,D, 

are Right Angles. And fince the Angle AEB is a 
+ 18. r. Right Angle, as alfo EBG, GH fliall be \ parallel 

to^C; and for the fame Reafon, AC to K F. In 

this Manner we prove likewife, that GF and HK 
' are parallel to BE D ; and fo G F is parallel to HK. 

Therefore GK, GC, AK, FB, BK, are Parallelo- 

frams; and fo GF is * equal to HK, and GHto 
' K. And fince AC is equal to BD,and AC* equal 
to either GH, of FK, and BD equal to either GF, 
or H K ; G H, or F K, is equal to G F, or H K. There- 
fore FGHK is an equilateral quadrilateral Fkure: 
I fay it is alfo equiangular. For becaufe GBE A is 
a Parallelogram, and AEB is a Right Angle, then 
A G B fliall be alfo a Right Angle. In like manner 
we demonftrate,^ that the Angles at the Points H,KJ^, 
arc Right Angles. Therefore the quadrilateral Fi- 
gure FGHK is refiangular; but it has been prov'd 
to be equilateral Ukewife. Wherefore it muft necef- 
farily be a Square, and is defcrib'd about the Circle 
h^CDi which was to be done. 

PRO- 
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PROPOSITION 'VUI. 
P R O B L EM. 

To defcribe a Circle in a given Square, 

T^ E T the given Square be A B C D. It is requirM 
■*-^ to defcribe a Circle within the fame. 

Bifea * the Sides AB, AD, in the Points F, E; * ,o. ,; 
and draw f E H thro* E, parallel to A B, or D C ; and f 3 1 .' i\ 
F K thro' F, parallel + to B C, or A D. Then A K, 
KB, AH,HD,AG,GC,BG, GD, are all Parallelo- 
grams, and their oppofite Sides are :|: equal. And be- + 24, u 
caufe DA is equal to AB, and AE is half of AD, 
and AF half of AB, AE fliall be equal to AF; but 
the oppofite Sides are alfo equal. Therefore FG is 
equal to G E. In like manner we demonftratc, that 
G H, or G K, is equal to either F G, or G E. There- 
fore G E, G F, G H, G K, are equal to each other : 
And fo a Circle being delcrib'd about the Center G, 
with either of the Diftances G E, G F, G H, G K, 
will alfo pafs thro' the other Points, and fhall touch 
the Sides AB, BC, CD, D A, becaufe the Angles at 
E, F, H;K, are Right Angles. For if the Circle 
fhould cut the Sides of the Square, a Right Line, 
drawn from the End of the Diameter of a Circle at 
Right Angles, will fell within the Circle; which 
is * abfiird. Wherefore a Circle defcrib'd about the * ,ic - 
Center G, with either of the Diftances GE, GF, ^" 

G H, G K, will not cut A B, B C, CD, DA, the 
Sides of the Square. Wherefore it fliall neceflarily 
touch them,and will be defcrib'd in the Square A B CD ; 
fpt;hich was to be done, 

PROPOSITION. IX. 
PROBLEM. 

To defcribe a Circle about a Square given, 

T ETABCDbea Square given. It is required to 
•■^ circumfcUbe a Circle about the fame. 

Join AC, BD» mutually cutting one another in the 
PtfintE, And . 
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And fince DA is equal to AB, and AC is com- 
mon, the twp Sides DA, AC, are equal to the two 
Sides B A, AC; but the Bafe DC isequal to the Bafe 

* 8. 1. ^ C. Therefore the Angle D A C will * be equal to 
the Angle BAC: Andconfequently theAngle D AB 
is bife^ed by the Right Line AC. In the fime Man- 
per we prove, that each of the Angles ABC, BQD, 
CD A, are bifeaed by the Right Lines A C, D B. \ 

Then becaufc the Angle DAB is equal to the An- 
gle ABC, and the Angle EAB is half of the Angle 
D A B, and the Angle E B A half of the Angle A B C ; 
the Angle EAB fhall be equal to the Angle EBA: 

'f6.u And fo the Side E A is f equal to the Side EB. In 
like manner we demonftrate, that each of the Right 
Lines EC, ED, is equal to each of the Right Lines 
E A, E B. Therefore the four Right Lines JE A, EB, 
EC, ED, are equal between themfelves. Where- 
fore a Circle being dcfcribM about the Center R with 
either of the Diftances E B, EC, E IX will alfo p^s 
thro* the other Points, and will be defcrib'd about the 
Square A B C D ; v/htcb was to be done, 

PROPOSITION X. 
1 PROBLEM. 

To make an IjofceUs Trian^le^ having each of the An- 
gles at the Bafe double to the other Angle. 

•►•11 1. /^UT * any riven Richt Line AB in the Point C, 
^ fo that the KeflangTe contained under AB, BC, 
be equal to the Square of AC ; then about the Cen- 
ter A, with the Diftance AB, let the Circle BDE 
1 1 rfth'ts. be dcfcrib'd; and f in the Circle BDE apply f the 
Right Line BD equal to AC; which is not greater 
than the Diameter. This beingdone, join D A, D C, 
j^j^/i&«. and dcfcribe :|: a Circle A CD about ^he Triangle 
ADC. 

Then becaufe the Refbngle ABC is equal to the 

Square of AC, and AC is equal to BD, the Reftan- 

gle under AB,BC, fliall be equal to the Square of • 

, BD. And becaufe fome Point B is taken without 

the Circle A CD, and from that Poin$ there fall two 

. Right Lines BCA, BD, to the Circle, one of which 

cuts 
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cuts the Circle, and the other ^k oil it. And fince 
the Redangle under AB^ BC, is equal to the Square 
of BD, the Riffht Line BD (hall * touch the Qrcle * J7- 3- 
A CD. And fmce BD touches it, and DC is drawn 
from the Point of Contad D, the Angle B D C is 
equal to the Aqgle in the alternate Sa^ment of the 
Circle, viz. equal f to the Angle D AC. And fince f 32. 3. 
the Angle BDC is equal to the Angle DAC; if 
CD A, which is conunon, be added, the whole An- 
gle BD A is equal to the two Angl^ CD A, DAC. 
But the outward Angle BCD is ^ equal to CD A, ^ 31. t« 
DAC. Therefore bDA is equal to BCD. But 
' the Angle BD A * is equal to the Angle CBD, be- • f. i. 
caufe the Side AD is equal to the Side AB. Where- 
fore DBA ihall be eoual to BCD: And fo three 
Angles BD A, DB A, BCIX are equal to each other.. 
And fince the Angle DBC is equal to the Angle 
BCD, the Side BD is f equal to the Side DC But t ^' '• 
BD is put equal to C A. Therefore CA is equal to 
CD. And fo the Angle CD A is equal to the Angle 
DAC. Thereforethe Angles Cl) A, DAC, taken 
together, are double to the Angle D A C« But the 
Angle BCD is equal to the Angles CD A, DAC* 
Therefore the Angle BCD is double to the Angle 
DAC. But B G D is equal to BD A, or DBA. 
Wherefore BDA, or DBA, is double to DAB. 
Therefore the Ifoiceles Triangle ADB is made, ha- 
ving one of the Angles at the Bafe, double to the' 
other Angle ; which wm to be done* 

PROPOSITION XI. 
PROBLEM. 

To defcribe ^ equilateral and equiangular Pentagon in 

a given Circle^ 

T ET ABCDE be a Circle given. ^ It is required 
■*-* to defcribe an cjquilateral and equiangular Pen- 
tagon in the fame. 

jMake an Ifofceles Triangle FGH, having ♦ each *to(fthss. 
of the Angles at the Bafe GH, double to the other 
Angle F -and defcribe the Triangle A D C in the Circle 
ABCDE, equiangular fto the Ti:iangleFGH;fo that infM^ 

the 
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the Angle CAD be equal to that at F, and A CD, 
CD A, each equal to the Angles G or H. Wherefore 
the Angles A CD, CD A, are each double to the An- 
♦9-1. gle C A D. ' This being done, bifeft * A C D, C D A, 
by the Right Lines CE, DB, and join AB, BC, 
DR EA. ♦ 

Then becaufe each of the Angles 'A CD, CD A, is 
double to CAD, and they are bifeSed Tdv the Right 
Lines C ED B ; the five Angles D A C, A C E, E CD, 
CDB, BdA, are equal to each other. But equal 

♦ 2< 1 Angles ftand * upon equal Circumferences. There- 

fore the five Circumferences A B, BC, CD, DE, E A, 
are equal to each other. But equal Circumferences 
1 29. 3* fubtend f equal Right Lines. Therefore the five 
Right Lines AB, BC, CD, DE, EA, are equal to 
each other. Wherefore ABCDE is an equilateral 
Pentagon. I fay, it is alfo equiangular ; for becaufe 
the Cir<:umference AB is equal to the Circumference 
DE, by adding the Circumference BCD, which is 
common, the whole Circumference A BCD is equal 
to the whole Circumference ED CB, but the Angle 
A E D (lands on the Circumference A B C D, and 
BAE on the Circumference EDCB: Therefore the 
Angle B A E is equal to the Angle A E D. For the fame 
Reafon, each of the Angles ABC, BCD, CD E, is 
equal to B A E, or A E D. Wherefore the Pentagon 
ABCDE IS equiangular ; but it has been proved to 
be alfo equilateral. And confequently there is an 
equilateral and equiangular Pentagon infcribed in a 
given Circle ; which was to be done. 

PROPOSITION XII. 

PROBLEM. 

♦ 

To defcribe an equilateral and equiangular Pentagon 

about a Circle given* 

T ET ABCDE be the given Circle. It is required 
*" to defcribe an equilateral and equiangular Trian- 
gle about the fame. 
Let A, B, C, D, E^ be the angular Points of a Pen- 

• jy II tagon fuppofed to be infcribed * in the Circle ; lb that 
efttis. . the Circumferences AB, BC, CD, DE, E A, be 

equal ^ 
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equal ; and let the R%ht Lines GH, HK, K L, LM, 
MG, be drawn touching \ the Circle in the Points + 17 » 
A- R C, D, E : Let F be the Center of the Circle 
ABCDE, and join FB, FK, FC, FL, FD. 
. Thien becaufe the Right Line K L touches the Cir- 
cle A B CD E in the Point C, and the Right Line F C 
is drawn from the Center F to G, the Point of Con- 
tad; FC will be ^ perpendicular to KL : And fo ^ ,3. j. 
both the Angles at C are Right Angles. For the fame 
Re^on, the Angles at the Points B, D, are Right 
Angles- And becaufe FCK is a Right Angle, the 
Square of FK will be * equal to the Squares of F C, • 47. i; 
C K : And for the fame Reafon, the Square of F K 
is equal to the Squares of FB, BK, Therefore the 
Squares of FC, CK are equal to the Squares of FB, 
BK- But the Square of FC is equal to the Square 
of F B. Wherefore the Square of C K fliall be equal 
to the Square B K ; and fo B K is equal to CK. And 
becaufe F B is equal to FC, and FK is common ; 
the two Sides BF, FK, are equal to the two C F. 
F K, and the Bafe B K is equal to the Bafe K C; and 
fo the Angle B F K fliall be f equal to the Angle f r, u 
K F C, and the Angle BK F to the Angle F K C 
Therefore the Angle B F C is double to the Angle 
K F C, and the Angle B K C double to the Angle 
F K C : For the feme Reafon, the Angle C F D is 
double to the Angle C F L, and the Angle C L D 
double to the Angle" CL F. And becaufe the Cir- 
cumference BC is equal to the Qrcumfcrence CD, 
the Angle BFC ihall be 1 equal to the Angle CFD. ^: 17. j* 
But the Angle BFC is double to the Angle KFC, 
..and the Angle D F C double to L FC. Therefore 
the Angle KF C is equal to the Angle C F L. . And 
fo FKC, FLC, are two Triangles having two An- • 
gles of the one equal to two Angles of the other, 
each to each, and one Side of the one equal to one 
Side of the other, viz. the common Side FC; where- 
fore they fliall have | the other Sides of the one equal 1 16. i- 
to the other Sides of the other ; and the other Angle 
of the one, ^qual to the other Angle of the other. 
Therefore the Right Line K C is equal to the Rigtu 
Line CL, and the Angle FKC to the Angle FLC. 
And fince K G is equal to C L, K L fliall be double 
to K C. And by th« fame Reafon, we prove that 

HK 
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HK is doable to BK. Again, becaufe BK has been^ 
provM equal to KG, and KL the double to KG, ias 
alfo HK the double of BK, HK (hall be equal to 
KL. So likewife, we prove that GH, GM, and 
M L, are each equal to H K, or K L. Therefore 
the Pentagon GHKLM is equilateral. 1 fay allb^ 
it is equiangular ; for becaufe the Angle F K C is equal 
to the Angle PLC ; and the Angle4iKL has been 
proved to be double to the Angle>^FKC ; and alfb 
KLM double to PLC : Therefore the Angle HKL 
ihall ?be equal to the Angle KLM. By the (ame 
Reafon we demonftrate, that every of the Angks 
KHG,HGM,GML« isequaltotheAngleHKL^ 
or KLM* Therefore the five Angles GHK, HKL, 
KLM, LMG, M G H, are equal between them- 
(elves« And fo the Pentagon G H K L M is equian^ 
gular, and it has been proved likewile to be equila-* 
teral, and defcribed about the Circle A B G D £ > 
wbsch was to be done* 

. PROPOSITION XIIL 
PROBLEM. 

70 V^firih s Circle in an eqmlaietal and equtsmgulnt 

Pentagon. 

T £T ABODE be an equilateral and equiangular 
^^ Pentagon. It is requir^ to infcribe a Circle in 
the fame. 

Bifea*the Angles BCD, CDE. by the Rurht 
Lines G F, D P, and from the Point F wherein CF, 
DP, meet each other, let the Right Lines FB, FA, 
FE, be drawn. Now becaufe BC is equal to CD, 
and C F is common, the two Sides B C, C F, are 
equal to the two Sides DC^CF ; and the Angle 
BCF is equal to the Angle DCF. Therefore the 
f 4. 1. Pafe B F is f equal to the Bafe F D ; and the Triangle 
BFC equal to the Triangle DCF, and the other 
Angles of the one equal to the other^nglea of the 
other, which are fubtended by the equal Sides : There- 
fore the Angle C B F (hall be equal to the Angle 
CDF. And becaufe the Ancle CDE is double to 
Che Angk CDF, and the Angle CDE is equal to the 
2 Angle 
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Angle A B 6, as alfo C D F equal to C B P ; the 
Angle CB A wfll be double to the Angle C B F; 
and fo the Angle ABF equal to the Angle CBP. 
Wherefore the Angle ABC is blfeded by the Right 
Line BF: After the fame Manner we prove, that 
cfeher of the Angles B AE or AED is bifeaed by 
the Right Lines AF, FE. Prom the Point F draw 
♦ F G, F H, F K, F L, P M, perpendicular to the • u. tj 
RightLin^sAB. BC, CD, D«, EA. ThenfincI 
the Angle HOP i^ equal to th<fc Angle KCF; ind 
the Right Angle F H C equal to the Rieht Angle 
PKC; the two triangles F H C^ P K C fliall have 
two Angles -of the one equal to two Angles of thi 
other, and 6ne Side of the one equal to one Side of 
the other, viz. the Side F C common to each of thctn; 
And fo the other Sides of the one will be f equal to a ^^^ jj 
the other Sides, of the oth€r : And the Perpehdifcula^ 
F H equal to the Perpendicular^ F IC. In the farhd 
Manner wc deihonftr^e, that PL,"- FM^ or VG;U 
equal to F H^ or P K. Therefore the five Right Lines 
FG, FH. F'K, F L, FM, s^e equal i to each othter. 
Artd To a Circle described on the Center F, with either 
of the Dift^ees F G, F H, F K, PL, P M, will 
pafi thro' th^ other I^oints, and (hall touch the Right 
Lines AB. BC, CD, DE, EA ; flnce the Angles. 
at G, H, K, L, M, are Ri^t Angles :. For if itdoea 
not touch them, "but cuts theni^ a Right Line drawn 
from the Extremity of the Diattleter- of 'a Circle at* 
Right Angles to the Diameter, will fall within the 
Circle ; )Vhi^h h ^labfutd. Tli^efore a Circle dc- j^ t6. 5, 
fcribed on the Center F with the Diftance of any one 
of the Points G, H> K, L, M, will not cut the Right 
Lines A B, BC, CD, DE, EA; and fo will necef- 
ftrily tbuch them ; wbich was to be dsne. 

f > 

CorqlL If two of the neareft Angles of an eqilateral 

' aiKi e^t»aiigular Figure be bKeftod, and from the 

Point ki which the Linfes bifea^ing the Angles meet, 

there be^ di^awn Right Lines to the other Angles of 

' the Pigii^^ i^ the Angles of the figure will be 

' bifeaed. 
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PROPOSITION XIV. 

PROBLEM. 

To defcribe a Circle about a given eqmlateral a»d eqtu^ 
f attgular Pentagon^ 

T ETABCDEbean equilateral and equiangular 
'■-' Pentay^n. It is requir'd to defcribe a Circle 
about the lame. 

Bifcfi both the Angles BCD,CDE, by the Right 
Lines CP, FD, and draw FB, F A, FE, from the 
Point R in which they meet. Then each of the An- 
*Car.rf gles CBA, B AE, AED, ftall be bifeficd * by the 
Preix4 . Right Lines B F, F A, F E. And fince the Angle 
BCD, is equal to the Angle CDE; and the Angle 
FCD, is half the Angle BCD, as likewife CDF, 
half CDE; the Angle FCD, will be equal to the 
1 6. 1. Angle F D C ; and fo the Side C F h equal to the Side 
F D. We demonftrate in like Manner, that FB^ 
F A, or F E, is equal to F C, or F D. . Therefore the 
five Right Lines, FA, FB, FC, FD, FE, are equal 
to each other. And fo a Circle being defcribM oar 
the Center F, with, any of the Diftarioes FA, FB- 
FC,FD, FE, will pafs'thro' the othef Points, and 
will be defcrib'd about the equilateral and equiangu* 
lar Pentagon ABCDE; which was to h done. 

PROPOSITION' XV. ' 

* * • . 

PROBLEM. 

To infer ibe an equilateral and eauiangular, Hexagon in 

a given Circled 

T ETABCDEFbea'Circlegiv^n. Itisrequir'd 
^^ to infcribe an equilateral and equiangular Hexa- . 
gon therein. 

Draw AD a Diameter of the Circle ABCDEF^ 
and let G be the Center; and about the Point D, as 
a Center, with the Diftance D G, let a Circle E G C H, 
be defcrib'd ; join EG, GC, which produce to the 
Points B,F: Likewifejoin AB,BC, CD,DE,EF, 

FA. 
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FA. I fay ABCDBF is an equilateral and equian- 
gular Hexagon* 

For fince the Point G is the Center of the Circle 
ABCD£F^ GE will be equal to Cf D. Again, 
becaufe the Point D is the Centef of the Circle 
EGCH^.DE £hall be equal to DG: But GE has 
'been provM equal to G D. Therefore G E is equal 
to £ I). And fo £ G D is an equilateral Triangle ; and 
confequently the three Angles thereof, EGD, G D£, 
DE(j, are * equal between themfclves: But the *Cor,f.u 
three Angles of aTriangle are + equal to two Right t 3*- »• 
Angles. Therefore the Angle E GD, is a tljird Pait.. 
of two Right Angles. In me fame Manner we de- 
tnonftrate, that D G is one third Part of two Right 
Angles : And iince the Right Line C G. {landing upon 
the; Right _Line E B, makes ^i the adjacent Angles + 'J* '• 

' jle CGB, is alfo one 



EGQCGB; the other Angl( 
third Part of two Ri^ Angles. Therefor^ the An-* 
glcs E G G^ D G C, CGB, are equal between them- 
lelves : And the Angles that are vertical to theih, w«. 
the Angles BGA, AGF, FGE, are ♦ equal to the * «S- «•' 
Angles :B.GD, D G C, CG B. Wherefore the fix 
Angles EGD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another. But equal Angles (land f on t *^* $• 
equal Circumferences. Therefore fix Circumferences, 
A B, B G, C D, D E, E F, F A^ are equal to each other. 
But equal. Right Lines fubtend ± e^ual Circumfe- ^ ip. j* 
rences. Therefore the fix Right Lines are equal be- 
tween thefnfelves; and accordingly the Hexagon 
ABCDEF is equilateral.: I fay it i« alfo equia{)gu« 
lar. For,, becauic the Circumference A F is equal 
io the Circumference E D, add the conimon Cir- 
Cuniference -fflBCD, and the whole Circuiiiferertce 
F A B C D, is equal to the whole Circumference 
E D C B A. But the Angle FED, ftarids on tthe Cir- 
cumference FAB CD; and the Aiigle AFE, on the 
CircumferenceEDCBA. Therefore the AngleAFE 
is * equal to the Angle DE F* In the lame Manner * 27. j- 
we prove, that the other Angles of the Hexagon • 
ABCDEF, are feverally equal to AFE, or FED. 
Therefore the Hexagon ABCUEF is equiangular. 
But It has been proved to b^ alfo equiiat«:al, and is 
infcrib*d in the Circle ABCDEF; which was to ht 
done. 

I 2 CorolL 
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Cor oil From hence it is m^nifeft, that the Side of the 

• Hexagon is equal to the Semidiameter of the Circle.' 

And if we<lraw thro' the Points A^ B, C, D, E, F, 
Tangents to the Circle, an equilateral and e(][uiangu* 
lar Hexagon wHl be delcribM about the Circle, ay 
IS manifeft from what has been faid concerning the 
Pentagon. And fo h'^ewife may a Circle be in- 
fcrib'd and ch-cumfcrib'd about a given Hexagon; 
which was to be done. 

PROPOSITION XVI- 
P R O B L E M. 

. To defcribe an equtlaterat and equiangular Quindecagon 

in a given C Steele, 

T ETABCDbea Circle given. It i ^ requirM to 
'^^ defcribe an equilateral and equiangular Quinde^ 
cagon in the fame. 

L»et AC be the Side of an equilateral Triangle in* 
fcribM in the Circle A BCD, and A B the Side of a 
Pentagon. Now if the w^ole Circumference of die 
Circle A B C D be divided into 'fifteen equal Parts, 
the Circumference ABC, one third of the whole- 
ihall be five of the faid fifteen equal Parts; and 
the Circumference AB, one Fifth of the Whole 
will be three of the faid Parts. Wherefore the re- 
maining Circumference B C. will be two of the faid 
Parts. And if BC be bifeded in the Point E. BE, 
or E C, will be one fifteenth Part of the whole Cir- 
cumference A B C D. And fo if B E, ^ C, be i oined, 
and either EC, or EB, be continually applyM in the' 
Circle, there (hall be an equilateral and equiangular 
Quindecagon dflcrib'd in the Circle A BOD; whicf^ 
was to be done, 

if, according to what has been faid of the Pentagon, 
Right Lines are drawn thro' the Divifions of the 
Circle touching the fame, there will be dcfcrib*d 
about the Circle an equilateral and equiangular 
Quindec*agon. And, moreover, a Circle may be 
infcrib'd, or circumfcribM, about a given cquilatc- 

• ral and equiangular. Quindecagon. 

EUCLID'S 



1 116^* 



3ook. ^ . 




\ 



BookV. •Exf&i's E L E M E N T s. H7 



EUC L ID'S 
ELEMENTS. 

BOOKV. 

DEBINITIONS. 

J, PjI RT,ha MagKituJe of a Ma^itude^ 

tht left ofthtgreattr^ when the IcjJ'tr 

meafurti the greater. 

11. But a Mukipk is a Magnitude of « 

Magnitude,, the greater of the leffer, 

rr meafurei the greater. 

Ill, Ratio, is a eirtain ittHtmai Mahitude of the Magni-, 

tndts 1^ the Jame lund,^ according to Quantity. 

I.V. Magnitudes are faid to have Proportion to taelf 

ether, tuhich being multipiied caa exceed one another, 

y, Magnitudes are faid to be in the fame Ratio, the 

jirft to the fetond, and tie third to the fourth, luhen 

fbe Eiutimultiples of the firfi and third, eomfare4 

viith the EqiOBMthiples of the fectnd and. fourth, aci 

. fording to any MMttiflieatim vjhatfoever, are either 

ffoth together grfottr^ e^l, or left, than the Efui, 

1 3 multtfle^ 
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m^bipks of the fecond and fourth^ if thofi be takem 
that Mgfvj0r each other. 

\ That IS, if there be four M«^nitudes, and you take 
any Equimultiples of the firft and third, and alfo any 
Equimulriplcs of the fecond and fourth. And if the . 
Multiple of the firft be greater than the Multiple of 
the fecond, and alfo the Multiple of the third ^eater 
than the Multiple of the fourth : Or, if the Multiple of 
tiie firft be equal totheMultiple of thefecond; and alfo 
the Multiple of the third equal to the Multiple of the 
fourth : Or, laftly, if the Multiple of the firft be lefs . 
than the Multiple of the Second ; and alfo that of the 
f hird lefs Jjian that of th§ fourth ; and thefe Things 
happen according to every Multiplication whatfoevcr; 
then the four Magnitudes are in the £une Ratio, the 
firft to the fecond, as the third to the fourth. 

r ' 

yi. Magnsiudes that have the fame ^ro^ji^rtion^ are. 
called Proportionals. 

Expounders ufulilly lay down here that Definition 
which Euclid has ^en* ior.Nunil)ers only, in his fe-: 
yenth Book^ viz^ That 

Magnitudes are faid to be Proportionals y when the 
firfl is the fame Equimultiple of tbefecond^ as the third 
is of thejourfhy or tHe fame'JPart^ or Parts. 

But this Definition appertains only to Numbers and 
Coinmenfiirable Quantities ; and lofince it is not 
iuiiyerCil, Euclid did well to rejefi it in this Element, 
which treats of the Properties of all Proportionals ; 
arid to fubftitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean time. Expound- 
ers very much endeavour to demonftrate the Defini- 
tion here laid down by EucBdy by the ufual received 
Definition of Proportional Niinibers ; but this much 
eafier flows from that, than that firom this ; which 
inay be thus demonftrated : 

Fhrjij Let A, B, C, D, be four Magnitudes which 
are in the fame Ratio, according to the Conditions 
that Magnitudes in the fame Ratio muft have^ laid 
down 'in the fifth Definition. And let the firft be a 
Multiple of (he fecond- I fay, the third is alfo the 
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fime Multiple of the fourth. For Example : Let A 
beeaualto fB. Then C fliall be equal to jD. Take 
any Number. For Example, a, by which let 5';bc 
multiplied, an(l the Produft will . « #-. tv 
bcio: AndletiA, *C,beE. ^' ^'' ^' ^ 

quimultiples of the firft and ^ a ,oR 2C loD 
third Magnitudes A and C : *^ "^ ^ * 
Alfb, let io3 and 10 D be Equimultiples of the fe* 
cond and fourth Magnitudes B and D. . Then (b^ 
Drf. f.) if xAbe equal to loB, 2Q (ball be equal 
to loD. But fince A (irom the HypofbeJisJ is five 
Times B, 2 A ihall be equal to }o6; and fo zC equal 
to loD, and C equal to sX>; that is, C will be five 
Times 1). W. W. D. 

Secondh. Let Ab^ any Part of B; thenC will be 
the fame rart of D. For becaufe A is to B, as C is 
to D, and iince A is fome Part of B; then B will be« 
a Multiple of A: And fo (by Crfi i.) D will be the 
fame Multiple of C, and actormi^y C ihall be the 
lamePartoftheMagnitudeD,asAisofB. W.W.D. 

7%srdfy^ Let A be equal to any Number of what- 
Ibever Parts of B. I iay, C is equal to the lame 
Number of the like Parts of D. JFoV Example : Let 
A be a Fuuijh Part of fiye Times B ; that is, let A 
be.equal to i B. I fay, C is alfo equal to i D. Fon 
l^caufe A is equal to i B, each of them beine mul-. 
tblied by 4, then 4 A will be equal to fB. And fo 
n the Equimultiples of the firft . -. ^ _^ 
^dthird, i;/«. 4A, 4C beaf. /^: ^-^ CI: D. 
fum'd: as alfo the Equimultiples ^^^a r^ aC <n 
of the fecond and fpuiih, i;iz. ''^ >^ ^^» >^- 
S3r $"0, and (by the Definition) if 4 A is equal to 
yB; then 4C is equal iosu. But 4 A has becnprovM 
equal to 5'B, and fo 4C fball be equal to fD, and 
C equal to #D. W. W, D. 

And unweriaUy, If A be equal to ».B, C will be 

equal to — D. For let A and C 

be multiplied by w, and B and A : B : : C: D 

Dby». And becaufe A is equal ^- -. ^ 

to i B; w A ihaU be equal to '"^' "*' '"^' *" 

»B rwhereforc ('by Def. s) mC will be equal to » D 
jmd q equal to ^ D. W. W. D, 
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^II. ferae* of "Ejihmltitilrs, the Mahiph of the Rrfi 

eokeeis iBe Mahipk of the Second^ but the Muiti^e 

-of the l%ird Ares not exceed the MtiH^k of the 

Fourtff ; tbfft th§ Ftrft to the Second -is Jatd to have 

a greater Proportion than the 7%ird to the Fourth^ • 

Vllf. yfinaPigy is i Sfn^Htude of Proportions^, 

IX. Analogy at Uafi conjifls of thre^ 'terms. 

X. IFhen three Magnitudes are Prafoftionaky, the Firjjt 
is faid to have, to the Sthird^ a Duplicate Ratio to whdt 

' it has io the ^Second, -- 

XIv But when four Magnitudes are- PfopoftionalSy the. 
tirji ftjaH have a Trilicate Ratro'ttt the fourth df 
^hot it has to.the^Sectntd ; and fo atvfays one more in 
Order y as the Prwportionafs Jhall he extended* 

Xll. Homokgous marnitudejf^ or Magnttftdes of a likf 
' Aatto^ are faid to he fach v^hofe Antecedents are to 

• tbf Antecedents y and Confequtints to tie Confi-^ 
qiients, ^ . - ■ ^ '- 

XIIL Alternate Ratio ^ is the comParPn^ of the Antece-; 
dent' with the Antecedents and theConfequent with 
the Confeefuent, 

XIV. Inverfe Rifti^.^ (sivheUsthe Gopfequent is taieu 
as the Antecedents and fh compared nHth the Antece^ 
dent as a Confequent^ • ' % ' 

XV; Compounded Ratio^ is vjben the Antecedent and 

\ Confequent taken both as one^ is compared to the Cony 
^feauent itfetf. 

J^Vt. .Qivid^d RafiOy is when the Ejccefs wherein the 
Antecedent exceeds the Confequent^ is fompared witk 
the Cbnfequeni. L 

XV ri. Cony erf e Ratio ^ is when the Antecedent is corny ' 
, par^d with the Exaefs^ by which the Antecedent ex-r 

'" ceeds the Gonfecfyieni, , ' ■ 

XVIII. Ratio of Equality^ . is where tbf re are tatef^ 
more tbaH two Magnitudes in one Order^ and a like 
Number of MagSfUtudes in another Vrder^ comparing 
two to two being in thofatfie Proportion ; (ind it jhdl 
he in the firjl Order of Magnitude ^^ as the Ftrjt is 
to the Lafty fo in tBe fecoud Order of Magnitudes 
is the Ftrft' to the I^ajf : Or otherivife^h is the Com-r ' 
parifon of the Extremes together^' the Means being 

mit$td^ ' V • " ■ > ' 

' . Tax. Or- 



XIX. OrMnate Proportion, it when, ai the Antect- 
dent is to the Confiqaetit, fo is the Amaedent to 
tke^ConfeqiKift; andai the Cetife^Ment is tamyofher^ 
ft is the ComftqiKnt U any atktr. 

XX. Perltiriate Proportion, is when there are three 
,A^agtiitudes, andotkersaifii.tbaS are efnal to thefi im 

I MubitutU as in the firji Magmtudes the Antecedent 
is t» the Confe^nt ; A in the feeomd Magmndet 
is tht Anteeedent, to the Confifuent : And as in tbt 
^rfi M^nitudes the Confront is to jhmt other^ ji 
in the fin/id J^gnimdes, is Jim* stbtr i» the Anttr 
eeJent, 
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AXIOMS. 

^QinMULTlPLES oftbefame^ n 
^' of eqaaiMagnitudtif an tqml to eaci 
I other. 

I II. Tlxfe Magnstudes that have tbf fame 
EqvimHltifte, m- whoft EquimnltifUs 
are eqn^l, are eqnat to each ether. 
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PROPOSITION!. 

THEOREM. 

If there ^ any Numier of ISagmltudes EfuimMkiPlet 
of a Hie Number of Magnitudes, each to each; lubat- 
foever Multiple any one of the former Mag^ides is 
'^f iti Correjpimdentone^ the fame Muttiple is aB 
the former Magmtudet of, all the latter. 

ET there be any Number of M^itudes 
A B, C D Equunulojles of a like Num- 
ber of Magnitudes E, F, each of each. 
1 lay, what Multiple the Magnitode AB 
is <n £, the-fameMtjilciple AB, and 
C0, tc^ether, isbf E and F together. 
Fot bccaufe A B and CI) axe Equimultiples of E 
«id F, as many Magnitudes equal to 
E, that are m A B, fo many (hali be A 
equal to F in CD. Now divide AB 
into Parts equal to E, which let be A G, 
GK and CDinto Parts equal to F.viz. ' 
C H, H D. Then the Mulritude of 
Pans, C H, H D, ftsjl be equal to the » 
Multitude of Parts A G, G B. Arid 
ifince AGisequal toE,andCHtoF; , 
AG and CH, together, (hall be equal 
to E and F together. By the Gime Rea- 
fon, becaufe G B is equal to E, and ■ 
HD to F, GBapd HDwillbeequal ' 
to E and F together. Therefore, as 
often as E is containM in AB, fo often 
is E and F contain'tUn A B and CD. J 
And fo, as often as c 4s contain'd in 
AB, fo often are E and F, together, contain'd in 
AB and CD together. Therefore, if there are auv 
Number of Magmiudes Equimultiples of a lih Num, 
her of Magnitudes, each to eofh ; whatfoever Multiple ' 
any one of the former Magnitudes is of its Correjpon- 
fient ene^ the fame Multiple is all the farmer M^- 
tudes of, all the fatter ; which was to be demonftmed, 
PRO- 
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PROPOSITION II. 
THEOREM. 

If tie Ftrfi b€ the fmi Mnbiple 0f the Stiond^ £s tht 
Tiird ts of the Fourth ; and if the F^i be the fame 
Multiple of the Second^ as the Sixth is of the Fourth \ 
then pall the FvrL added to the Ffth^ he the fame 
Multiple of the iecond^ as the Tbird^ added to th^ 
Sixthy is of the Fourth^ 

LET the firft AB be the fame Mtdtiple of the ft- 
' . ^ond C, as the third DE is of the fourth F; and 
let me fifUi B G be the fame 
Multiple of the iecond C, as ■'^ 

fie fixth EH is of the fourth F. 
iay the firft added to the fifth, 
viz. AG, is the Cuxif Multiple ^ 
of tho iecond C, as the third ad- 



D 



I 



I 

C H F 



or tho Iecond C, asthetiurdad- I 
ded tCf the fixth, ^iz- DIl is of I 
Ae fourth F. ^ : d 

For becaufe AB is theiame 
Multiple of C, as D£ is of F, there are as manj 
Magnitudes equal to C in AB. as there are Magni- 
tudes equal to F in D E. And for the fame R^afbn 
there are as many Magnitudes equal to C in BG, as 
there are M^nitudes equal to F in EH. Therefore 
there are as many Magnitudes equal toC, iiiithe whole 
A G, as there are Msupitudes equal to F in D H, 
Wherefore A G is the &me Multiple of C as D H is 
df F. And fo the firft added to the fifth A G. is the 
fime Multiple of the iecond C, as the third, addni to 
the fixth D H, is of the fiDurth F. Therefore, if the 
Firft be the fame Multiple of the Second^ as the Third is 
of the Fourth I and ^ the Fifth be the fame Multiple of 
the Second^ as the Sixth is of the Fourth ; then JbaU tihi 
Firft y added to the Ftfth^ be the fame Multiple of the 
Second^ as the Thirdy a^ded to the Sixth^ is of the 
Fourth ; which was to be demonftrated. 
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/ihgifkitJes takm be EqmmultifUs ftf the Stc^ndand 
Fourth. , 



T ET the firft A be the fame Multiple of tbe 
•M cond B, as the third C is of the fourth D : 
let.EF,GH,b6 JEqui- 



fe. 
and 



mialtiplesi of A and C. 
I fay E F is the lame 
Multiple of B, 4s 6 H 
JsoflX 1 

For tecaufe t F is 
f he fairte Multiply of A^ 
as GHis of C, there 
arr as ; many Maeni- 
i;udes e^ual to A ih jfi F, 
as there are Magnitudes 
equal ta C ia G H. 
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Now divide EF into the Ml^nitudcs £K, KF, equal 
to A, and.G H into the Magnitudes G L^ LH, equal 
to C. Then the Number of* the Magnitudes E K, 
K F, will be ^qual to the Number of the Magnitudes 
G L, LH. Add becaufe A is the fame Multiply <^ 
B, as G is of D, and EK is equal to A, and GL t€> 
C; B K will be the fame Multiple of B^ as G L is of 
D. For the fame Reafon. K. F fhall be the fame 
Multiple of B, as LH is ot D. Therefore becaufe 
the firft £K is the fame Multiple of the fecond B^ a^ 
the third GL is ^ the fourth D, and KF, LH are 
• Equimultiples of the fecond B and fixth D. The firft 
^tbis. added to the fifth, £P, fliall be * the&me Multiple, 
of the fecond B, as the third added to the fixth GJH( 
is of the fourth 0. ^^ therefore, the Firft be the 
fatne Multiple of the Second^ as tie 'Third is ef the 
Fourth^ and there be ' taken J^quimultiples of the Firft 
and Third; then will each of the Magnitudes taken be 
Equimultiples of the Second 0nd Fourth; which was 
to.be (iemonltrated. 
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PROPOSITION IV. 
THEOREM. 

■ 

^ the fhfibdw tiejoihe Pr^farthm to tie Set^md^ as 
the 7'Mrlto the Feuttb \^ then 4^0 foall the EanitHUl- 
tiffes of the Ftrft and 'ihifd have the fame Prof or-- 
ttan to the Equimultiples of the SecQ9$d and Ffurtij 
^cording to any Multiplication Vfhatfiever^ if the f 
he fo taken as to anjwer each other. 

LET the firii A have the iame Ptopottioh to the 
fecond B as the third. C 4iaih to the fourth D ; wd 
let E and F, the Equimul- 
tiples of A and C, be any 
how takep; as .alio 6,H.tl^ 
Equimultiples of B and D. 
I fay E is to G as. F is to M. 

For take K and L, any 
Equimultiples of £ aiKlF;* 
and alfi) M and Nof G and 
R 

Thenbecaufc E is the 
lame Multiple of A, as F h 
of C, and K,L are taken I | 

Equimultiples of E,F,K will ic E A R rf M 
be *thefem€ Multiple of A, ^ ^ ^ ^ ^ * 
as L is of C. For the feme L F C D tt 
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ReaIbn,M is the fame Mul- 
tiple of IB as N ' is of D. 
And finct A is to B, as C is 
to P^ and Kand LareEqui- 
inulnples ^ A and C ; and 
alibiMandN Equimultiples 
of $ an4 D. If K exceeds 
M, itheni^L will exceed N; 
if ecjual, equal ; or lefs, left. 
And K JL» are Equimultiples 
of E, F; and M, N, any 
otherEquimultiples of GH. | 

Therefore, as E is to G, lb 

ftall !j: F be to H. Wherefore, if the Fjr/t ha^e the ^ f j}if. 
fame Proportion to the Second^ as the T%ird ta the' 

Fourth', 
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Fourth; then a^a pall the Equimultiples of the Fsrfi 
and Third have the fame Proportion to the Equimulti- 
ples of the Second and Fourth^ according to any Mnhi- 
plication vjhatfoever^ if they be fo taken as to anfwer 
each other ; which was to be dembnftrated. 

Becaufe kis demonftrated^ if K exceedsr M, Asti 
L will exceed N ; and if it be, equal to it, it will be 
equal; and if lefs^ leiTer. . It is manifest likewife,- if 
M exceeds^ K, that N (ball exceed L ;. if equal, 
equal ; but if kfs, lefs. Aad therefore as G is to £, fo 
^Dtff. is*HtoF. 

CorolL From hence it ts mauifeft, if four Miijg^itades 
be proportional, that they will^be alio inverftlf 
proportional. 

PROPOSITION. V,' 
T H E O R B M. 

If one Magnitude be the fame Multiple of an other Mag^ 
ukude^ as a Par^takinfirom the one is of a Part ta- 
Hn firom the other; ihen the Rejidue of the oneftmU 
tjf tl^fame Jlf/Iu&ipletof the Refidue of the otbet^ as 
iheUrbohis6fth^l^oU. 

\ "ET the Magnitude Ab be th(e fame Multiple df 
•*-^ the Miagnitude C D, ^s die Part taken away A& 
is of the Part taken away CF. I fay « 
that^ the Refidue E 3 is the fame Mul- ^ 
tiple of ! the 'Refidue Fl!), jas the whole 
A B is of the whole CD. 

I«or let EBbe jfuch a Multiple of 
CdasAEisofCF. P 

Tfhen becaufe AE is the fame Mul- ^ 
tipl^ of C F^ as EB is of C G, A E 
♦ I ^tUs. win be ♦ the fame Muhiple of C F, as 

ABh'sofGF. But AEandABare . - «^ 
put lEquimultiples of C F and C D. ^ ^ 
Therefore A B is the fahie Multiple of G F as of G D' j 
+ X Axiom and fo G F is t equal to CD. Now let C F, which 
if Ms* is common, be taken away ; and the Refidue G C is 
equal to the Refidue DF. And then because A£ is 
the fame Multiple of CF, as EB is of CG, and CG 

IS 
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is equal to DF; AB ihaU be the fame Multiple of 
C F, as £B is of F<D. But Ui£ is pat the fame 
Multiple tof GF as AB is of CD. therefore EB^ 
is the famie Multiple of FD, asr AB is of CD: And 
fo the R^dseiEB is the fame Multiple of the Reii- 
due FD, as ^he whole AB is of die wholt CD. 
Wherefore, tfofte Magmimdc he the fme Muhipk ^ 
smother Magnitude^ as a Part taken from tie one is of 
u Part taken from the iftker; then the Rejidme of the 
cne pall be the famw Mtdtiple of the JHefidue rf the 
€ther^. as ^e Hfhok is of the tVhok ; which was ta ba 
demonflrated. • 
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theorem: 

If two Magnitudes be Ejuimnltiples of two Magnitudes^ 
, andfome M4gnitudes' Mjfimukipks of the fanu be 
taken #«iw; then the R^ues are either equal to thofc 
Mflgnitudes^ or elfe Equimultiples of them. 

1; ET two Magnitudes AB, CD, be Equimulti- 
-f* ples.of two^Mamiiiides E, F, and let the Mag- 
Bitudes AG, CHTEquimuUiples of the fime E,F, 
ht taken from AB, CD. I lay, the Refidues GB, 
HD, are either equal to E, F, or are Equimultiples 

of them. >. TTT^ 

Iter firft. Let G B be equal to E. I lay, H D is 

alfq equal to F. For let CK be 

cqu|l to F. ♦ Then becaufe AG 

is tHe f^e Multiple'of £, as CH 

isof F ; and GB is equal to E; 

ancKCKto F ; AB will be * the 

fai« Multiple of E, as KH is of 

F. ^But A 6 and C D are put 

Eqtumultiplesof EaiidP. There- G 

fore KH is the fame Multiple of 

F, as CD is of F. B • D 

And becaufe KH and CD are 
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E^oimaltml^ of F; KM wiQ bb ' 
e<|aall«» CD. Take tway CH 
which fs conunon ; then the Refi- 
due K-C is equal to the JS^fkiue 
HD. But KO is cqwU to F. 
Therefore MD is eqtial idF ; and 
fo GB ihall be eqiial to B^^and 6 
HDtoF: 

In Ukc Manner we deniociftrate, 
if G B was a MriHple of E^ that 
H D is the like Maltipie ^f ?. 
Therefore, // two Magnitudes he 
Equimultiples of two Magnitudes^ 
andfome Magnitudes Equimultiples of the fame he taken 
away ; thepfhe Refidufs are either equal to tbofeMag^ 
mtudes^ or elfe lEquimultfples of them \ which was to 
be demonftrated. 



B D E 



I 

F 



«. M K 



P R O P O S I T I O N yiL 
PR 1<L E M* 

Equid Magnitudes hafve the fame Pjroportiou to tifefam 
Magnitude; andvne and the fame Magnitude has tie 
fame- Prifportion to fqual Magnitudes^ :.. .^ 

T *ET A. B, be'eejual Magriitu4cs, and 'let Cbe ^y 
~, other M^nltude. Ifty, A'undB have the fame 
Prqportidn taC3;'and liKeyiteC' 
has the fame Proportion tcf A as- 
to B. 

For takeI),Ey*Eqi;iimult({J^es of 
A and B, and let F be any dther 
Multiple cjf Cm ^'- ' 

Now bpcauje D is the' feme'. Jt) 
Multiple df AJ as E is of fi, arid;. 
•V. ^> .: ♦A is equal td ^, D Ihall bfetalfov I 
equal to B ; bu^ F is a Ma^tude^ | 
taken at Rleafure. , Therefore if J 
D ex(?eedsi P., iheijf E Wf!l 'exceed I 
Si; if D be eqiial to F, E^w«^be ^ 
.eqaial to F; atxd if left, lefs. iE^ut D/E afeEqjii-^ 
multiples of A, B ; and F J^anytMirltiple of C. ^There- 
* 1X5/! f . fore it will be * as A is to C, fo is B to C. 

I fay 
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I fay^ moreover, that C has die lame Proportion to 
A as to B. For the fame Conftmdioii xeii»iiiii^, 
we prove, in like Manner, that D is^equal to E» 
Therefore if F exceeds D, it will alfo e»:eed E ; if 
it be equal to D, it will be equal to E ; and if k be 
tefs than D, it will be lefi than E. Bat F is Mahiple 
of C ; andD, £, any otter Eqaimnlt^les of A, B^ 
Therefore as C is to A, fo fliall * G be to B. Where- • Vff.f. 
lore equal Magnitudes have the fame Propcmaon to 
the (aine Magmtude, and the !Gune Migaitnde to . . 
equal ones ; wkfcb was to be thmmftraicd. 

PROPOSITION VIII. 
THEOREM. 

l^e^rMt'ettfaityfwoumqualMagnitHdeSybiUdgreaUr 




^as U the grcOien 

LET AB and C be tin^ unequal Maautudes^ 
whereof A B is the greater ; and let D be any 
third Magnitude^ I &v^ A B has a greater Proportion 
to D, than C has to D; and D has a greater rropor^ 
don to C, than it has to AB. 

Becaule AB is greater than C, make BE equal to 
Cj that is^ let AB exceed G _ 

by AE.; then AE multiplied 
ibmel^umber of Times, will 
be greater thati D; Now Vst 
AE be multiply'd until it ex- ^ a 

eeeds D, iind let that Multiple 
ofAE,j;reatcrthanD,beFG. ^ 

Make G H the fame Multiple *" f 

pfEB, andKofC,,asFG K H B C 
Is of A E. Alfo^ afliune L 
double to D, P triple^ and fb 
6n^ until fuch a Multiple of 
t) 19 had, as is the neareft 
greater thw K; let thh beN, 
and let }4 be a Multiple of 
1> the neareft lefs than ^i^ 
Now becaufe N is the 

neareft Multiple of D greater 

K than 
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tkaii K^ M wili not be gi^sater than SL that is. K 

trill not be Ij^ than M. And fitice FG is the dune 

Multiple vilkB, asaHis<^£B: FG Hull be 

• trftbh.^ tho fiuneMul&pl)B4z>f;AE, as f H U tif AB^ btt 

. FG istbe £dne Mnltii^ lOMf A£^<^ Kisof C; 

wfatndforeFIi h the fkiheMuhipfe cfi AB^ m K is 
of C ; chat is. FH^ iC,i arc fiqvimuMpligi of AB^nd 
^ C. Again, BecauTe G H is the Gme Mn^le of 
£B, as K is of C, and £B iseqnal toC: GH ftaB 
fiAx.' tet equal to K. BatK isootidlliiaiiM. T1i€t&- 
foreGH(hall]iotb6ld&4ha»iM; but FG is ^greater 
than D. Therefore the whole F H will be greater 
than MandT) ; ibat M and D together, ^ire^qual to 
N; becaufe M is a Multiple of D^ the neareft leffer 
than N : Wherefore F H is Jfreater than N. And fo 
fince PM exceeds N, and Kdoa liot, and FH and 
K ape Equimultiples of AB and C, and N is another 
4: Drf. 7. Mu!t?ple of D; iherefote AB will have % agreatet 
Ratio t6 D, than C has to D. ■ I fey, moteover. diat 
D has a greater Ratio to C, than it has to A Bj for tfee 
fioiie'CoiiibruAkmecnidining, we deimonftrate, ^ bt- 

SfCy that N exceeds JCy but not F»H. And N Is a 
ultiple of D, and FH^ K, are Equimultiples of A B 
end. C. Thettfore. D Jhas % a grater Propoitidil td 
C, than D hath to B. WheMlore tie gteai^ir '^fmj 
poja tmequd M^ihiMs^ iat s gteatet Pf^fiftO^ to 
fome third Magnttude^ thjm^ tkl^sim; and ^hm ihki 
Magnitude hath a greater fr$foftkon to the kffer of th 
' two Magnitudes^ than it h& to the greater. • 

.. ■ /. I •• . 

P R d P <j) S I T I O N IX: 

[theorem . •' 

Marmtudes wbu^ ha^e tie fame Pr&portioH tj>^me and 
the fame Magnitude^ ai-eefaalto^ anopitr;a»d^ 
a Magnitude has Jjbe fame. Propmrpi'm to <ftber M^ 
nitftdeSy thefe Magnitudes are efual t^ one JiM^er. 

T ET thr M^itttdes A «id B h^e 4he fame Prtn 
*-' pprtiob to C. I fajTj A is equal to Bi 

'--■■■ For 
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For if it Mi$ not, A and B would not * haVe the • 8 tfthhi 
Jkihe ProjpoiUofl tb the feme Magni-' 
tude C ; but they hzve. Therefore. A 
is equal to B. 

Agam, ktC have the lameI^ot>oN 
tioti tt) Aajs toB* t fay, A 1$ fequ^l 

tdB. ■': ■ , ' ■ ■ ' ' 

For \( It be not, G will not have chl* 
fame Proportion to A as to S ; but It 
fiath t Thereft^e A Is ntceflirily eqtal 
to B. Therefote Mi^tudes that ifave the 
famt Pnportim to one andtht farite Mag^ 
nitude^ are equal to one another ^ and if k Magnitude 
has the fame Proportion to other Magnitudes^ thefe Mag-- 
ffitudes are eqiial ti ^e anotheY \ Which Was be &• 
monfirated. 

PROPOSITIOK X. 
THEOREM. 

Of Mag^itftde/ havH^'Profortion to tibefafhe Mdg^^ 
tude^ that 'Ojhith' has the greater Proforfion^ is the 
greater magnitude t And that Magnitude to which 
the fame beau AffuttMr.Pr^ortw$^h the kj^Mag^ 
nitude* 

LET A h2yfe.^45reater Propprtion to C, than Bu 
has to CT I fay, A Is greater than B^ 
For tf k-be iiot greater^' tt will ekhc^ be equal or 
lefs» But A is not equal to B, becaufe 
then both A *rid ^ l¥Ould baVe * the 
fame Pfoj^ortloft to tie fame Maeni- 
tude C ; but thejr have iiot. Thftefore 
A IS hbC eq^a td fe 1 Neithet ife it lefe 



Jhan B ;^ for thfe^ A ^ould havd | a lefi 



d 



Jroportfoft to C than B woutdjfi^Ve ; 

but it hAthliotaWrsPropottion; Th^e- 

ifore A is ^O't lefi than B. But k has 

bceiiprdv*d likeWife not to be eqM t;0 

it. : Thet^ofd A ffiall be greatet thanB. . 

Agiiii^ let C haVe agreatet PrOpoxtlon to B than to 

A. tfey, filsTfefithanA- 
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Fcr if it be not ld$^ it is ereater, or equal. Now 

♦ 6 rfihis. B ^^ ^^^ ^^^^ ^o ^ > fof ^»^ C would have * the 
fame Proportion to A as to B ; but this it has not. 
Therefore A is not equal to B ; neither is B greater 
ihanA; for if it was^ C would have a lefs Propor- 
tion to B than to A ; but it has not : Therefore B is 
X not greater than A. But it has alfo been proved not 
to be equal to it. Wherefore B ihall be lefs than A. 
Therefore of MagmtuJes having Proportum to the 
fame MarnHitde^ that which has. the greater Profor* 
tiom^ is the greater Magnitude : And that Magnitude to 
fvhich the fame hears a greater Proportion^ is the lejpr 
Magmittuk ; which was to be demonftrate^. 

PROPOSITION. XI. 
THEOREM. 

Proportions that are one and the fame to any Third^ are 

alfo the fame to one another. 

T £T Abe to B as C is to D, and G to D as E 

•■-* to F. I fay A is to B as E is to F. 
For take G, H, K, Equimultiples of A, C, E ; and 

B ■ ■ ■ p. F 

h M N— — 

. L, M. N, other Equimultiples of B, D, F. Then 
becauve A is to B as C is to D, ^d there are taken 
^ G,H, the Equimultiples of A and C, and L,M any , 
*irX>!f- EquimultfpIcsofB,D; ifGexcced$L,*thenHwill 
tfths. exceed M; and if G be equal to L, H will be ejual 
' *"* ^o M; and if lefs, !<fler. Again, becaufe as C is to 
D, fb is £ to F: and H and K are taken Equimulti- 
ples of C and E ; as likewife M, N, any Equimul- 
tiples of D. F ; if H exceeds M *, then K will exceed 
N : and it M be equal to M, K will be equal to N; 
and if lefs, leffer. But if H exceeds M, G will alfo 
"exceed L ; if equal, equal ; and if left, lefi. Where- 
fore if G exceeds L, K will alfo exceed N; and if 



BookV. Euc^d^i El JiunKTs^ sj) 

Qbe raaal to L, K wOl be equal to N; and if Ids, 

lefi. But G, K are Equimultiples of AE, and L.N^ 

any EQuimultiples of B, F; Conlequeiitly, as A is 

toB, U>*isEtoF. Th^e&>te^ Prof(fr$sons a0t 4r€ *fDrf.rf^ 

o»e 4md thf fame to oMy Thirdy are aiji fbe fame tQ m$i Mt» 

ofMthtr ; which was to be dCTionftrated^ 

PRO PO S I TION XII. . 

THEOREM. 

jQUw^y Number of Magnitudes be froPartioualj as one 
of the Amiecedeuts is to one of the CoufequentSy fo is 
all the Antecedents to all the Confequents. 

LE T there be any ^f umbo: of proportional M(tt> 
nitudes, A,B, C^P, E,F; whereof as A tsto B, 
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foCistoD, andfoEtoF, I fay, asAistoB, fo^ 
areall the Antecedents A, C,E,to all ^eConfequents 

'For let G, R K, be Equimultiples of A, C, E ; and 
L, M, N, any Equimultiples of B, D, F. 

Theh becaufe as A is to 6, iq is C to D, and fo 
E to F ; and G, H, K, are EquimultfpJeJ of A, G, E, 
sand JL. M, N, Equimultiples of B, D, F ; if G ex- 
ceeds L, H * will alfo exceed M, and K will exceed * 1>^ f 
N; if 6 be equal to L, H will be equal to M, and if this. 
K to N ; and if lefs, Icfs. Wherefore alfo^ if G exceeds 
L,thenG,H,K^togethery will likewife exceedlAM,N^ 
together ; and if G be equal to L, then G, H, K, toge- 
ther, will be equal to L, M, N, together ; and if left, 
left : But G, and G,H, K, are Equimultiples of A^aD4 
A^CE; becaufe, if there are any Number of Mag- 
nituaes Equimultiples to a like Number of Magm* 
tudes, each to the other, the fame Multiple that one 
Magnitude is of one, fo Ihall fall the Macnitudes be t > ofthis^ 
of ^11^ And for th^ £une Realbo, L^ zm I/^M^N, 

K 3 we 
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areEquiniult^e«<#%and»B,PJ^^^^ Therefore, a$ 
t f D«^ ^ A is t» B, & f is A, C, IE, to B, D, F. Wherefore^ 
thiff if $iet0 i^ awj Number of Magmt^es profertknat^ as 

tm 9f the AfM^tdenH is 'ta one of tbc^ Confequcnts^ fi 

is ^ ihf^ 4nS9cedeuPs $9 all the CoftftJju^ems ^ which 

wa$ to be deia|OBflr«e*, ' 

- . p R o p o SI T 10 N xm. 

THEOREM- 

If fbe Rrji h^s the fame Pfopcrth^t- to the Second^ %s 
tb» Third pothe Fourth^ and if theTHnrdhas a.gr eater 
Proportion to t^Fonrth tha» the Rfih to the Sixth \ 
then alfojhallthe Ftrfi have a greater Prgportim^ tp 
the Second, than phe Fifth hn^ ^x^A '^i^h. . 

LET the FirfijL baY€LJthfi&me Ecopottioato the 
Second B, as the third C has to the Fourth J) ; 
and kt the- Third C have ft jmater Pro p g wtfo n to the 
Fourth D, than the Fifth EtQ the Sixth F. I fey, 
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likewife^ f hat theFirft Ato the Second B has a greater 

Proportion than the Fifth E to the Sixth F. 

For becaufe.C bas a greater Proportion %o D; 

♦ 7. lyf. than E has to F ; therfc are "^ certain E<iuintultiples 

efthij. ' of G aad B, arid- others of D and F, ftich that the 

Mnjtiple of C may exceed the Multiple of D ; ' but 

^ the Multiple of E not that of F. Now let theft 

Equimultiples of C and E, be G andH; and K and 

Ii, thofeof i) and F'; fo that G exceeds K, and H 

not h I Make M the fame Multiple of A, as G is 

of G ; and N the fame of B, as K Is of D. . 

Then, bec^ufe A is to B as C is to D, and M and 

. G are Equimultiples of A, C ; and N. K, of B^ D : 

tf. IK^. If Mexceed.sN ; dien fQ will exce^cl If; and if M 

be equal to N ; G will be equal to K ; and if lefs, 

M$. Buj G does exceed K. Therefore M will al- 

fo 



fo ex^d jW." fttt K docs not exceed L. Ah^>f , 

Hj.aftEquteittfcipres of A, €; andN, L, any o^rs 

of B, F. Therefore A has' * a greater Proportidn •^ Vef. 

to B than » has to^ F. Wherefore, Ff the firft has^^thu. 

the fame Proportion to the Second^ as the T%ird to the 

Fourth ; a^.^ tH Thind h&l a ^dkr Ptopwtiom to 

the Fourth than the Rftb to the Sixth ; theu alfo pall 

the Ftrfi have agr^t^er I^ofortitnto the Sec^d^ than 

the F^tb has to the Sixth ; which was to be dtoion-' 

flrated. fc 
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If the Ftrji has t^e fame Ptoptirtion to the Second, as 
the iTfird has tl the Fourth ; andif'tke Bfft he greater 
than the Thir^ then, wip ihi Second be greater than 
the Rmrth. me^if the Brfi, k^ H^4to the Third^ 
then .th$ SeconkjbaH' be echf^l'td Wp rotirth ; andn 
tbefifji be Ufsxfoan the'Third^ tben^ the Second t^/// 
be fek than the fourth^ , 

LET the|firft|A. haye t;hc emePtpp^rtlon to the- 
. feoond B, ^ theth^rd Q hf^ to the fourth 9* 
And let A hd grater th^tn C. | fef , B ii alfp greater 
than D, 

For becatife A is 'grfeai?er thin-Q «nd" 

B is anj 9thcr MS^Itude r ^ A w^ 
have * i greater FfOpoPtipn taB th^ 
C has tb B ; hvtt its 'A tt to B, fo is 
C to P; thercfQje- alfo, € fliall f 
hare a Q-eater P»pforri<>ri to EF Aan 
G hath to B. ' Bttt.that M^jnittide to 
which the finje b^afs a greater PM)- 




• S of this. 
"^'1^ off his* 



portion, is 't* the Icfler Magnitude : 
Whercjfore V h left thatt B ; uiKlt:on- 
feqently B will be greater than J^- ^^ A ] j ( ^ 
like Manner we d^monftrate, if A be 
equal to C. that B will be equal to D ; and if A be 
lefs than C, that B will be lefs than D, Therefore, 
if the Firft har the fame Proportion to the Second, as 
the 7%irdhas to the Fourth, and if the Firft be greater 
than the Third, then will the Second bt greater than 

K 4 the 



:^tOiCfthis, 



the F<mrtL But if tbeFtrfl be eqw^ t9 tbeThird^ tie^t 
tie Second jbdl beequal to tbeFourtb ; enedif tbe Ftrfi 
be kfi tban the T%ird^ them tbe Second will be left tbam 
^ tbe fourth ; which was to be demonftrate^* 

P g O P O S I T I O N XV. 
THEOREM. 

Parts hgve tbejame Proportion as their Ska JUutfifks^ 

if takan earej^ondently. 

LET AB be the fame Multiple of C as DB t^of 
F. 1 fay, as C is to F, fo is AB to DE. 
For becaufe AB and D£ are 
Equimultiplesof Cand F, tl^ere A 
ihall )>e a; numy Magnitudes ^ 
qval to C! in A^, as there are 
MagnWes equal to Fin pJE. C 
Now, le( A B l)e divided iptq 
the Magnitudes A G^ G R HB, 
each equal to C; and CD into 
theM4;nitude$DK, KUtfE, h 
each equal to F. Then tbe Num- 
ber of the Magnitudes AG, GH, 
HB, ^ill be eqal to the Number 
of the Klagnifude^ DK, KK 
LE. Now, becaufe AG, GH, HJtt, are cqu 

f jeftUt. likewife DK. KL, LB, it Ihall be * as AG 
DK: SoisGH to }{h, md to bi \i'B toLK 
as one of the Antecedents is {9 gnp of the C 

fix^tbif, quents, fo f all the Antecedents to all the C^- 
* quents. Inerefore, ^ AG is to 2)K, fo is Aat 
D£. ButAGisequaltoC, andDKtoP. Whenc 
as C is to F. ' fo (ball AB be to D E. Tberefbr^^ 
Parts iave tie fame Proportion as their Uke Multtptes^ 
if taken c(rrelpondently i which was to l^e demo^-r 
ih^ted. 
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PROPOSITION XVI. 
THEOREM. 

iffimr Mi^mtudes of tie fime Kind are fropmitmai^' 
they 4^0 fiM be abemafefy froforttonal. 

T ET four Magnitudes ABCDL be proportional j 
-*-* whereof A is to B as C is to D. I fay likewife, 
that they will be alternately proportional, viz. as A 
is to C, fo is B to D ; fbr take E. F, Equimultiples of 
AandB, andG,H, ^ ^ 

any Equimultiples of ^ ' " ' ^^ '^ "" ^ 

CD. A .— . C 

T^enbecaufeEis B D— ^-» 

the lame Multiple of p 1^ 



A^ asPisof B. and 

Parts have die fime Piropcxtion * to their like Multi- * is'tftU^* 

E'es, if taken correipondently ; it fliall be as A is to 
. to is Jg to F. But as A is to B, fo is C to D. 
lliqreibre alio as Cis to D, fo f is £ to F. Again. ^ ti^f/Wi. 
tecauft Q, H, are J^quimultiples of C and D, and 
PJuts t^ve the fioie Proportion with their like Multi-^ 
pies, if taken correl$)onaently. it will be as C is to D, 
lb is G to H: but as C is to D, fb is E to F. There- 
<bre alfo as £ isto P, fo is Gto H; and if four Mag- 
nitudes be proportional, and the firfl greater than the 
diird, then the iecond will be :|: greater than the fourth ; i^ %j^ oftl^s: 
and if the fyfH, be equal to the third, the fecond will 
be equal to the fourth ; and if lels, lefs. Therefore. 
if B exceeds G, F will exceed H ; and if £ be equal 
ID G, F willlbe equal to H; and if lefs, lefs. But 
£, P are any Equimultiples of A,B; and G, H any 
Bquimultiples of C^. Whence, as A is to C, fo 
i)iall B be II to D. Therefoi;e, if four Magmtudes of \\ Dif. f. 
the fame Kind are fraportianal^ they alfa-Jhall be alter'- 
nately fraportional^ 
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P R O P O S I T; 1 H XVIL 

THEOREM. 

If Ji/UgwtMjes. fmfomididy ofi pr^ttrtieiai; they-fa^U 
ttfo be fropttrtioihil VW9 divided. 

T E T the coHipoiwdfid Mi^itmifis A B. BE, C IX 
-"-* DF, be proportional ttotJs, let ABbetaFfi- 
a$ CP i$ to D F. I fk^ thefe Mamitudes divided are 
proportion^, ms;,. as AEi« to EEL fo is CF toFD.: 

Far let GH^HK, LM, T^ 
M N. be Equimultiples of ^ 
AE,£B,CP)FD,andKX 
NP aax Bq^imultipleioL 

eb,f5. .K ^f 

Becaufe GH fs the lame 

Mubipleof A£ as HK is of 
f I rft^s. EB; therefore GH ♦ is the 

fame Multiple of A E, as 

GKisof AB. ButGHis 

the &tnfi Multipleof AE, as 

LMiscfCP. Wherefow 

QK is the fame Multiple o£ 

AB, as L M is of CF. Again, tecaufc LM is ibe 
fame Multiple of CF as MN is of PD, l*M will 

be * the fame Multiple of C F, a$ I*N is of CD, 
Therefore GK is the fame Miiltipie of AB^ as LN 
is of CD. Ajttd fo GK, LN, will he Equimulti-. 
pies of AB, CD« Again, becaufe HK is the iame 
Multiple of EB, as MN is of J?D ; as likewifc KX 
the fame Multiple of EB, as NP iaof FD, the 
\%tf Ms. compounded Magnitude H A is f alio the &me Mill* 
tiple of EB, as MP is of FD. Wherefore, fince it 
isas ABistoBE, foisCDtoDF; andGK,LN, 
are Equimultiples of AB, CO; and aifo HX, MP,. 
any Equimultiples of E B, F D : If G K exceeds H X, 
t ivf. S* then L N will \ exceed M P ; and if G K be equal to 
HX, then LN will be eiqualtoMP; if Icfs, lefi. 
Now let GK exceed HX; then if H K, which is 
common, be taken away, GH Ihall exceed KX. 
But when GK exceeds Ha, then LN exceeds MP; 
therefore LN does exceed N P. If M N, whi<4i is 

common, 



Q 






common, b» takMAVt^y, tbeu LM wUl e^c^NP. 
And fo if GH exceeds KX. then LM wilt exceed 
NP. In like ipafiqcr we d^pionftrate, if G H be 
equal to KX, tiut LM will be equal to NP: and if 
lc%*lefi. $utGH, LM, are Equimultiples of A E, . 
CF; andK;X,NP,ai«anyEquimult!plesofEB,PD, 
Whence. ♦ as AE fs t;o EB, fb CF to FD. There- ♦j)^y, 
fore, ^^/lof^udes $mp9und$d^ ar9 pruforthnal^ they 
fifoU^Jfo be prf^ortiomd when dtvidea^ which was (ft 

fitopo s IT ION xvm. 

THEOREM, 

If Ma^itudes divided be profortionai^ the tame aifi 

T E T the divided ptoponicMwll Mag^udcs !)e A E 
+-'. E3, CF,FP; am isj J»s AE i& ca EB, fo 13 
CF to FD. Ifay thef are alio pfqpor- . . 
tfonal fv^hen cpmpQUQdod. *iiiz. as AB 
iltoBp, foisGjptQDF. 

For if AB bQ apt to BE, as CD \& to 
D?, AB ftall be to BE as CD is.tQ ^ 
a Magnitude^ either greater or lels than 
PD. 

Firft \sx it be to J^ leffer, vfe. to GP. 
Thjea beca»fe A B is to BE as CD is to 
DG, compounded Magnitudes ace pro- g ^ 
portional ; and cQnfequentljj * they w81 ^ ^^ 
be ^oportioaal wten dh^ided. Therefore AB is -ktjaftUs. 
to EB as CG is to GD. But (by the Hyp.) as AE ^ ^ 
IstoEB, foisCPtoFD. Wherefore alfo as CG 
is to GP> To j>isCFtoPD. But the firft CG is +„^^^ 
greater thai the third CF; therefore the fecond DG * ^ 
ibUl be i greater than the fourth D P. But it i^le6. + lArfOns. 
which is^^Hird. Therefore A B is not to BE, as CD '*' ^ ^ 
is to DG.. We demonftrate in the fame Manner, 
that AB to be BE, is notas CD to a greater than DP. 
Therefore AB to BB, muft ncceffarily be as CD \% to 
X> F» And ft) if Magnitudes divided be propordoaal, 
they will alio be proportional wlien compounded; 
Vfhieh War to be demanfirafedf 
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PROPOSITION XIX. 
^ THEOREM. 

tf the IVhoIe be to the IVbok^ as a Part taken away h 
to a Part taken away; then pall the RefijMe be to 
the kelidue^ as the Irhole is to the Whole. 

T ET the Whole AB be to the Whole CD, a| 

•■-' the Part taken awar AE is the Part taken away 

C F. I fay the Refidue £B is to the Refidue FD, as 

the Whole AB is to the Whole CD. 

For becaufe the Whole A B is to the Whole CD, 

^ ,. as AE is to CF; it fliall be ♦ alternately as AB is to 

fiC^thts. ^£^ fo i5 CD to CF. Then becaufe conqxMinded 

Magnitudes, being proportional, will be 

' - , . t alio proportional when divided. As A 
^ijpftbis. ^£ jj, ^Q j5^^ fQ jj UP ^Q PC- And 1 1 

again, it will be by Alternation, as BE 

toDF,foisEAtoFC. But as EA to 

FC, fo (by the Hyp.) is AB to CD. E 

Ana therdbre the Kendue BB, fhall be 

to the Refidue FD, as the Whole AB 

tp the Whole CD. Wherefore, If the 

Whole be to the IVhole^ as a Part taken B D 

aw4y is to a Part taken amav; thenJbaU the Refidae 

f^e to the Refidue^ as the IVhote is to the lVhole\ which 

was to be demonftrated. 

CoroU, Jf four Magnitudes be proportional, they will 
' be likewife converfely proportional. For let AB 
be to BE, as CD to DF; then (by Alternation) 
it fliall be as AB is to CD, fo is BE to DP. 
Wherefore fince the Whole A B is to the Whole 
CD, as the Part taken away BE is to the Part ta-r 
ken away DF ; the Refidue A £ to die Refidue 
CF, fhall be as the Whole AB to the Whole 
CD. And again, (by Inverfion and Alternation) 
as AJB is to AE, fo is CD to CF, Which is 
by (>onverfe Ratio. 

The Demonfiration of Converfe Ratio^ laid down im 
this Corollary^ is only particulars For Alternation 
(which is ujed herein) cannot be afplfd but when4he 
fopr proportional Magnitudes are all of the fame KinJ^ 
0S will appear from the ^h and 17th definitions of this 

Booh 
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Booi. Bstt Cmvarfi Rstk may be ufidwhen the Terms 
of the firft Ratio are not of the fame Kind with the 
Terms of the latter. Ther^re injiead of thatj it may 
not be imfrofer to add this Demonjiration following: if 
fotur Mafntttuks are prof ortional^ they will be Jb con-^ 
iuerjly: For let AB be to BE, as CD to DF. And 
then dhisUngy it is^ as A£ is to BE, foisCV toIiVi 
And this inverjly is as BE is to AE, fits DF to CF; 
tvUch by comfounMng becomes^ as KB is to AE^ fo is 
CD to CF; which by the lyth Definition ts Converji 
Rofio. By S. Cimn. 

PROPOSITION XX. 
THEOREM- 

If there be three MagnitmdeSj and others eqttalto them 
' in JSlttmber^ which being taken two and two in each 
Order^ are tn the fame Ratio, And tf the firft Mafni- 
ttide be greater than the thirdy then the fourth will be 
greater than thejixth : Bnt if the firft be ejnal to the 
thirdy then the fourth wiU be efual to the Jixth ; and 
if the firft be left than the thtrd^ the fourth will be 
lefs than thefixth. 

LET A^G, be three M^Wes.and 
D, E, F, others equal to them in Num- 
ber, uucentwo-and two in each Order, are 
in the fiune Proportion, viz. let A be to 
B,asDi«toE, andBtoC,as£toF; and 
let the firft Magnitude A be greater than 
ikic third C. I fiy the fourth D is alio 
greater than the iixth F. And if A be 
equal to C, D is equal to F. But if A be 
If^s than C, D is lefs than F. 

For becaule A is greater than C, and B 
is any oUier Magnitude; andfincea^eater 
, Magnitude hath * a greater Proportion to 
to tne iame Magnitude than a lefler hath, 
A will have a greater Proportion to B, than 
CtoB. But as AistoB, fois DtoE; D E F 
and inverlly, as C is to B, lb is F to £* 
Thcref<M:e alfo D will have a greater Proportion to E, 
ftan F has toE. But of Magnitudes having Propor- 
tion to the lame Magnitude, that v^hich has the greater' 

Proportion 
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♦loifife. I^Opottibft ii * the grewet Klagifaa*?. 'Therefbt^ 
D is greater than F. In tlie fame Manner we demon- 
llttfte, if A be equal to C, then D- will bft alfo equal 
to F; and if A be lefs thoh C, *^h D-wfll be left 
Aan F. Therefore, if there ht thirteMt^mtmiksyinfiL 
^ers tf^al fd ibefH in Number^- HiAneh btm^ tukn twd 
itni two in each Otdety are in the fnme JLttio. If the * 
0rji Mtignstnde begrtattr th^nthe ibirdAhen thefbnrth 
ivHJ he greater th»^ the Sixth : Bnt tf tie firfi he equal 
tQ the mrd^ then the finr^h iSaitl U tqnulto ^efixtb; 
and if thefirji be lefs than the thirdy the fourth -ivitihe 
kfs than thejixtb; which wa$ to be demonftrated. 

PROPOSITION XXI. 
THEOREM. 

jQT there ie three Ma^nitUdes^ dnd others tqual td them 
in Number, whkb^ taken twd and tv)o^ are in the 
fame Proportion, and the Proportion be perturbate; 
if tie firfi MaxnifUde be greater than the thirdy thgn 
the fourth tviube greaUr thaH the fixth ; but if the 
firfi be equal to the third, the^ is the fourth equal t^ 
the fixth; if lefs, lefs. 

LE T three Magnitudes, A, B, C, be proportiDi^ ; 
^ndjOthefS D, E, F, eqtial to them in Number. 
Let thetf Analogy likewifi Be perturbate. - 
y/jt. . as A is to B, foi^EtoP; and as B f 
k to G," fo Is D to E ; if the firft Mag- 
Aimde A be greater than thethitdC. I fay, 
ihe K)urth D is ^fo greater than the fixth 
J?. And if A be equal to C, then D is 
equal to F;'bui if A be lelSthau C, then . 
Disleflth^nF. A B 

Fpr fihce A i$ greater than C, and B is 
, jmt oiieif Magnitude, A will have * a 
rreater Proportion to B, than C has to B. 
3ut ^ A is to B, fo is E to F; and in- 
ierfly, ai C is to B, £b is E to D, Where- 
fbrd alfo E (hall have a greater Proportion 
10 F than E to D. But that Magnitude 
'Which has a greater Prq>ortion to the fame 
tio^(4«r. Magnitude, is j the leffer Magnitude, •% .- « 
' Therefore r is lefs than D; and fo ID fliall O E F 
.be 



I 

c 



.* S^M; 



^ * ^^2, 



l^ooh 6 .Tldte- i , 




Jbdk 



Eiuiid' 



be greater tHaii F. After the feitic Manner we de- 
ttionftrate. if A be e<5[ual to C, D will be alfo equal 
t«> F; and if A be left than C, D will alfo be lefi 
than F. tf, thereft)te^ th&e are three Magnitudes^ 
'Mtd ofhers equtd U them in Mfember;^ iuhich tAken tw 
MHd Pwe^ are in ihefafne Prtfertion^ and the Proportim 
he perturb Ate ; if the firjl Ma^ftude be greater thorn 
4he third^ then the fourth wiH be greater than thejixthi 
iut if'thefirji he equal to the third^ then is the fourth 
rqual to the fixth; if lefs^ iefs ; which was to be de- 
nxm(faiated. 

I* R O P S i T I O hT XXIL 
TH^ ORE M. 

if i^ere fe Of^ Nnmher of Magnitudes^and others equal 
fo fbem in Number^ -which taken two and two^ are in 
" the fame Prtf9rthn;^hen they ftiaU iS in tie fame 
• Pfiportion iy Eqnality. 

T E T tl^e be any NunAcr of Magnitudes A, B, C, 
•■-^ aiKl . others D, E^ F; equal to them in Number^ 
w^ich itakto two and two, art in the fanie Proportion, 
th^ isJ as A is to £, fo fs D to % and as B is to C, 
fofs Dto P. I f^r, t^yiare 
allb piopartiobal ^by !Eaua- 
lk% luh* is A is to d, U) it 
Dto Ft 

For jet G, H, be. Equi- 



1 



mnltiptes of A.D ; an<lK,L, 
ant £<luiiAultble$ of ^, £; I 
ani lilfewife M, R hy E- a 
qutnujtiplfes of Ci F.^hen ^ 
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beoauft A is to BAs I^ is to 
£, |indiG, n, are jSquilnulti- 
ples of A, 1), and K, L, Equi- 
multiples of B, E ; it fhall be * 
as G is to K, fo is H to 
L. For' the fime Resifon 
Idfo it will be, as K is to M, 
fo i!s L to N. And fince 
there arc three Magnitudes, - 
G,K,M, and others H,L,N, equal to them inMum- 

ber. 
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^r^ which being taken two and two in each Order. 

*zOflf/«r.ftre in the fime Proportion. If G exceeds M, ♦ H 

will exceed N ; if G be equal to M, then H (hall be 

equal to N; and if G be lefs than M, H ihalj ^ lefs 

thanN. But G, H^areEqiuiinultiplesof A,p, and 

M, Nj any otherEquitnultiples of C and F. Whence 

1 2>«f.r ^s A IS to C, fo fhall t D be to F. Therefore, if 

pftbis. there be any Numher of Magmtudes^ and others eqnal 

to them in Number^ which^ taken two and twe^ dre in 

the fame Proportion^ then tieyfiallbein the fame Pto* 

fortion by Equality ; Which was to be demonftrated. 

PROP OS IT ION XXIII. 
THEOREM. 

If there be three Magnitudes^ 4md etbers tfuat i0 them 
tn Number^ which y taken two and twOy are in the fame 
Proportion'^ and sf their Anahgy be ferturbate^ then 
fbatl they be alfo in thefamt Pro^ortiou by J^tuJity* 

T ET there be three Mag'^ 
-*-^ nitudes A, B, C, and o- 
therS equal to them in Num- 
ber D, E, F, which, taken 
two and two,are in thefame 
Proportion^ and their A^a« 
logybeperturbate, th4tis,as _ , , 
AistoB,foisEtoF; and A B C D £ t' 
as B is to C^ fo is O toE. 
I ftv, as A isto q, lb is D G H K L M N 
top. * 

For let GjRL. be Equi- 
multiples or A, B, D, and 
K. M, N. any ^Muimultiples 

of C,4P- . 
Then b^caufe G, y, are 

£quimultii>lel of A ahd B, 

and iinice Farts have tte fame 

Proportioq as their like Multiples when taken cprref^ 
^ifcfthu. pondeAtlyy' it Ml be* as A is to B- fo is G to Hj 

and by. the-fame Reafon, as £ is to F, fo is Ji^ t9*N< 
1 11^ this. But A is to B as £ is to F. Therefore^ f ^ ^ i$ ^ 

H, fo is M to N. Again, becaufe B is to C^ as li 

' • " • ■•* 'is 
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& to E. and H^L ai:e Equimultiples of B and D, as 
likewife K, M any Equimultiples of C, E ; it flail be 
as H to K. lb is L to M- But it has been alfo provM^ 
that as G is to H^ fb is M to H» Therefore, beca»fe 
three Magnitudes, G, H, K, and others, L, M, N, 
equal to them, in Number^ which taken two ana 
two jEire in the fame Proportion, and their Analogy t^ 
perturbate; then if G exceeds K, alfo L* will exceed « .jfAjm 
N; and if G be equal to K, then L will be equal to * ^ 
N; and if G be lefs than K, L will likewife be lefs 
than N. But G,L' are Equimultiples of A,D; and 
K,N Equimultiples of (IF. Therefore, as A is to C, 
fo Ihall D be to F. Wherefore, // there be three 
JifagmtudeSj and others equal to theminNitmier^ whick 
taken two and two are in the fame Proportion \ and if 
their Anahgy he perturbate^ then fio alt they be alfo in 
the fame Profortfon by Equality ; which was to be de- 
monftrated. 



PROPOSITION XXIV. 
THEOREM. 

tffht fiffi Magnittide has the fame Prof ortion to the 
fecond^ as the third to the fourth \ and tf the fifth i>as 
the fame Proportion to the fecend as the Jixth has to 
the fourth^ the^ frdl the firfl^ compounded with thf 
fiftb^ have the fame Proportion to Q 

tbejecond^as the third compounded 
with the fixth ipas to the fourth. j^ 

a • 

LET the txd Magnitude AB 
have the fame Proportion to 
thefecondIC, as! the third BE has g 
to the fourth F. '- Let alfo the iSfth 
BG have the fabje Propprtion to 
the fecond C, a& the fixth E H has 
to the foiKth FJ I fay, A G the 
iBrft compounded with the fifth, has 
the feme Proportion to the fecond 
C, as D H J:he third compounded 
with the fixA, has to the fourth F. a 
For becaufe BG is to C, as EH ^ 
is fo F, it ihall be (inverily) as C is to BG, lo i|F 
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wEH: ThdtiJiiiceABktoC,^I)EistoF,and 

•"^'*^^- Uty « AB Sxo BG, fo is 6]& to EH. knd be- 
ciMfe MafTQinides, being divided, ate proportional, 

USof,l^. they (hallalfobet.FoP9"™^^,^^^" ^^X^"-^^ 
' ^ Tferdwe, as AGistoGB, fo'isDHtoHE: But 

■sGBisitoC, foalfoisHEtoF. Wherefore, 

bv Equality*, it ihall be as A G is to C, fo is DH to 

. If fh^efbie, ^ tkf firjl MagmtuJe hof th^ fi»jf 
Proportion to the fecond, as the. third tithe fourth; W 
if the fifth ha! the fame Proportion tothefecotid, as the 
Ltbias to thf fourth; then pall th/firjl, .omi^umied 
with the fifth, have the fame Proportion to the fecottd, 
as the third comfounded -with the fixth has to the fourth; 
wliich was to be demonibrated. 

PROPOSITION XXV. 

THEOREM. 

If four Magaitudes ie proportional, ih^'erealefl, and 
the leaji of them, luilt be grettter- than the ether two. 

LE T four Magnitudes A B, C D, E, P, be prc^or- 
tional, whereof AB is to CD, as E is to F; let 
AB be the greateft of them, g 
wid F the leail. I fay A B, ami , 
F are greater than CD and E. 
'For let Ah be equal to £, 
and. CH top. Th.en becaufe G 
AS is to CD, as Bis to F; 
and'fincc A G, and C H, are j, 

each equal to E and F, it Ihall 
beas ABistoDC; fo is AG 
to GH. And becaufe the.whole H 

AB'is to the iwhole CD, as the 
Part taken aWay A G, is to the 
Part taken aWay CH; it ftiall 
t;, alfo be 'as the Relidue GB to 
'the.Refiauc HD; fo is the v. fc E F 
*hole AB to the whole CD. 
BurAB is greater than CD; therefore alfo GB fli^ 
be RreaterthanHD. And fincc AG is equal to E 
■«i/C H to Fi Ji, G iwd. F wUl be equal to € H 
»^ ana 



and E. But if equal Things are added to unequal 
Things, the Whales fliall Tie imequal. Therefore 
G B, H D being unequal, for G B is the greater. If 
AG,ai^F, are added to GB, and C H, andE, to 
HD; AB and F will ncceflarily be greater than CD and 
E. Wherefore, if four Magmtudif ie^ properlionuff 
.fiegrtatefij tmdtieltaft of them^ will he grtMUr tbitt 
■the tfhtr two ; which was to be demooAntted. 



^Tbc eS^J) of the EiIth tootl. 
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EUC L ID'S 
ELEMENTS. 

B O O K VL 

DEFINITIONS. 

I. SIMILAR Rizbt-Un*d Figures are 
9 futh as have each of their feveralAiiglet 
m equal to one another, and the Sides a- 
9 ioue tie equal /lugles preportiaiul tat 
g eaeh other, 

II. Figures are /aid to be reciprocal^ when the Auteee- 
deut oMd Coufequent Terms efthe Rations are ju each 
figure. 

III. A R^bt Line is faid to be cut into meam and ejc 
treme Profartion, when the iVbok is to the greater 
Segment, as the greater Segment is to the UJJer, 

IV. T^e Altitude of am Figure . is a Perpendicular 
Line drawn from the Tip, or vertex, to the Bafe. 

V. A Ratio is faid to he compounded i^ Ratio's, wktu 
the Quantities rfthe Ratio's ieiiig mukiptied into out 
another, do freduct a Ratio- 
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P R O P O S I T I O K I, 
THEO REM. 

r 

TrioMgUs and Parallehgrams tbaf hope the fame Abi^ 
thude^ are te each pther as their Bafes, 

ETthc Triangles ABC, ACD, and the ' 
Parallelograms E G, C F, have the fime 
Althude, viz. the Perpendicofar dr&wn 
from the Point A to B D. I fiy, as theBafe 
B C, is to the Bafe CD, fo is theTrianele 
ABC, to the Triangle A C D; and fo is the Pa- 
rallelogram E F to the Parallelogram CF. 

For produce BD both Ways to the Points HandL, 
gnd take GB, (J H, any Number of Times equal to the 
Bafe B C ; and D K, K L, any Number of Times equal 
to the Bafe C D, and join AG, AH, A^K, AL, 

Then becaufe CB, BG, G H, are equal to. one 
another, the Triangles AH G, AGB, ABC, alfo . 
will be * equal to one another: Therefore the fhme * 3^« "• 
Multiple that the Bafe HC is of EC, fliall thcTrian- 
gle AHC be of the Triangle ABC. By the fame 
Keafon, the fame Multiple that the Bafe LC is of 
the Bafe CD, ihall the Triangle ALC be of the Tri- 
angle A C D. And if H C be equal to the Bafe CJ L^ 
the Triangle AHC is * alfo equal to the Triangle 
ALC: And if the Bafe HC, exceeds the Bafe CL, 
then the Triangle AHC, will exceed the Triangle 
ALC. And ifH C be lefs, then the Triangle A H G, 
will be lefs. Therefore fince there are four Magni- 
tudes^ viz. the two Bafes BC, CD, and the two- 
Triangles AB C, ACD; and fince the Bafe HC, 
and the Triangle AHC, are Equimultiplies of the 
BafeBC, and the Triangle ABC: And the Bafe 
CL, and the Triangle ALC, are Equimultiplies of 
the Bafe CD, and the Triaixgle ADC And it has 
been proved, that if theBafe HC, exceeds theBafe 
CL, the Triangle AHC, will exceed the Triangle 

L 3 ALC 
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ALC; and if equal, equal; if lefs, lefs. Then as 

*r»^ M ^ the Bafe BC, is to the Bafe CD, fo * is the Triangle 

*^^.f-f- ^Bc, to the Triangle ACD. 

j. 41 I Ana becaufe the Parallelogram EC, is f double to. 

' ' * the Triangle A B C j and the Parallelogram F C, dou^ 
ble t to th^ Triiftigle A t>I? ;'and Paijtj h^v^ the fame 
Proportion as their like Multiples. Therefore as the 
Triangle ABC is toftl^f Triangle ACD, fo is the 
Parallelogram EC to the Parallelogram CF, And 
ib.£iice It Has been^p^vcd;. that the IBc^BC is to 
the Bafe CD, «6.tbe Tjriangle ABC is to the Tri-. 
angle ACD; and the Triangle ABC is to theTri^ 
Migle ACD,va6 th^rParaiklogjam EC* is xo the Pa- 

J 11". I', ralkiogram CF; it fti^iU be4 ^ the Bafe BG, is to. 

the Btfe CD, ia.is;the.Paiallelogram;EC to the 

. Para|ldograra FQ^ ' Wherofore Trim^s^ and Pth' 

r/dUhg^a^t^ fiofi boDe thefoj^e Altitudf^ ate to each 

Qiker ^^h^n Bafol; -jfHQh was tq ba dc^n^ofiftntted- 

. P R O P O SI T I O N II. 

T HE O RE M. 

ff a Jiigh Line be dtasa^n p/tralUl to one of the Sidef 

: of a;l'riande\ it fgall cut the Siples ^ of the Triangle 

* f^Oipo$ttion2lyy-an4if the Sides ofthf Triangle be cut 

ftofpnianaUfiL then a Bright Line joining we Points 

ef Se&ioff^ Jp^i .bc' farallei to the. other Side of the 

Triangle. 

LET DE be drawn pairallel to BC, a Side of the" 
. Triangle ABC. I fay, I>B is to DA, as CE 
is to E A. 

For let BE, CD^ be joined. 

• J7' ^ . Th«n the Triangle BD E is ''^ equal to the Triangle 

C D E,. for they uand upon the feme Bale D E, aftd 

are between the fainc Piarallels D E and B C ; and 

A D E is fome other Triangle. But equal Magni- 

t 7* 5*? tudes haye f the fame Proportion to one and the lame 

Magnitude. Therefqre as th&TriaQgle B D E is to 

the Triangle A D E, fo Is the Triangle CD E to 

the Triangle A DE. 

But as the Triangle BDB, is to the Triangle 

^ I ojthis. A D E, fo \:\$ B p to D Ai for fmce they have the 

lame 
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&xnc Altitude*. z;/«. a Perpendicular draw,n from the 
Point E to A B, they arc to each other ^ their Bafes. 
And for' the lame Realbn, as the Triangle CD E, is 
to the Triangle ADE, fo is CE to EA: And 
therefore as BT) is tp D A, fo * is C E to E A. * 'i- f- 

AndiftheSides AB, AC, oiT the Triangle A EC, 
be cut? proportionally, that is^fo that BP be to DA, 
as CE is to;CA; and ifDE be joined, I fay, DE 
is parallel to BC. / . . 

For the fame Conjlrufiion repiainlngi - becaufe B D 
is to DA, as CE is to E A; arid BD is f to DA, a$ ■)• i efthU. 
the Triangle BDE' is to the Triangle AD'E;- and 
CE is toEA, as the Triangle CD E is to theTri- 
^ngle ADE: It lliair be as the' Triangle BB E, is to 
the Triangle. ADE, fo is * theTH^n'gJe CDE tb 
the Triangle ADE. And* fince. the. Triangles ADE, 
CD^, have the fame Proportion to the Triangle 
A D E^ the^TriajiglQ B D E, fliall be ^ equal to the f p. ii 
"Triangle ODE; and they have the iarne Bafe DE; 
But equal Triangles. being. upon the farhe Baic,,^re ^ t 3^. i, 
l^ween the lame Parallels'; therefore DJE is parallel ' 
to B C. Wherefore if a 'Right Lin^ be draivnparaHel 
to one of the Sides of a Triangle^ it Jhatl cut the Sides 
ef the Triangle proportionally^ and tf the Sides of the • 
Triangle he, cut proportionally^ then a Right Line joining 
the Points ofSeSton^ pall he' par/illel to the other Si£r 
Qfthe Triangle ; which was to be dcmdnftrated. - 

. , PR 0> Q S IT I O'N' III. 

theorem; 

If one Angle of aTriangle be bifeited^ and the Right Line 
that bijeSis the- Angle ^ cuts the Bafe.alfo; then the 
Segments of the Bafe will have' the fame Proportion^ 
. as the other Sides of the Triangle, And if the Seg-^ 
ments of the Bafe have the fame Proportion that the 
other Sides of the Triangle have ; then a Ri^ht Line' 
drawn from the f^ertex^ to the Point of SeStoh oj the 

' Bafe^ wiH bifeJi the Angle of the Triangle. 

LET there be a Triangle ABC, and let its Angle 
ABC, be * bifeQed by the Right Line AD. 1*9-1' 
fay, ds BD is to DC, fo is BA to AC. 

L4 For 
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• if' 

ifc jr. I. For thro' C draw * CE parallel to DA, and pro- 
duce BA till it meets CE in the Pbint E. 
Then becaufe the Right Line! A C, falls on the 

t »>. 3 . Parallels A. D,' E C, the Angle ACE, will be f equal 
to the Angle CAl>: But the Angle CAD (by the 
Hypothefis; isequal to the Angle BAD. Therefore 
the Angle BAD, will be equal to the Angle ACE, 
Again, becaufe the kight Line BAE, falls on the 
Parallels AD, EC, the outward Angle BAD, is 
t equal to the inward Angle AEC; but the Angle 
ACE, has been proved equal to the Angle BAD: 
Therefore ACE, fhall be equal to A E C ; and fo the 

:j:^6. 1. Side AE is equal \ to the Side A C. And becaufe the 
Line A D is drawn parallel to C E, the Side of the 

* 2 cftUs. Triangle BCE, it ihall be * as BD is to DC, fo is 

BA to AE; but AE is equal to AC. Therefore as 

tr-^ BDistoDC, foisfBAtoAC. 

And if BD be to DC, as B A is to AC; and the 
Right Line AD be joined, then, I fay, the Angle 
BAG, IS bifefied by the Right Line AD. 

For the lame Conftru&ion remaining, becaufe BD 
i? to DC, as B A is to AC; and as BD is to DC, fo 

4: % rftUs. is :|- BA to AE; fqr A D is drawn parallel to one 
Side EC of the Triangle BCE, it ihall be as B A is 
to AC, fo is BA te AB- Therefore AC is equal 
to AE*; and accordingly the Angle AEC. is equal 
to the Angle JE C A : But the Angle AEC, is equal 

* 1^. I . . * to the outward Angle BAD; and the Angle ACE, 

equal * to the alternate Angle CAD. Wherefore 
the Angle BAD is alfo equal to the Angle CAD ; 
and fo the Anffle BAC is bifcaed by the Kight Line 
A J5, Therefore if the Angkofa Triangle be bifeded^ 
And the Right Line that bifeSs theAngle^ etas the Bafe 
alfo; then the Segments cfthe Bafe will have the fame 
Proportfcn ^s th other Sides of the Triangle. And if 
l^h Segments qfthe Saff have the fame Proportion that 
the other Sides of the Triangle have; then a Right Line 
drawn from th^ Vertex ^ to the Point of SeSion of the 
Bafe\ will} hifeSt the Angle of the TrianKk ; which 
was io be dcmonftratcd. ^ 
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PROPOSITION IV. 
THEOREM. 

Tie Sides abota the eqfud Angles ef equiangular Tri- 
angles^ are proportional^ aftd the oides which are 
ffStended under the equal Angles^ ,are hotnohgous^ or 
ef like Ration 

TETABaDCE,be equiangular Triangles, 
•*-' having the Angle ABC equal to the Angle D C E j 
the Anele ACB equal to the Angle D£C, and the 
Angle BAG equal to the Ansle CDE. t fay, the i 
Sides that are about die equal Angles of theTriangle^ 
ABC, DCE, are proportional ; and the Sides that 
are fubtended under the equal Angles, are hon^olo* 
^us, or of l%e Ratio. 

Set the Side EC, in the £une RMt Line with the 
SideCE; andbecauledie Angles ABC. A CR are 
*■ lefs than two Right Angles, and the Angle ACB * 17- '• 
is equal to the Angle DEC, the Angles ABC, DEC, 
^e lefs than two Right Angles. And fo BA, ED, 
produced, will meet f ^ch other ; let them be pro* t <% ^* 
duced, and meet in the Point F. Then becaufe the 
Angle DCE, is equal to the Angle ABC, BF fhall 
be f parallel to D C. Again, becaufe the Angle ACB 
is equal to the Angle DEC, the Side AC will he ^ ^18,1. ' 
parallel to the Side F£ ; therefore FACD is a Pa- 
rallelogram; and confequentlyFA is * equal to CE, * 34* i* 
and Au to FD ; and becaufe AC is drmo parallel . 
to FE, the Side of the Trianele FBE, it ftall be f t * ^'^• 
as B A is to AF, fo is BC to CE ; and (by Alterna- 
tion) as B A is to B C, fo is C D to C £. Again; 
becaufe C D is parallel to BF, it fliall be f as BC is 
to CE, fo is FD to DE; but FD is equal to AC. 
Therefore as BC is to CE, fois ^: ACtoDE: And*7*r. 
fo (by Alternation) as BC is to CA, fo is CE to ED. 
Wherefore becaufe k is demonfirated that A B is to ^ • - 
PC, as D C is to CE; and as BC is to C A, fo is 
GEtoED; it (hallbe*by Equality, asBAis toAC, **«• 1. 
fo is C D to D E. Therefore /Ae Stdes about the equal 
/Ingles of equiangular Triangles^ are proportional \ and 



the Sides ^ which are fttbtended under the equal Angles^ 
are honiblogous^ or tf like Ratia ; . which jW.as tO be de- 
monftrated. 



PROPOSITION V. 
THEOREM. 

If the Sides of two Triangles are proportional^ ^tpe Tri-^ 
angles jhall be equiangular}, and their Angles^ under 
wtici the idmotogous Sides are fuitended^ are equak 

ET there be two Triangles, ABC, DEF, har 
. ving their jSifies proportional., that is, let A B be 
to BC, aisMVE is to EF; and u BC to C A,, fo is 
EF toFD..Aiui alfo as BAto QA, fo ED to DP. 
^ I fay, . the Triaogle ABC is equiangular -to the Tri- . 
angle DEF; and the Angles equal, under which, t^^ 
homologous. Sides are fubten<ied, . wz. the ^n%le 
ABC, icfasl' t6 the Angle DEF; and the Angle- 
.- B C A eqxssA to^the. Angle E F D, ^d the Angle 
KAC equal to the Angle E D F. 
For at. Ae Paints EandF, with the LineEF, make 
^ ij. r. *theAngteFEG, equal to the Afigle ABC: an^ the 
Angle EF.G, equal to the A^le-BCA: Then the 
t C«r 51 r^^®ning Atigli BAG, is f equal to the remaining 
[^ ' ^ ' AJneleEGE. - - 

And fo the Triancle ABC is equiangular to the 

Tribngle EXSiF;. ana conieqi^ntlyi the Si^es that are, 

• ' * fiibtended UJider the equal Angles, are proportional. 

± A of this. Therefore as AB is fo BG, fo is :t G E to EF; but 

-, as AB is toBC, fo ijs DEtoEF : Therefore asjDE, 

* II. f. IS to E F, fo is* GE to EF; And fince DE, EG, 
. ^ have the fame Proportion to E F-, P E ihall be j equal 

* ^" ^' to EG. Farthe fame Re^fon, D F is equal to F G ; 

but E F i$ coupon,. Then^ beciuife tho two Sides 

D E^E F, arc ^equal to the two Sides G E, E F. . and 

the Bafe DF is equal to the Bafe F G, the Angle 

1 8. 1. D E F is i: equal to the An^te G PF ; and the Trian-r 

g^e DEF equaato tbc Triangle»GEF;;and theo^ 

' ^ 9ier Angle« of the one, equal to the other Angles of. 

the other, which are fubtended^by the equal Side?. 

Therefore the Angle DEF Js; equal to the Ajn^Ie 

' G E F, and the" Angle EDF equal to the Angle 

EGF; 
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EGF; OTd becanfe the Angle DEF is equal to the ' .. ... ' 
Angle; .Q £ ^ wd; , t J^e . Angle . G E F equal to ^the 
Aiigje ABC; therefore the Angle ABC fliall fee 
alifo equal to the Angk FED: For thp ,%ne Reafon^ 
the Angle A CB fliail be .equal to the Angle DFE; 
as alfo the Angle A equal to the Angle D; there- 
• fore the Triangle AB.C will be equiangular to the 
Triangle DEF. . Wherefore if the Sides (f tvjo Tri-- 
angles are nrapprtUrnkthe TrUftgles ./hail be ^quia9P^ 
gHMfy 0m tbeittjfftgles^ under whifh tie homologMs 
^ides are fi^nded^ are efual; which was to be ae*- 
pa9pftj:ated. 

PROPOSITION Vi 

T H O R E]Cl. 

[f two Triangles have $ne Angle- of the one e^ual ta 
one Angle of the other ; and if the Sides about the 
equal Angles be proPorUonal^ then the^ Triangles are 
equiangular^ and havf thoje Apgles' equal ^ under 

which are fubtended the homologous , Sides, 

« 

T E T there be two Triangles A B C, D E F, having 
•^ one Angle B AC of the one equal to the Angle 
E D F of the other ; and let the Sides- about the equal 
#Angles be proportional, viz, let AJB be to ACj a^ 
E D is to D F. I fay, the Triangk^ A B C is equian- 
gular to the Triangle DEF; and the Angle ABC 
equal to the Angle JlEF; and the Angk ACB e- 
qual to the Angle D F E. 

For at the Points. D andF, with- the R^htLinf 
D F. jftiake tthe Angle F D G equal to either of th* * 25. i, 
Anries BAQ E0F; and the Angle DFG equal 
to the Angle ACB, - . , 

Then the other Angle B, is f equal to the other -j- cor. x^. 

Angle G; and lo the Triangle ABC, is equiangular i. 

to the Triangle D G F ; and confeqpeafly, as fi A is 

to A G, fo is' :t: G D to D F : But (by the Hyp.) as + 4 efthis, 

B A is to AC, fo is ED to D F. Therefore as E D 

is ♦ tOrD F, fo is G D to D B ; whence E D is f equal * 1 1. f • 

to D G, and D F is common ; therefore the two Sides . t 9* f • 

ED, DF, are ewal to the two Sides GD^^DF; 

and the Angle EI)t, eq^aI ;o the Angle GDF: 

Con.- 
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f 4. i: Confequcntly thcBafeBF is * equal to the Bafe F G, 
and the Triangle D E F equal to the Triangle 
G?D F ; and the othq: Angles of the one, equal to the 
other Angles of the other, each to each ; under which 
the equal Sides are fiibtended. Therefore the Angle 
DFG Is equal to the Angle DFE, and the Angle 
G, equal to the Angle E; but the Angle DFG, i$ 
equal to the Angle AGB: Wherefore the Angle 
ACB is equal to the Angle DFE; and the Angle 

t h^' B AC is t alfo equal to the Angle E D F : Therefore 
die other Angle at B is equal to the other Angle at 
£ ; and fb the Triangle A BC is equiangular to the 
Triangle D E F. Therefore if two Triamgks have cne 
Angle of the one^ equal to oue Angle of the other -^ and 
if the Sides about the ejual Angles ie profortio9ial^ then 
the Triangles are equtangular; andoave thofe Angles 
efual^ under which are fuitended the homologous Sides'^ 
which was to be 4emonftrated. 

PROPOSITION VII, 

THEOREM. 

If there are two Triangles^ having ope A^zl^ ^f the one 
equal to one Angle of the ofber^ and the Sides about 
other Angles proportional \ and tf the remaining third 
A'agles are either both lefs^ or both not lefi than^ 

i Right Angles^ theff jball the Triangles be equiangular 
a^ have thofe Angles equals , about which are the 
proportional Sides, 

T ET two Triangles ABC, DBF, have one An. 

^■^ gle of the one, equal to one Angle of the*other, 

viz. the Ancle BAG equal to the Angle EDF; 

and let the Sides about the other Angles AbC, DEF. 

be proportional; viz. as DE is to EF, fo let AB 

be to B C ; and let the o^her Angles at C and F, be 

both lefs, or both not lels than Right Angles. I fey, 
• . the Triangle ABC is equiangular to the Triangle 

DEF; and the Angle ABC is equal to the Angle 
' ' DEF; as alfo the other Angle at C, equal to me 

other Angle at F. 
For if the Angle ABC be not equal- to the Angle 

DE F, one of them will be thofftieater, which let be 

ABG 



ABC. Then at the Point B, with the R^ht line 

AB, make * the Angle ABG e^nal to the Angle * >}• i- 

DEF. , 

Now becaufe the Anglfc A is equal to the Angle 
D, and the Angle ABG, equal to the Angle DEF ; 
the remaining Angle AG B, is f equal to the remain- t Otr^ $*• 
ing Angle DFE: And thereforethe Triangle ABG. >• 
is equiangular to the Triangle DEF; and fo as Ab 
is toBG, fo isiDEtoEF; but asDEistoEF, i^irftbU. 
fo is ♦ AB to BC. Therefore as ABis to BC, fo is *iy Syf. 
AB to BG ; and fince AB has the lanie Proporticia 
to B C, that 1^ has to B(3, B C Ihall be f equal to 1 9- ^ 
B G ; and coniequently the Angle at C equal to the 
Angle B G C. Wherefore each of the Angles B C G, 
orlBGC is lefs thati a Right Angle; and conie- 
quently, AGB is greater than a Right Angle. But 
the Angle AG B has been proved equal to the Angle 
atF; therefore the Angle at F, is greater than a . 
Right Angle: But (by the Hyp^ it is not greater, 
fince C is not greater than a Kight Angle, which is 
abfiird. Wherefore the Angle ABC is not unequal 
to the Angle DEF; and fo itmuft be equal to the 
lame; but the Angle at A is equal to that at D; 
wherefore the Angle remaining at C is equal to the 
remaining Angle at F ; and confeqUently the Triangle 
A B C is equiangular to the Triangle DEF. There- 
' fore // there are two ^triangles having one Angle of the 
one^ equal to [one 'Angle of the other ^ and the Sides 
about other Angles proportional; and. if the remaining 
third Angles are either botklefs^ or both not lefs tham 
Right Angles^ then Jhall the Triangles be equiangnUhr; 
and have thofe Angles equal j about whith are the pro^ 

portional Sides; which was to be demonftrated^ 
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If a Perpendicular be draivn^ih a lUgh^dngrdTrian^ 
: fi^o^ ^^^ ^^£^^ y/»^& t6 the Bafe^, then the Triangles 
on each Side of the Perpendicular are fimilar both to 
N V, theJVhgle^ and alfo to one another. • 

IETABCbea Right-angrd Triangle, whofe 
'^ Right Angle is B A C ; and let the Perpendicular 
*' - AD be drawn from the Poiut A to the Bafe BG- 
I tay. the Triangles AB D, ADC, are fin^lar to p;ac 
another, and to the whole' Triangle A BC. * -• 

For becaiife the Angle ,Bi^C is equal to the Angle 
'APB, for each of them is a Right Angle, and die 
Angle Ut'B is common to the two Triangles ABG^ 
•C^.j2.i. ABD, the remaining Ap^e A CB fliall be *'e<5[u^l |o 
the remaining Angle B'AP'- ^^Therefo^e the Tjvm^X^ 
ABC is iequiangular to the Triangle A B I); and lb 
+ 4. of this as t .B C, which fubtends the Right Angle of the Tri- 
•^ ' angle ABC, is to B A, ^fubtending the Right. Angle 
of the Triangle ABD,; fo is AB lubtending the aJi- 
gle C of the Triangle A3'C'io DB, fubtendin£ an 
Angle 6q^al to the Angle C, vif. the Angle BAD, 
of the Triangle ABD, ^iid\fo moreover is AC to 
A D, fubtenaing the Angle B,* which js common to 
the two Triangles. Therefore the Triangle ABC 
^ Def, I ^ is i: equiangular to the Trian^gle AB D ; and the Sides 
this. alK)ut the equal Angles aj|;e prpportional. Where- 

fore the. Triangle A^C is :|: fimilar to the Triangle 
ABD. By the fame Way we.demonftrate, that the 
Triafl^Ie AD C is alfo fimi'lar to the Triangle ABC. 
Wherefore each of the Triangles ABD, ADC, is 
fimilar to the whole Triangle. 

I fay, the faid Triangles are alfo fimilar to one ano- 
ther. 

Fof becaufe the Right Angle BDA is equal to the ^ 
Right Angle ADC, and the Angle BAD has been ' 
provM equal to the Angle C; it follows, that the re- 
maining Angle at B fhalKbe equal to the remaining 
-Angle D AC. And fo the Triangle ABD is equi- 
t Wtbis. ^gular to the Triangle A D C. Wherefore as f BD 
^ ' fuhtending 
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fubtending the Angle BAD of the Triangle ABD 
is to DA, fubtending tlje Angle at C of the Triangle 
ADC, which iselju^ to the An^fe B AI>, fo is AD 
fubtending the Apgle B of the Triangle ABD to 
DC, fubtending the Angle DAC equal to the An- 
gle B. And moreov^, fo is B A to AC, fubtending 
the Right Angles at D ; and confequently the Tri- 
angle ABD is fimilar to the Triangle A DC. Where- 
fore, // a Perpendicular, (?e^ drawn^ in a ^ig^bt-rngVA 
Triangle, from the 'Right Angle to th'e Bfje^ then^ie 
triangles on each Side of the 'Perpekdicular! are fiiptlar 
ffoth to the Whole, anddfo to one. another", njvhich'was 
.to;be demonftrated. ' 

Corolla From hence Jt.is manifieft^ that the Perpcndi- 
' * cular drawn in a'Right-angrd Triangle ftom the • - • ' 
. Right Angle to the Bafe, is a M^n prpportional 
. between tne Segments of the Bafe.\ Moreover, 

either of the Sides (Containing the Right Angle is -^ ) * ! 

a Mean proportional between the whole Baft, and . . 
,., that Segment ^he^eipf which is next to, the Side. ' " ' 
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P R O P O S. I T .1 O N. IX. 

) , P R O BLE M. : , . 

51> cut off any Part re^^uir^'dfrom a given Right Line, 

T ET AB be a Right Line given; from Which 
*-' muft be cut off any required Part ; fiippofe a third. 

Draw any Right Line A C from the Point A, 
making an Angle at Pleafure with the Line A B. Af- 
fume any Part D in the Line AC, make * D E, E C, * 3- »• 
each equal to AD, jpjnBC, and draw jDF thro'D, t 3»- "• 
parallel to B C. ^ 

Then becaufe F D is drawn parallel to the Side B C 
of the Triangle ABC; it fhall be i: as CD is to DA, ±iiftbu. 
fo is BF to FA. But CD is double to DA. There- 
fore BF ihall be double to FA; and fo BA is triple 
to AF. Wherefore there is cut off AF, a third Part 
requirM of the giveli Right Line AB; which was to 
be done. 

PRO-. 
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p k O P O S I T I O N. X. 

I PROBLEM. 

T'o divide a given undivided Right Line^ as another 
given Right Line is divided^ 

LET AB be a given undivided Right Line, and 
A C a divided Line. It is requirM to divide A B, 
as AC is divided. 

Let AC be divided in the Points D and E, arid fo 

placed, as to contain any Angle With AB. Join the 

Points C and B; thro' Dand E let D F, E G, be 

• ji. I. drawn * parallel to BC; and thrp'D, draw DHK, 

parallel to AB. 

ThenFH, HB, arecach of them Parallelograms; 

1 34. 1. and io DH is + equal to FG, and HK to GbT And 

_ , becaule H E is drawn parallel to the Side K C, of the 

i%efMs. TriangleDKC, it ihall be t as CE is to ED; Ibis 

KH to HD. But KH IS equal to BG, and HD to 

GF. Therefore, as C E is to E D, fo is B G to G F. 

Again, becaufe FD is drawn parallel to the Side EG, 

of the Triangle A GE^ as ED is to DA, fo fliall | 

GF be to FA. But it has been prov'd, that CEis 

to ED as BG is to GF. Therefore, as CE is to 

ED, fo is BG to GF ; and as ED is to DA, fo is 

GF to FA. Wherefore the given undivided Line 

AB, is divided as the given Line AG is; which was 

to be done. 

PROPOSITIONS^!. 

PROBLEM. 

» 

Iwo Right Lines being given^ to find a third proper^ 

tional to them. 

T ET AB, AC, be two given Ri^ht Lineft, fo 
^^ placed, as to make any Angle with each other. 
It is required to find a third proportional to A B, A C. 
Produce A B, AC, to the Points D and E; 
make BD equal to AC, join the Points B, C, and 
fc 3 1. 1 . draw * the Right Line D E thro' D parallel to B C. 

Then 



3^k yti Euclidh E l fi m fi n t s* i6i| 

Then- becaufe B C is draWn parallel to the* Side 
DE. of the Triangle ADE, it (hall be * as AB is to ♦ i cfOnsl 
BD, fo 1$ AC. to CE. But BD is equal to. AC; 
Hence as AB is- to AC, -fo is AC to CE. Ther^6^ 
fore a third prdportional CE is found to two given 
Right Line^'AB,' AC J whkh'v}as t$ be d$ne. 

PR O PO S ITTON XU* 
PRO BLE M, 

l^hree Right Lines being given^to find a ftfurth pro^ 

porttonaltQ thenii * ' 

t" ET A,B,C, be three Right Lines given. It i« 
'*-' requirM to find a fourth proportional to them, r- 

Let, DE and DF be two Right Lines, maKii^ 
any Angle E D F with each other. Now mak^ ti G 
equal to A, G E equal to B^ D H equal to C, and / . i' 
draw the Line GH, as alfo * EF through E, parallel ♦ ji, a \ 
toGH. ' 

Then becaufe G H is drawn parallel to EF, the 
Side of the Triangle DEF, it Ihall be as DG is t6 
GE, fo is DH to HP. But D G is equal to A, GE 
to B, and D H t6 C. Confequently as A is to B, fo 
is C to H F. Therefore the Right Line H F, a fourth , 

Prdpottional to the. three giVen Right Lines A^B,Gj , " ' 
is found : which was to be 'done. \ 

P R O P 6 SIT 10 N Xlli. i 

PROBLEM* 

Td find a M^an proportional hetvjeen Puh giiien Right 

Lines i r ■ I 

T E T the two given Right Lines be A B, B C. tt 
*■-* is requirM to Bud a Meaii proportional between 
them. Place AB, B C, in a direct Line, and'^ the. 
whole AG defcribe the Semicircle ADC- and draw.* • n. t: 
BD at Right Angles to AC from the Point B, arid 
let A D/DC, be joined. 

Then becaufe the Angle ADC, m a Semicircle, 
is t a Right Angle,, and flnce the Perpendicular f jr. jj 
DBJs drawn from the Right Angle to the Safe; 

M therefore 
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* «»■ 8 ^^ffttfoie D B is fa Maan Prqportiojwil between 
tii,^'. ^ ,§e S^oieots of theBafe AB, BC. Wherefore a 
' ' Mean proportionaibetw6oo the two givenLioesAB, 
BC, if foufldi iaSicir was U he done. 

"PROPOSITION XIV. 
- THEOREM. 

Equal ParalUhgrams bavtitg one Angle of the one equal 
to one Angle of the other^ have the Sides about the ■ 
equal Anglu reeifroeal ; and tbofe Pa^aHtlogrdtHs 

' «iat ha-De one Angle of ibe one ttfual to one Angle of 
the other ^ and the Sides that are about the equal An- 

■ ^s reeifrocalf are oq^l between tfmnJiliKs . 

.y, fee dtju^ Paratlelograms, h^ing 

at B ei^ual j and let Ui« Sides DB, 

, , . J E«ft Urn;, tfteu alfo will * the Sidec 

*■ '■ , 6n^ ftfaTt Line. I fay, the $Mde» 6f 

' ' VS AB,BC, thatareabout thee^u^ 

Angl«», are fefiiprocal;. that isy as DB is to B-B, fo 

isGtBtoBF. 

Foe let the P_afalteI®^am-FE be coml^ted. 
Then bccanfe the Parallelogram ABi*. equal to 
the Parallelogram BC, and F E is feme otl^r Vsall- 
*7.f. lelegrani; it MI btas AB'iito FE,-' foi*t,BGto 
ti^/iEw/FE; but asABistoFE. Ib«^iDBK>BE} tad 
as BC is to FE, fo is GB to BP. therefore, as 
DB is to B E, rfp i* Q B w fiF, W*|eafore the 
Sides of the Parallelograms AB, BC, thaiareabout 
the equal Angleji ,'ar;^ r^i^totklrj ^oportional. 
_ . And if the Sides that. are about the •ftual' Angles 
'are reciprocally proportional, viz. if BD be to'BE 
as G B IS to B F. I fay the Prallelogram AB is equal 
to thf-ParaUelogram BC. 

ForffiiceDBistoBE as G g » tp B P^. sad B® 
es BE ^ the Paralldbgram AB :f to ihc ParaHclo- 

fam P£, and GB :t'to ^^ as the Pafatlelogram 
Cte theParallelograinrPE-; icihail beasAB i6ti3 
E, fo is BC to FE. Therefore the PataUdldgtam 
AB isequalto theParallclogtamBG. haAioequal 
Parattelqgrams having one Angle of tbe ^ne eifuai tv one 
' ' ^ ^<«0^e oftBe other^ hair tie' iidej abi»» the e^ai An- 



ght red^kc^'t ^^^J^ PardJldi^ram. ili^ ha€k AMI 

g%al ^PafB^Uthemfeimi} which T^iito beideiBOb^' 
ated." - ■ '^ '- •/ ~- ■ .''.>>.■ 

• • ^ A ' . - >..*.. 
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E^ual 'triangles having one Angle of the one equal to 
one Am^ ^f %ke mxr^ hatfe (heq^ Sida atout the. 
equal Angles reciprocal \ and ihoje Triangles that have 
fine Angle of th^ofa'eaual to one Angle of the other y 
and have alfo the Sides about the equal Angles red" 

- frof0l^ i^e iquM between tkemftlvtes. ' / * 

T £T the cqtml I'riangles ABC, ADB^ kave<»ie 
-*-* Angle of. the one equal .to one. Ai%le of.the 
othe)^ vit the Ai^e BAG equai to the Angle 
DA£. I lay the Sides about the aqual Angles are re- 
ciprocal, thnt is, as C A is to AD, fo is E A to A B. 
For pbte CK'ibd AD in ohe ftrifit line, (hef 
£ A and AS fliaiihd * alfo in 6h6 ftrait Line, afui^M « 14. x<^ 
BD be joitied. Then feccauft the Triangle ABCH? 

?inal to theTiimicle AD£.idid. ABD is foihe^tbor 
riangle, the Triangle CAB flwdl be f to the Tti- f 7- f- 
liigle Jl APi « thtfTnaMfe ADE i^ to the Tri- 
:nigie BAD. But as the TtlabgAc O AB is to thA 
T&n^ BAD^ fa Is G A ^to AD; afid as theTri-; + » €^f^ 
angle X AD is to the Triangle BAD, fo is | E A td 
AB. - Therefore at C A is to AD, Jo is E A toAB. 
Whewfofe ifbe Sides of thfeTKangks ABC, ADE^ 
^A>out the eijtal! Anelei, are r6c^rocal. 

And if the Sl&sr about the e^jeal Angles of the Ttk* 
mrresi ABC, ADEyberedptoca}y.c»a. ifCA betQ 
AD t^ E A 15 to A Bi I lay the Ttiangle A EC is e^ 
^«al to the Triangle AD£. 

For, agdft- let BD He jdifida. . Thefi becAtfe CA 
!» to aD fl% £A is to AB, and GAto AD % as th^ 
Triuttdlt ABC to the Trian^e BAD, and E A t(* - 
AB \- artfi* Triiingle E AD to iftic Ti!iahgie BAD; 
iSc^fbf^, afe cfee Triaaigle ABC is to the TriaAglf 
B A &,i fi» ^»a Ae Trt2o§le£ AD tie to theTrr^^ft 
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BAD.: Whence the Triangles AJBC^ A DE, have 

the lame Proportion to the Triangle BAD ;• And fo 
the Trisaigle ABC is ccpal to the Triangle ADE^ 
Therefore iquaLHriangks having 9me Angle of the one 
eaual to one Angle of the other j have tbetr Sides aboufi 
tie equal Angles" reciprocal \ and thofe Triangles that 
have one Angle of the one equal to $ne Angle of the other ^ 
and have aljothe Sides about the equal Angles reciprocal^ 
are eaual between the^felves ; which was to be de- 
> monurated. 
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•PROPOSITION XVI. 

• W . 1 . • . 

T HE O R E M. 

If four Right Lines he proportional^ the ReSangle eou" 
tained under the Extremes is equal to the ReSangle 

•itdmained under, the Means \ and if the ReSangk 
'^ 'Contained Under the Extremes he equal to the ReSan- 

'gle contained under the Means^then are the four Right 
■ Lines proportional. ^ 

I> ET four Right Lines AB, CD, E^f , be propor- 
^ r -■^^tionaly./othat ABbetoCD, asEistoF. Ifiy 
the Redangle contain^ under the Ri^ht Lines A n 
asnd F^ is equal to the Redangle contaiti'd under the 
• . t Right Lines CD and E; 

: For draw AG, CH, from the Points A,C, at Right 
AiJgleS to AB and CD. and make AG equal toF, 
' w' * • and CH equal to E. and let the Parallelograms BG, 
DH, be compleatea. 

Then becaufe A B is to CD as E is to F, and fince 
CH is equal to E^ and AG to F, it ftall be as AB 
Js to C D, fo is C H to A G. Therefore the Sides that 
are about the equal Angles of the Parallelograms BG, 
DHare reciprocal; and fince thofe Parallelograms are 
* i^ofthis. equal *, that have the Sides about the .equal Angles 
reciprocal. Therefore the Parallelogram B G is equal 
t6 the Parallelogram D H. But the Patalklogram 
BG is equal to that contained under AB and F; for 
AG is equal to F, and the Parallelogram DH equal 
to that contained under C D and E, fince C H is equal 
to E. Therefore the Reftangle contain'd under A B 
and F is^ equal.to that contain d. under CD and E. 
' - -* J. . . And 
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And if the Refiangle contained under AB aj;id F. 
be equal .to the Reaangle coritainecj jLinder CD^na 
E, I fay the four Right Lines are Prof>ortionals^ -z^)i. 
as ABis toCD, foisEtoF, , ',' 

For, the faipe Conftruftiori remaining, ;the Re£t- 
angle contained under AE and F is .equar tq thj^t 
contained under C D and E ; but the Rectangle cplj- 
tained under AB and F is the Re(Slangle BG-^ for 

. A G is equal to F : And the Redlangle contained uiji- 
der CD and E ' is tKc Refl^ngl^ P.H, for C H is e- 

' qual to E., Therefore the Parallelograiri BG, flu^l 
be equal to the Parallelogram D H, and! they are equi- 
angular; but the. Sides of equal and equiangular r^- 
rallelogpams^ which are about ^tbe equal Angles, are 
* reciprocal. ' Wherefore as AB is to CD, fo is,C|l * HVthis. 

. to AG;J)Ut CHis eqhalto^, and AG to F; there-,./ - .^T* 
fote as' ABis to CD, fp is E to^P. Wherefore, jf ' ^ 

'four Right Lines h prgforfional^" ike ReB^ngle con- 
tained finder the Extremes^ if equal 'to the Re dangle 

' contained under thf Means i and if the ReBangk con- 
tained under the Extremes be equal to the Rectangle 

. fontained under the Means ^ then are the jour Right 
Lines proportional; which was to4?e.demonftrate<£ 

PROPOSITION XVII. 
THEOREM. 

Jf three Right Lines be proportional^ the Rf Shingle coff-^ 
tained under the Extremes^ is equal to the Square of 
the Mean ; and if the ReSt angle under the Extremes^ 
be equal to the Square of the Mean^ then the three 
Right Lines are proportionals ■ 

JET there be three Right Lines A, B, C, propor-i 
•■-' tional ; and let A be to B, as B is to C. I fay, 
theReftangle contained under A and C, is equal to ,_ - 
the Square of B. 
. For make D equal to B. . ,* 

Then becaufe A is to B as B is to C, and B is e- • . ■ 
qual to D, it fliall be * as A is. to B, fo is D to C. '*'7- S- .. 
, But if four Right Lines be Proportionals, the ReSati- 
gle cpntained under the Extremes is. f equal to the fiiofttis^ 
Reftangk under the Means. Therefore the Refiat^-* 

M 3 gle 
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alp corft^ned under.AandC, i§ eijfi^Uo thcReft- 
. ibigl? under B snalJj but the Jle^anjje fln^er p wd 

DTs' equal to tlic Square of I)j-'4br|Fis ejitial to p. 
•Wherefore the Reaangle contain^ 'ttn^er A, C, is 

pqiwl to the Square of B. 
And if theRe^l^ngle contained phd^r A,Ci .be e- 

qual to the Squafe of B; | fay, as A is (q Jj, Q> 15 B 

to C. '■■"'. 

For the fame Conftruflion remaijiing, the ftei^ijp- 
' pc contained vmier A andC is egual p) the Sflii^e p£ 

B'; but thei heRedaiigiEtOQfaiii^nii- 

derB.D, ft D, and the Kedapgle con- 

'iained und< ■« cqua)' to'tlie'Pei^angle 

contained u t if lh|eI^eftatigle,CQnt3rp- 

, _ed under' tl w eqn'aif'iiS tffP'fteaangje 

■'contaiEed'i: jis, the fww'^ghc- ]LipfS 

Xi6<ftl»s. fhall be t P Thet#>re AjVio B as P 

istoC; bu p. ■^h'elr^drgA'Jstp j, 

■asBistoC ' threi Jtt^} Li^ts hepTO- 

' portianal, th( ReHansle contained wiaet^'hiS.xtTemes, 

iw tqttid to the Squai-e of the Mean '{'aid If tie Re£ia^- 

gle tinder the Extresttes, he ejual to the Sqnare of the 

j}^ean^ then the three Right Lines' are 'pro^ortioH4\ 

which was to be demonftrated. 

i PROP0SITION XVIII.- 

PROBLEM. 

-JJpon agtvtM RifhiLintjta Jefcri^e 4 Riebt-firi'd figure 
Jimilar^ andfimiarly Jitnate to a Ri^ht-li^d Figure 
■ given. 

^ T ETABbe the Right Line given, and CE the 
•'-' Right-lin'd Figure. It is required to defctibe 
upon the Right Lme AB a Figure fimilar, and li- 
milarly fitiiate to the Right Line Figure CE. 

• ij. I. ■ Join D F, and make * at the Points A and B, with 
the LineAB, the Angles GAB, ABG, each equal 
to the Angles C and CDE. Whence the other An- 

t Ctr. J}, gle C F D is t equal to the other Angle A G B ; and 

I- fo Che Triangle FCD is equiangular to the Triangle 

■GAB; and conicquently, as FD is to GB, fo is 

t + flf/i«. ^I'FCtoGA; and foisCD'toAB. Ag^n, make 
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the Angles BX^H, GBH, at t^ Pointt 5 aed <5, ^ 

with the Right Line BG, ^^ch cfl^^l to Ae A^glps 

EFD, EDF; then the remaipiiyf Ar^le ^ :^, i^ f \Cor.iiA. 

jMual to the r^imjiining An&l« at-Bf^'^i'h^refprt^. th^ 

Triangle FDE, ^.eq^iaiiguUr to the Triangle fi^JH; 

and confeqaently. as FD is to g^ fo is X ¥Mig j^-, rfjhlu 

(jH j ^nd fo' SP i;o HB. Bi^t it has beea proved * 

thatFDistoGB, gs FC istoGA, and as CD to 

AB. And t;|^^efore ^s F C a^^^q AQ, £b is * CD to ♦ Ji, |, .. 

AB; andfo F?^ (Jfl; arid fp J^T) to HB. hxd 

becj^ufij die ^tOglf C F D is equ^i to the Angle 

AGB; ^f^ the Apgl^ D FE tqml XQ the Angle 

B G H ; the whple Aiig'le QF E. .%U :be; equal ta the 
whole Angi^.4 Q H. Py ^hQ ^faijcip Reafon, the Ant 
gle C t) E is oqual ^o the Aj^ A3H ; and the Ant 
gle at C Jeqi^al to the Aggl^ A; 4©d. the Afi^le S 
equal to the Angje H. TherefOfe the Figure AH 
is equiangular to the FlglW^'CE; ?ind they have uhc 
Sides about the equal Angles proportional. Gonfe- 
guently, tbe,R%ht-lki*d FigWQ Ai^ wai be f jSmw fiuf.itf 
}^ to the ^^ht"lm'd Figure CE- Thrrefoxe- thfere *his. 
is defcril^ed upqp t^egivep Ritfht JUicy? A B, the Rig^t- 
lin!d Figure AH Jliniil^, ^m fia>iMi:ly fituate. to the 
given Rightrfin'd Figuri^.CE;; vAkh was to, bt diW' 

..,..• "•• •• . • 

P R4D P O S I T'l O N XIX. 

THEOREM. 

Similar Triangles are in the duplicate Proportion of 

their homologous Sides, 

* 
> * 

T ET ABC, DBF, be flpiilar Tnsmgles, bairmg ^ 

•*-' the Angle B equal to the Angle E ; and let A 3 
be to 6 C as DE is toEF, fo* that BC be the Side 
homologous to EF. I fay, the Triangle ABC, to 
the Triangle D E F, has a duplicate Proportion to 
that of the Side BG to the Side EF. 

For take* BG a third Proportional to TiC.zSid ^iirfMs^ 
EF; that is, let BC be to EF, ^s EF is to BG, and 
join G A. • 

Then becaufe AB is to BC, as D E is to E F ; it 
(ball be (by Alte;rnation) a^ AB is to DE^ £0 is BG' 
toEF; buusBCistoEF,foisEFtoBG.Tbcre-: 

M 4 *^® 
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t ii.f. fore as AB is to D E, fo is fEF ttrfejS; confe- 

qucntly, the Sides th^t ^e about the equal Angles qf 

. the Triangles A B G, D E F, are reciprocal : But 

thofe Triancles that have one Angle <)£ the* one, equal 

to one Angle of the other*; and the -Sides about the 

t If rftitts equal Angles reciprocal, are i^^ equal. Therefore the 
Triangle A B G, is equal to theTriihglfe C.E F ; and 
becaufe B C is to E F, as E F is tp^B G, l^nd:. if three 

♦ 2>#/I^o ^^g^' Lines bc^ proportional, the fi)r|l'has'* a dupli- 
'T- ^r ^^^ Proportion to the third, of what it has to the 
fecond. B C to B G fliali have a duplicate Propor- 
tioi> of that which BC has to EF; but-thc Triangle 
ABG is equal to the Triapgle DEF. Therefore 
the Triangle ABC, to the Triangle DEF, Ihall be 
in the duplicate Proportion of that which the Side 
B C has to the Side E F. Wherefore ^wf/Ajir Triangles 
are in the duplicate Proportion of their homologous Sides \ 

which wa3 to be demonftrated. 

" • *■'-', 

Cj^-o//. From hence it is manifeft, if three Right Lines 

^• - be proportional, then *^s the firft is to the third, fo 

is a Triangle made upon the firft to a fimilar, and 

. fimilarly defcribed Triangle upon the fecond : Be- 

.xaufe it has been proved, as CB is t6 BG, £b is the 

» Triangle ABG to the Triangle ABG, that is, to 

the Triangle P Ef ; . which fwas, to. be dimotiftruted. 

PROPOSITION XX. 
THEOREM. 

$tmilar Polygons are divided into fimilar Triangles^ er 
qual in rlumber^ and homologous to the IVholes'^ an4 
Polygon to Polygon^ is in the duplicate Propprtton of 
that which one homologous Side has to the other, 

L FT ABODE, FGHKL,bcfimilar Polygons; 
and let the Side AB be homologous to the Side 
. BG. I fay, the Polygons ABCDE, FGHKL, 
are divided into equal Numbers of fimilar Triangles, 
and homologous lo the Wholes ; and the Polygon 
AB CD E, to the Polygon F G H K L, is in the exp- 
licate Proportion of that which the Side AB has to 
the Side EG. 
For let BE, EG, G h, LH, be joined- Then 
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Then becaufe the Polygon ABCDE is fimilar to 
the Polygon FGHKL, the Angle BAE is equal 
to the Angle QFL; and B A is to AE as GF is to 
FL. Now fince ABE, F G L, are two Triangles, 
havim one Angk of the one equal to one Angle of 
the pmer, and the Sides about the equal Angles pro- 
portional; the Triangle ABE Will be * equiangular * 6ifthiu 
to, the Triangle F G L; and fp alfo finular to it. 
Thereforethe Angle ABE, is ^qual to the Angle FGL ; 
but the whole Angle A BG is J equal to the whole + p^. ^• 
Angle F GH, becaufe of the Similiarity of the Poly- rf tbts. • 
gons. Therefore the remaining Angle E B C is 
equal to the remaining Angle LGH: And fince (by 
theSlnJlarityof the Triangles ABE, FGIO as EB 
is to EA, fo is LQ tp Q F; And fince alfb (by the 
Similarity of the Polygons) AB is to BC, as F G is 
t to GH; it fhall be % by Equality of Proportion, as ± xi. i*, 
EB is to BC, fo is LG to GH, that is, the Sides 
about the equal Angles EBC, LGH, arc proportio- 
nal. "\yherefore the Triangle EBC is equiangular 
to the Trianrie LGH; arid conftquently alio fimilar 
to It. For the fame Reafon, the Triangle E C D, is 
like wife fimilar to the Triangle LHK ; therefore the 
fimilar Polygons A B C D E, F G H K L, are divided 
into equal Numbers of fimilar Triangles. 

I fey, they are alfo homologous to the Wholes, 
that is, that the Triangles arc proportional; and the 
Antecedents are A B E, JE B C, E C D, and their Con- 
fequents EGL, LGH, LHK. And the Polygon 
ABCDE, to the Polygon FGHKL, Jsntithedup. 
Jicate Proportion of an homologous Side of the one^ 
toun homologous Side of the other, that is, A B to F C» 

For becauie the Triangle ABE is fimilar to the 
Triangle FGL, the Triangle ABE, fhall be * to the * 19^ ' 
Triangle FGL, in the duplicate Proportion of B E tim. t t 
to GL: For the fame Reafon, the Triangle BEG, j | 
to the Triangle G LH, is * in a duplicate Proportion ; 

of BE to GL; Therefore the Triangle ABE is f to | i,>^. | 
the Triangle FGL, ,as the Triangle BEG is to the I I * 
Triangle G L H. Again, becaufe the Triangle EBC : ; I 
is firhilar to the Triangle LGH; the TriangleEBC . . ,: 
to the Triangle LGH, fhall be in the duplicate Pro- 
portion oJT -the Right Line C E to the Right Line 
HL; and fo likevnfe theTriangte ECD to rfieTri- 
•5 angle 
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angle hiii^i ftall be in the duplipoie Proportion of 

CJID is to the 

igle LHK. But it h^'beeii proved, that thfe 

Triangle E B C is to the Triangle lu G Hi as th^ 
Triangle A BE is to the Triangle F G L :. Theccp 
fore as th^ Tri^'ngle ABE is to the Triangle P<JJL 
fo is the Tria^gle BEC to thje Triangle Gct|Li s^jl 
fpis theTna^gleECD tQ't|i9TnaAgleLHK,;^^ 
as one of the Antecedents is tp one oif the -Coi^ 
quents, fo'^e :j: all the Anteced!ents.to 4 ^^ pQiftlil?- 
duents. Wherefore as the Triahglp A*^5" ^sltp 0v? 
TriangteF.GL, fois thePolygoaABCP^t^o <hp 
Polygo^a P Q H K L : But the Jriang^ ABp . tp ihe 
Triangle F Q Jj^, is in thedviplic^te rrpp59rtvoiiQf thf 
homologous* S|de AB to the hpiwlogous Side P G; 
for fiinij^' Triangles are in the duplip^te Proporjioii 
of the hpmpl'ogous Sides. ' Wherefore die pQjygop 
ABODE, JO th? Polygon PGHKL, u iA.^hHii- 
plicate Proportion of the hprnqlogous Side AB to 
the homolojgous Side EG. Therefore Jimilfr Poly* 

fons are dmded in^o Jimilar Triangles^ Wal m NuW" 
er^ (ff^Jfpitfologofif to theJi^hqleSj n^ Pqlj/gcm^i Ptf- 
tygoff^ /V iV t&e d^flicate Pv^opoxttop. af th(a mhifb ^p$ 
iomoiogoHs Side has to the other '^ which was to be de- 
j(nonflrf»ted/ 

It niay be (fembnftratpd ^pr the fame^anna* that 
fitnilar ^U^il^ter^l Figures are to each other in the 
duplicate Proportion or th^ir hprnqlogous Sicles ; and 
this h?^ "beea already proved in Triangles, 

enroll. I., Therefore univerfally fimilar Right-Iin'd 
Figures, are to one another la the duplicate Pro- 
portion of their homologous Sides; and if X be 
takena third Proportional to A B andFG, then AB 
will have to JCaduplicate^ropprtiop of that which 
AB has to FG ; and a Pqlygon to a Polygon, and 
a quadrilateral Figvire to a quadrilateral Figure, will 
be in the duplicate Proportion of that which one 
homologous Side has to the cfth^r ; that is, AB to 
F G ; but this has been proved in Triangles, 

2. Therefore liniverfally it i^ manifeft, if three Right- 
Lanes be proportional, as the firfl is to the third, fo 
is a Figure defcribed upon tl}e jgrft, to a fimilar and 

fixnilarly 
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■ THEOREM. 

' • ... r ■ - 

Ffg^es that are Jiml^ p 4&f fi^e, W^lw^^ FfSf^f% 

LET each of die-Riglit-lm'd Figures. A,. p, be fi- . . 
• .^ milar to the Rkht-iipi^d Figure <j. I fty^ the 
Uight-HnM Figure Ai u afibairiilfr jtq tJie kjgj«- 

^pTd figure B. 
For oecaufe 

♦Diflf I. 
tfthis. 

er 




portignaj. AgW; liecaiclfe the Right-lin'4 figure B 
1$ fimitair to ffie RigTit-liny Figure C, it (h?H * te 



QUiapguljij ^fi'^^PS .*"4."^"P °y^s about thp equal 
A^gl€^ wrfl 4)0 propcHf igif4^ Tbgrefore^ch of thp 
Sight-liaM Figures A, JB, are equi^ngalar to C, and 
.they have the Siiips abo^t tlje equal Ajogles proportion 
' lal. Wberefqre t)ie RJgnt-lir^ ^' — -* ^ *'* «-«:-- 
[ular to the R 

_>out the equal .. „ . , ^. ^ ,. , 

A is fimilar to B ; wbicf^ W0s to be der^ioiffiri^ea. 



ml. Wberefqre t)ie RJgm-jinM Fig^ye 4 '^ eaui^- 
eular to the Rlgh^la'd^%j^^ apd the Si4es .:!• 
bout the equal Apgies Ve proportional;.' ]pyharefofe 



PROPOSITION XXH. 
f H-E-O REM.! ^ . 

If four Right Lines beprofortional^ thf.Rigtt-lin^JJFi-- 
gures fimilar andfimAarh deferthedyp9» tbem^pall 
he proportional, y (miifkhe fimilar Right-Utfd Figures 
fimilar ly dejeribpd upon the I^nes^ be proportional^ 
then the Right Lints pall alfi be proportional. 

T ET four Right Lines AB, C D, EF, G H, be 
•^-^ proportional : ^d as AB, is to CD, fo let EF 
betoGH. 
Now let the fimilar Figures KAB, LCD, lie fi- 
. milarly defcribed * uppn AB, CD; and thfs fimilar ^tZeftha: 
Figures M F, NH, %ilarly defcribed upon the Right 

Lines 
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Lines E F, G H. I fay, as the Right-linM Figure 
KABis to the Right-lm'dFigufe LCD, fo is the 
Right-linM Figure M F to the Right-linM Figure N R 

• ii 9ftlus. i'or take * A a third Pfopomohal to AB, CD, 

and O a third Proportional to EF, GH. 

Thenbecaufe AB is to CD, asEF is to GH; and 
t *»• r- as CO i^ to X, fo is G H to O ; it Ihall be j- by Equa- 
lity of ftoponion, as A B is to X, fo is E F ro O. 
But A B is to X, as the RigKt4inM Figure K A B is 
^: Ccr. iQ. + to the IJ.ight-linM Figure XCD;, and as EF is to 
iftlw. O, ib is X tne Right-liifd Figttre Mf*, to the Right- 
• lin'd FigureN H. Therefore as the Rlght^in'd Fi- 
gure K AB'?s to the Right-linM Figure LCD, fo is 

♦ 1 1, 8L * the Rjgh]t-}inM Figure M F to the Right-lin'd Vi- 

gureNH.' ^ 

> "* • And if the Right4in'd Figure 'K A B be to the 
... Ri^t-linM Figure LCD, as the Right-lin'd Figure 
MT is to the Rjght-linM Figure NH; I fay, as A,B 
istoCD, foisEFtoGH. ^ . ' 

f I % of this. For make f E F to P R, as A B is to C D^ and de- 
fcribe upon PR a Right-lin'd Figure S R fimilar, and 
alike fituatc, to either of the Figures MF and NH. 
Then bccaufc AB is to C5!, as E F is to P R,'and 
there are defcribed upon A B,' C D, fimilar and ^like 
fituate Right-lin'd Figures K AB, LCD, and upon 
E F, P R', Similar and alike fltuajte Figures M F, S R, ; 
it ihall be (by what has beeh already proved) as the 
Right-lin'd Figure K AB is to the Right-lin'd Figure 
LCD, lb is the Right-lin'd Figute M F to the. Right- 
lin'd Figure RS: But (bythe/A/.j as the Right-lin'd 
Figure KAB is to the Right^iffd Figure LCD, fo 
is the Rkht-lin'd Figure M F to the Right.lin'd Fj- 




Figure M F to the Right-linM Figure 

the Right-lin'd Figure M F has the fame Proportion 

toNH, as it hath to SR, theRight-lin'd Figure NH 

4:.9.f. Ihall be:J:,eq¥ial to the Kightrlin'd Figure SR; it is 
alfo fimilar to it, a^id ^like defcribed ; therefore G H 
is equal to P R. And becaufe A B is to C D, as E F 
is tp P R ; and P R is equal to G H,. it flialj be as AB is 
to C D, fo is E F to G H. Therefore^ if four Ri^ht 

, *" - '•' Liftes he froportionaL the Rt^bt-rl'tn' d rigures^ Jtrntl^r 
andjimilarly defcribed ufQtt tbcm^ Jball be proportional'^ 

afi4 



and^.the fimilat RtghHin'd figures fimiiarh Jkfcrihfd 
upon the Lines, be fropartienaly then {he Right Lines 
paUalfo beproprthnaiy which was to be demonftra- 

;• ■ L E M M A. ^ - 

\^y three Right IJnes A, ]^ and G,'^<*- 
-in^ given J the Ratio of the frft A to 
the third C, is equal to the Ratio com^ 
founded of the Ratio of the fir ft A to 
the fecond B, and of the Ratio of the 
(hcond B tot^e third C. 

FOR Example, let the Number % be the Exponent, 
orDenomsnatoroftheRatioofAtoB; that is, let 
A be three times B, and let the Number 4 be the Expo- 
nent of the Ratio ofB toC; then the Number 12 pro- 
duced by the Multiplication 0/4 and 3, is- the compound-^ 
ed Exponent of the' Ratio qfktoC: For fince A con^ 
tains B thrice, and B contains C four times, Aw/7/ 
contain C thrice four times', that is, 12 times. This 
is alfo true of other Multiples, or Submultiples ; h^ 
this Theorem may be univerfally demonftrated thus : The 
Quantity of the Ratio of h to B, is the Number | viz. 

which multiplying tbeGonfequent, pro^ces theAnte-^ 
cedent. So likewife the Quantity of the Rat%o ofB to C, 
is S.. Andthefe twoQuantities multiplied by each other^ 

produce the Number g-*|J, which is the Quantity of the 
Ratio that the ReSangle comprehended under the Right 
Lines A andB, has to the ReSangle comprehended unr 
der the Right Lines B and C; and fo the fatd Ratto of 
the Reaangle under A and B. to the ReBamle under 
BandC, is that which in the Senfe of Dcf.f of phts 
Book, is compounded of the Ratio's of A to B, and B to 
C ; but (by I. 6.) the ReSan^le contained under A and 
B ' is to tie Reaangle contained under Band(^ as A. 
n to C; therefore the Ratio of A to C, is equal to the 
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Rath cif^ji^mi cf the Rita's SfA tv B^ atfd i?/B n 
'if a^ jfbk^ Right Unh Af B, G, uml D, ie f^m- 

fid^ the Ratio of the firji A to the fourth D // edmt 
to the Ratio compounded of the Ratio of the firft A to 
the fecond B, and of tbi JUafio nf the fecond n to the 
third C, and of the itdiio of the thWd Qto the fourth 

tot ik ihrie Right Lrnef A, Q akd D, the R^h &f 
il^to B,' U^ia^al to the Rd^fs tAf^ofonkd of the Ra- 
tions 0/ A ^ C, ■ dndyf ^to J) ; and'ti has, itek already 
demonjiratedy that the Kati^ ofX./o(Z is equal io tie 
Ratio ctinipbuhdid d/ the Rdtitfs bf ^ti^'Sy oitdB to 
C. Ther^fS^ iheAAtidiffA O^ Tf is f^mtt to ftflr Ra- 
tio compounded of fhjt Rafi^sofKto^'By 9fBio O^ and 
ofC to D. ylfter the fame Manner we asmohjiratt^^ in 

IanyNffmber ofRi^tLines^ tb^t, the Ratio ofth$mito 
the lajl is equal t9 the RaiHo.ci^j[oMdei 6f fhi KaMs 
A B C D ofthefirfi to thefecond^ ofthejeco^ tb thh tHifd, tf 
the third to the fourth ^ and fo ontiffbi la^. 

This is true of any other Qudi^iiieS bejidis Right 

LineSy which will A? ifiiaf^fiy if the favhe Mtifi^er if 

Riffht Lines A, B^ C^ &e. as ihere d^e JMtugHitwiiS be 

aUumtedin the fa^e Ratio^ viZ. foihatthi Ri^htLlftb 

A is to the Right Line B, ^j thefiffi MdgnHuie is th 

the fecond^ and the Ri^ht luine B io. the Kight Line C 

as the fecond Magnitude is to ihe^ fhifi^ aiidfo on. D 

i is fnMnsfefl (^ I2. f.) hy E^udlity (^ Ph^k^^ fhdt 

the firft Right Lkie h is to\the^^ h^ Rig^ Jjine^ as the 

: firft Mdjgrmtde is td the iaft-, hu^ the Ratip (ftheRjght 

Lkfe h tp the iafi Right Line^ is e(mal ,to, the Ratio 

compounded of the Rations of A toiy B /» C, d^djh oik 

^ to the kft RiihtLiue : But f^y ihe Hyp.) the Ra^io <4 

j any one of the Right Lines to that nearejl to //, is th^ 

I \ I fat9U as the^ Aatio of a Magnitude of the tafne Order to 

\ ! * that ueateft it. Apd therepre the Ratio ^f the fiirfi Mag- 

'' nkude to the lafl^ is ^qi^d to the Ratio compounded of 

the Raticfs of the firjt Magnitude io the fecond^ of tbi 

fecond to the thitrd^ and fo on to thfUf{\ "V^hich was t6 

""be demonllrated. 
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PROPOSITION xxm. 

. . THEOREM. ' ' 

r 

Equiangular Patdllejograms have the Proportion to 
§ne another that is comfounded of their Sides, 

LE T\ AC, C F-, be €fl(u1atigtxl^ Paranek)granis, 
having the Angle BCD eqtal to the Angle E C G . 
I fay, the Parallelogram AC, to the Parallelogram 
CF, is hi the Propottioh o^mpound^ of" their ^es^ 
iiit. coCTilpounded of tfte Pi oportioti <rf B G to C G, 
iffidofDCtoGE. 

For let B G te placed ih ttte fame Rigtit Line with 
CG. 

Th^A D C (bail be * to a ftrait Lme with CE, * 14. i. 
alhd complfea* flie Parallelogram D G; and then 1 1 ^^(ffhif. 
^ BG is to CG, fd is finhe Right Line K to L ; and 
as DC fs to GE, fo let L-be to M. 

Ttfeii the Pirop^olrdons of K to L, and of L to M, 
«•& the fame as th^ Prq>ortr©!»s of the Sidei, w;. 6f 
BIG to CG, aiid DCtd^GE; but the Proportion of 
K to M is :t: compounded of the Proportion Of K + Cmt. 
W) Ly attd of t;Jhe Pro^ortfefl of L to M. Whtrefote f^oceed. 
ilfo R to M hath a Proportion c6fnpoundted of the 
Sid^. Then becaafe BG is to CG as tHe^ftrillel- 
Hbg^anrJ AG is * to the Patallelogram G H : And fince ♦ i eftUs 
B C is to CG as K Ts to L, it fliall be f is li is to L, f 1 1 . y. 
ib is^ the Pjfrallelojgranfl' A G, to the Farallcloffram 
<DH. Again, becatife DC is to CE as the Parafielo* 
irini G H is to the Paraftelogram G F ; and iince as 
6G i^ to C B, fo is L to M. Therefb^e asf D is to 
-M, fo ihall t the Parallelogram C H be to the Paral- 
Ifelbgram CF; and cdnfeifuently fince it has been pro- 
red thit K is to L, as the Parallelogram AG is to the 
Pirailelogram GH, and as L is to M, fo is the Pair 
tallelograih GH to the ParaHelogram CF; if (hall 
be % by Equality of Proponion, as K is to M, fo is 4: »o« f • 
the PJitallelogram AG to the ParalleloCTam CF ; but 
K to M hath a Proportion compounded of the Sides : 
Therefore alfo the Patalklograih AC, to theParal- 
lograai C F, hadi aPr'oportion compounded of thfc 
Sides. Wherefore equiangular Paralklcgrams havt 

the 
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tifc Proportion to one another that is compounded of 
their Sid^s ; which was to be demonftratea* 

P R O P O S I T I O N XXIV- 
THEOREM. 

tn eiiery Parallelogram^ the Parallelograms that ar6 
about the Ditimettr^ ar^Jimilait to tht whole^'^ntd al^ 
td^, ofie another^ ♦ 

LET A BCD be a Parallelogram, whofe Diame-^ 
ter is AC; and EG, H K^ be Parallelograms 
about the Diameter AC- I fay the Parallelograms 
EG, H K, are fimilar to the Whole A B C D, and 
. alfo to each other^ 

For becaufe E F is drawn p^mHel to B C, the Side 

• tuftfusL of the Triangle ABC, it fli^l be * as BE to E A^ 

fo is CF to F A^ Again^ becaufe FG is dratvn pa- 
rallel to CD, the Side of the Triangle AGD^it ftall 
be as CF to FA, fo is * DG to G A, But CF is 
to FA, (as has been prov-d) as BE is to E A. There^ 
f fi.f. fore, as BE is to EA, fois fDG to GA> andby 
^ i8. fw compounding, as BA is to AE, fo is :|: DA to AG.; 
and by Alternation^ as B A is to A IX lb. is rE A to 
AG,. Therefore the Sides of the Parallelograms 
ABCD^ EG, which are about the common Angle 
B A D, are proportional • And becaufe G P is paral^ 

* 29* ^* lei to D C, the Angle A G F is ♦ equal to the Angle 

ADC, and the Angle G F A equal to the Angle DC A ; 
and the Angle D A C is common to the two TrtaD* 
gles A D C, A G F. Wherefore; the Triangle ADC 
will be equiangular to the Triangle A G F. For the 
ftnie Reafon, the Triangle A CB is equiangular to the 
Triangle A F E, Therefore the whole Parallelogram 
ABCD is equiangular to the Parallelogram EG; 
Uifthis. and fo AD is to DC as AG is f to GF. But DC 
IS to C A as G F is to FA; and AC is toCB, as AF 
is to FE; and mpieoyer, CB is to BA as FE is to 
EA. Wherefore, fince it has been provM, that DC 
is to CJL as GF is to FA. and AC is to CB^ as AF 
is to FE; it fhall be, by Equality of Proporuon, as 
' DC is to CB, fo is GF to FE. Thereforethe Sides 
that are about the equal Angles of the Parallelograms 

ABf 
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A B C D, E G, are proportional ; and accordingly the 
Parallelogram ABCD is fimilar to the Parallelogram 
E G. For the fame Reafon the Parallelogram ABCD 
is fimilar to the Parallelogram K H. Therefore both 
the Parallelograms EG, HK, are fimilar to the Pa- 
rallelogram ABCD. But Right-lin'd Figures that 
are fimilar to the fame Right-lin'd Figure, are * fimi- ^ 11 tf this. • 
lar to one another; Therefore the Parallelogram E G 
is fimilar to the Parallelogram HK. And fo in every 
Parallelogram^ the Parallelograms that are about the 
the Diameter are fimilar to the IVhole^ and alfo to one 
another ; Which was to be demonfl:rated. 

PROPOSITION XXV. 
PROBLEM. 

51? defcribe a Right-lin'd Figure fimilar to a Right-lin^d ^ 
figure which Jhall be given^ and equal to another 
Right-lin'd Figure given. 

T ETABCbea given Right-linM Figure, to which 
•*-* it is requir'd to defcribe another fimilar and equal 
toD. 

On the Side BG of the given Figure ABG.^make* #44. i: 
the Parallelogram BE equal to the Right-lin'd Figure 
ABC; and on the Side CE make * the Parallelo- 
gram C M equal to the Right-lin'd Figure D, in the 



Angle FCE, equal to the Angle CB£. Then BC, 

LE, E M, Will be f in two ftrait Lines. + , . . ^ 



CF, as alfo 



Find :|: GH a Mean proportional between BC, CF, )ri'iofthis, 
and on GH let there be defcrib'd * the Right-lin'd -ki^ofthis^ 
Figure KGH fimilar and alike fituate to the Right- 
linM Figure ABC. 

And then becaufe BC is to GH, as GH is to CF, 
and fince when three Right Lines are proportional, the 
lirft is to the third as the Figure defcrib'd on the firft 
is f to a fimilar and alike fituate Figure defcrib'd on j. q^^^ ^q 
the fecond, it fliall be as BC is to GF,fo is the Right- of this. 
lin'd Figure ABC to the Right-lin'd Figure KGH. 
But as BC is to C F, fo is :j: the Parallelogram B E to j^^ of this. 
the Parallelogram E F. Therefore, as the Right-lin'd> 
Figure A B C is to the R'ght-Hrfd Figure KGH. fo - ;, ^' _ 
is the Parallelogram B E to the Parallelogram E F.> 

N . Where- ^ 
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Wherefore, (by Alternation) as the Right-Un*d Fi- 
gure A B C is to the Parallelogram B E, fo is the Right- 
lin'd Figure KGH to the Parallelogram EF. mt 
the Right-lin*d Figure ABC is equal to the Parallelo- 
gram B E. Therefore the Right-lin'd Figure KGH 
is alio equal to the Parallelogram E F. But the Pa- 
rallelogram EF is equal to the Right-lin'd Figure t>* 
Therefore the Right-lin'd Figure K G H is equal to D- 
But K G H is fimilar to AB C. Confequently there is 
defcrib'd the Right-lin'd Figure KGH fimilar to the 
given Figure Afi C, and equal to the given Figure D; 
which was to be done* 

PROPOSITION XXVL 
THEOREM. 

If from a 'Parallelogram be taken aujay another fimilar 
to the JVhole^ and in like manner fituatd^ having alfi 
an Angle common 'with it^ then is that Parallelogram 
about the fame Diameter with the Whole. 

LE T the Parallelogram A F be taken ^Viray ftoni 
the Parallelogram ABCD fimilar to A BCD, 
and in like manner fituate, having the Angle DAB 
common. I fay the Parallelogram ABClJ is about 
the fame Diameter vvith the Parallelogram AF. 

For if it be not, let AHG be the Diameter of the 
Parallelogram BD, and let GF be produc'd to H; 
alfo let HK be drawn parallel to AD, or BC. 

Then becaufe the Parallelogram AjBCD is about 
the lame Diameter as the Parallelogram K G, the Pa- 
^t^^thts. rallelogram ABCD fliall be * fimilar to the Paralle- 
i-iDrf.of logram KG; and fo as DA is to AB, fo is f G A to 
this, A K. But becaufe of the Similarity of the Parallelo- 

grams ABCD, EG, asDAisto AB, foisGAto 
t II. f. AE. And therefore as GA is :}: to AE, fo-is GA 
to AK. Andfince G A has the fame Proportion to 

greater, which is abfurd. Therefore the Parallelo- 

fram ABCD is not about the fame Diameter as the 
arallelogram AH. And therefore it will be about the 
fame Diameter with the Parallelogram A P- Therefore, 
if from a Paralklogram be, taken av/ay another fimilar 

to 
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to the Whole ^ and in like manner fituate^ having alfo an 
Angle common with it^ then is thatParallelogfayHabo ■ 
the fame Diameter with the Whole \ which was to 
demonftiated; 

PROPOSITION XXVIL 
T h£ or E M. 

Of all Parallelograms apply* d to the fame Right Line^ 
and wanting in Figure by Parallelograms Jimilar and 
alike fituate^ defcrib'^d on the half Line^ the great efi 
is that 'ojhich is apply'* d to the halfLine^ being Jimi- 
lar to the Defe£t, 

T E T A B be a Right Line, bife^Sed in the Point C, 
■■-' and let the Parallelogram A D be apply'd to' the 
Right Lille AB, wanting in Figure the Farallelo- 
gram CE, fiinilar and alike fituate to that defcrib'd 
on half of the Right Line AB. I (ay, AD \s the 
greaterft of all Parallelograms apply'd to the Right 
Line AB^ Wanting in Figure by Parallelograms fimi- 
, lar and alike fituate to CE. For let the Parallelogram 
A t^ be apply*d to the Right Line A B, wanting ifi 
Figure the Parallelogram HK, fimilar and alike fitu- 
ate to the Parallelogram CE. I fay the Parallelo- 
gram A D is greater than the Parallelogram A F. 

For becaufe the Parallelogram CE is fimilar to the 
Parallelogram HK, they ftand * about the fame Dia- *i6<fthis,, 
meter, let DB their Diameter be drawn, and the Fi- 
gure defcrib'd. Then fincethe Parallelogram CF is f 1 43« ^« 
equal to FE, let HK, which is comnrion, be added; 
^nd the Whole C H is equal to the Whole K E. But 
CH is:}: equal to CG, becaufe the Right Line AC is 4: jtf. i. 
equal to CB. Therefore the whole AF is equal to 
the Gnomon LNM; and fo CE, that is, the Paral- 
lelogram AD is greater than the Parallelogram AF. 
Therefore, of all parallelograms apply^d to the fame 
Right Line ^ and wanting in Ftgure by Parallelograms 
fimilar nnd alike fituate^ defcrib^d on the half Line^ the 
great eft is that which is apply* d to the half Line^ being 
J^milar t0 th^ DefeS; which was to be demonftrated. 
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PROPOSITION XXVIIL 
P R O B L E M. 

To a Right Line given to apply a Parallelogram equal 
to a Kight Line Figure given^ deficient by a Paral^ 
lelogram^ which is Jimilar to another given Paralle-' 
logram ; but it is necejjary thai the Right'lin*d Fi- 
gure given ^ to which the Parallelogram to be apply* d 
muft be equaL be not greater than the Parallelogram 
which is apply'*d to the half Line^ fince the DefeSs 
mufi be fimtlar^ viz. the DeJeSi of the Parallelogram 
applfd to the half Line^ and the DefeSl of the Pa- 
rallelogram to be apfly^d. 

LET AB be a eiven Right Line, arid let the given 
Right-Hn'd Figure, to vsrhich the Parallelogram 
to be applyM to the Right Line AB muft be equal, 
be C, which muft not be greater than the Parallelo- 
gram apply'd to the half Line, the Defers being fimi- 
lar; and let D be the Parallelogram, to which the 
Defeft of the Parallelogram to be apply'd js jSmilar* 
Now it is required to apply a Parallelogram equal to 
the given Right-lin'd Figure C to the given Right 
Line A B, deficient by a Parallelogram fimilar to D. 

* liofthir. Let A 6 be bifeded in E, and on E B defer ibe * the 
Parallelogram E B F G, fimilar and alike fituate to D, 
and compleat the Parallelogram AG* 

Now AG is either equal to C, or greater than it, 
becaufe of the Determination* If AG be equal to 
C, what waspropos'd will be done; for the Parallelo- 
gram AG is apply'd to the Right Line AB, equal to 
the givien Right-lin'd Figure C, deficient by the Pa- 
rallelogram EF, fimilar to the FarallelogramD. But 
if it be not equal, then H E is greater than C ; but 
EFis equal to HE. Therefore EF Ihallalfo be 

fifrfihis. greater than C» Now make f the Parallelogram 
K L M N fimilar and alike fituate to D, and equal to 
the Excefs, by which EF exceeds C. But D is fimilir 
' to E F. Wherefpre K M ftiall alfo be.fimilar to E F. 
Therefore let the Right Line K L be homologous to 
GE, andLMtoGF* Then becaufe E F is equal to 

C and KM together, EF will be greater than KM; 

and 
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and fo the Right Line G E is greater than K L, and ' 

G F than L M . Make G X equal to K L, and G O 

equal to L M, and compleat the Parallelogram 

X G O P. Therefore X O is equal and fimilar to 

KM, but KM is fimilar to EF; therefore XO is * "^ntfthis. 

fimilar to E F, and fo X O is f about the fame Dia- t *^ rfthis^ 

meter with F E : Let G P B be their Diameter, and 

the Figure be defcribed. 

Then fince E F is equal to C and K M together, 
aiid'X O is equal to K M, the Gnomen T «» -^ remain- 
ing, is equal to the remaining Figure C; and becaufe 
Ok is equal to XS, let SR, which is common, be 
added; then the Whole OB is equal to the Whole 
XB; but XB is equal to TE, fince the Side AE is 
equal to the Side E B. Wherefore T E is equal to 
O B. Add X S, which is common, and then the whole 
TS^is equal to the whole Gnomen r^*^; but the 
Gnomen ro'*' has been proved equal to C; and fo 
T S fliall be equal to C ; and fo the Parallelogram T S 
is applyM to the Right Line A B, equal to the given 
Right-lin'd Figure C and deficient by a Parallelogram 
S R, fimilar to the Parallelogram D, becaufe S R is 
fimilar to F E ; which was to be done* 

PROPOSITION XXIX. 
THEOREM. 

To aRkht Linegiven^ to apply a Parallelogram equal 
to a Kight-lin^ d Figure given^ exceeding by a ParaU ^ 
lekzram^ which Jh all be fimilar to another given Pa* 
' raUelogram. 

T ET AB be a given Right Line, and let C be the 
"*-' given Right-lin'd Figure to which that to be ap- 
ply'd to AB inuft be equal. Like wife let D be the 
Parallelogram to which the exceeding Parallelogram 
is to be fimilar; it is required to apply a Parallelo- 
gram to theRight Line AB, equal to the given Right- 
lined Figure C, exceeding by a Parallelogram fimilar 
toD. 

BifeS AB m E, and let the Parallelogram E L be 
defcribed * upon the Right Line EB,fimuar and alike * 18. i. . 
fituate to D i and that f the Parallelogram G H equal \%sofths* 

N 3 to 
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to E L and C together, but fimilar to D, and alike 
fituate. Therefore G H is fimilar ro E L ; let K H be a 
Side homologous to F L, and KG to F E. Then 
becaufe the Parallelogram G H is greater than the Pa- 
rallelogram E L, the Right JLine K H will be greater 
than F L, and K G greater than F E. Let F L, F E 
be produced, and let F L M be equal to K H, FEN 
equal to KG, and compleat the Parallelogram MN. 
Therefore M N is equal and fimilar to G H ; but G H 
tii of this, i$ fimilar to EL, and fo MN Ihall be \ fimilar to 
fi6ojthh. EL; and accordingly EL is * about the fame Dia- 
meter with M N. Let F X be their Diameter, and 
-fdcfcribe the Figure. 

Then fince G H is equal to E L and C together, as 
likewifeto MN; therefore MN Ihall be equal to EL 
and C. Let E L, which is common, be taken away, 
then the Gnomon T^"^ remaining, is equal to C ; and 
fince AE is equal toEB, the Parallelogram AN will 
bealfoequal to theParallelogram EP, thatis, to LO; 
and if E X, which is common, be added, then the 
whole Parallelogram AX is equal to the Gnomon 
T ^ '^F but the Gnomon T * "^ is equal to C. There- 
fore AX fhall be alfo equal to C. Wherefore the Pa- 
rallelogram AX is apply'd to the giv^n Right Line 
AB, equal to the given Right-linM Figure C, and 
exceeding by the Parallelogram P O, ninilar to the 
l^atMdogramD; wbichijas to be doKc' 

PROPOSITION. XXX, 
PROBLEM. 

To cut a given terminate Right Lwe accor^ng ta 

extreme and mean Ratio, 

• • • * 

T ET AB a g;iven terminate Line ; it is required to 

■*--' cut the fame according to extreme and mean 

Ratio. 
»4<5, I. Defcribe * B C the Square of AB, and apply the 

Parallelogram CD to AC,' equal to the Square BC, 
t i9ofihff. exceeding f by the Eigu|:e A D fimilar to BC; but 

B C is a Square, therefore AD (hall alfo be a Square. 
Now becaufe BC is equal to CD, take away CE, 

which is common; then BF remaining fliall be equal 

to 
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to AD remaining; but BF is equiangular' to AD; 
therefore the Sides that are about the equal Angles, 
are j: reciprocally proportional; andfoasFEfis to ED, +14^//^/^. 
fo is AE to ER but FE is * equal to AC, that is, * 34.. 1. 
to AB, and ED to AE. Wherefore as BA is to 
A E, fo is AE to EB, but A B is greater than AE; 
therefore A£ is f greater than EB; and fo the Right t H- f • 
Line AB is cut according to extreme and mean Ratio 
in the Point E ; and A E is the greater Segment there- 
of; vjhich was to be done. 

Otherwife thus : Let AB be the Right Line given ; 
It IS required to cut the fame into extreme and mean 
Ratio. 

Divide ^i AB fo in C, that the Reftangle contained t ii» 2, 
under AB, BC, be equal to the Square of AG. 

Then beeaufe the Redangle under AB, B C, is 
equal to the Square of AC, it (hall be.* as B A is to * 17 ofthis'^ 
AC, fo is AC to CB; and fo the Right Line AB is 
cut into mean an4 extreme Ratio ; which was to he, 

PROPOSITION. XXXI, 
THEOREM. 

Any Figure described upon the Side of a Right-angled 
Triangle fubtendkng the Right Angle ^ is equal to the 
Figures described upon the Sides containing the Right 
Angle^ being Jimilar and (ilike fituate tQ the former 
Figure f 

LET ABC be a reftangular Triangle, having the 
Right Angle BAG. I fay the Figure defcribed 
on B C, is equal to the two Figures together defcri- 
bed on B A, AC, which are fimilar and alike fituate 
to the Figure defcribed on BC. 
For draw the Perpendicular A D. 
Then becaufe theRightLine AD is drawn in thcRight- 
angled Triangle A C B, from the Right Angle A, per- 
pendicular to the Bafe B C ; the Triangles AbD, ADC, 
which are about the Perpendicular AD, will be * "^ZtftW. 
fimilar to the whole Triangle ABC, and alfo to each 
other. Then becaufe the Triangle ABC is fimilar to 
the Triangle ABD, it fliall be ''^ as CB is to B A, fo 

N 4 ' is 
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is B A to B D ; and fince when three Right ynes are 
t Cor, zo tproportional, the firft fliall be f to the third, as a Fi- 
tftks. 'gure defcribed on the firft, to a fimilar and alike fitu- 
ate Figure defcribed on the fecondi Wherefore as 
CB is to BD, fo is a Figure defcribed on CB to ^ 
fimilar and alike fituate Figure defcribed on B A. For 
the fame Reafon Jis BC is to CD, fo is a Figure de- 
fcribed on B G to one defcribed on C A. Wherefore 
^ 14, j', alfo, as BC is to BD and DC together, fo is :|: the 
Figure defcribed on BC, to thofe two together that 
are defcribed fimilar and alike fituate on B A, AC; 
X but BC is equal toBDand DC together: There-r 

fore the Figure defcribed on BC is equal tp thofe to? 
gether defcribed on B A, AC, fimiJar and alike fitu- 
ate to that on B C. Wherefore, any Figure defcribed 
fifon the Side of a Right-angled Triangle fuht ending the 
Jfught Angle^ is equal to the Figures defcrtbed upon the 
Siaes containing the Right Angle ^ beingjimilar and alike 
' Jituate to the former Figure ; which was to be demon-; 
ilrated, 

PROPOSITION XXXII. 
THEOREM. 

If two 'Triangles having two Sides proportional foiVMt 
Sides ^ be fo compounded^ otfet together at one Angle^ 
tha^ their homologous Sides be parallel^ then the 0- 
ther Sides ofthefe Triangles will be in one fir ait Line, 

JET there be two Triangles A B C, D C E, having 
■*-' two Sides B A, AC, of the one, proportional to 
to two Sides CD, DE, of the other, 2;/^. LetBA 
be to AC, as CD is to D E ; alfo let A B be parallel 
to D C, and AC to DE. I fay BC, CE, are both 
in one ftrait Line. 

For becaufe AB is parallel to pC, and the Right 
Line AC falls on them, the alternate Angles BAG, 
♦ 29. !• A CD, will be * equal to each other; And by the 
fame Reafon, the Angle CDE is equal to the Angle 
'- ACD;. wherefore the Angle BAG is equal to the 
' Angle CDE. Then becaufe ABC, DCE, are two 
Triangles, having, one Angle A equal to one Angle 
D, and the Sides abojat the equal Angles proportio- 
nal, 
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pal. viz. BA to AC, as C D to D E, the Triangle 
^BCwill be * equiangular to the Triangle DCE;*^^^^!^; 
wherefore the Angle A B C is . equal to the Angle 
DCE; but the Angle ACD has been proved to be 
equal to the Angle bAC; therefore the whole An- 
gle ACE is equal to the two Angles ABC, BAC; 
and if AC B, which is common, be added, then the 
Angles ACE, AC B, are equal to the Angles BAC, 
ACB, CBA; but the Angles BAC, ACB, CBA, 
are equal to two Right Angles. Therefore the 
Angles A OR ACB, will alfo be equal to two Right 
^ Angles, and £o at the Point C in the Right Line AC, 
two Right Lines BC, CE, tending contrary Ways, 
makes the adjaceqt Angles ACE, ACB, equal to 
two Right Angles; therefor^ BC (hall be f in the . ,^ ,; 
fame Right Line with CE. Wherefore, /f /wo 7r/- * *' 
angles having two Sides proportional to two Sides ^ befi 
compounded^ or fet together at one Angle ^ that their bo-- 
mologoHs Sides he parallely then the other Sides of thefe 
Triangles will be in onejtrait Line; which was to be 
ficmonftr^ted, 

PROPOSITION xxxm. 

THEOREM. 

In ejual Circles the Angles have the fame Proportion 
wtth their Circumferences on which tbeyjiand^ whe^ 
ther the Angles be at the Centers^ or at the Circum^ 
ferences ; and fo likewife are the Sectors ^ as being at 
the Centers. 

LET ABC, DEF, be equal Circles, and let the 
Angles B G C, E H F be at their Centers G, H, 
and the Angles BAC, EdF, at their Circumferen-* 
ces. I fay, as the Circumference BC is to the Cir-r 
cumference E F, fo is the Angle B G C to the Angle 
E H F ; and fo is the AngleB A C to the Angle E D F ; 
and fo is the Sedor B G C to the Seftor E H F. 

For afTume any Number of continuous Circumfe-* 
rences* C K, K L, each equal to B C ; and allb any 
Number F M, MN, each equal to EF, aijd join 
GK, GL, HM,HN; 

Thea 
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Then becaufe the Circumferences BC, C K, K I4, 
are equal to each other, the Angles BGfC, CGK, 

* xj. 3, KGL, will be * alfo equal to one another; and fa 

the Circumference BL is the fame Multiple of the 
Circumference B C, as the Angle B G L is of the An- 
gle B G C. For the fame Reaibn, the Circumference 
jN E is the fame Multiple of the Circumference E F. 
as the Angle E H N is of the Angle E H F ; but if the 
Circumference B L be equal. to the Circumference 
EN, then tjie An^le BGL (hall be equal to the An- 
gle EHN; and it the Circumference BL be greater 
than the Circumference EN, the Angle BGXi will 
be greater than the Angle EHN, and if lefs, lefs. 
Therefore here are four Magnitudes, viz. the two 
Circumferences BC, E F, and the two Angles B G C, 
EHF; and fince there are taken Equimultiples of the 
Circumference BC. and the Angle BGC; to wit, 
the Circumference bL, and the Angle BGL; as al- 
io Equimultiples of the Circumference EF, and the 
Angle EHF viz. the Circumference E N, and the 
Angle EHN. And becaaft it is proved if the Cir- 
cumference BL exceeds th^ Circumference EN, the 
Ande BG ly will likewife tx^eed the Angle EHN ; 
ana if equal, equal; if lefs, left. It (hall be as theCir- 

*fDef.f.f. cumference BC is to the Circumference EF; fo is f 
the Angle B G C to the Angle EHF; but ^s the Anr 

i 15-. ^ gle BGC ^is to the Angle EHF, fo is i: the Angle 

* 2#. 3.' Sac to the Angle E D F ; for the former are ♦ dou- 

ble to the latter. Therefore as the Circumference B G 
is to the Circumference p F, fb is the Angle B G C to 
the Angle EHF; and fo the Angle B A C to the An^ 
gle ED F. 

Wherefore in equal Circles, Angles have the fame 
Proportion as the Circumferenc$;s they ftand on, whe- 
ther they be at the Centers, or at the Circumferences. 

I fay, moreover, that as the Circumference BC is 
to the Circumference E F, fo is the Seflor GBC to 
theSeaorHFE. 

* For join BC, CK, and afTume the Points X, O, 
in the Circumferences BC, CK, and join BX, XC, 
CO, OK. 

Then becaufe the two Sides BG, GC, are equal 

to the two Sides C G, G K, and they contain equal 

f 4. 1. Angles, the Bafe B G fli^U be f equal to the Bafe 

CKj 
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CK ; as likewife the Triangle GBC to the Triangle 
G C K. And becaufe the Circumference BC is equal 
to ahe Circumference CK, and the Circumference re- 
maining which makes up the whole Circle ABC. is 
equal to the remaining Circumference which makes 
up the lame Circle, the Angle BXC is equal to the 
Angle COX; and fo the Segment BXC is limilar 
to the Seement CO K ; and they are upon equal Right 
Lines BC, CK; but fimilar Segments of Circles that 
ftand upon equal Right Lines, are * equal to each * *+• 3» 
other: Therefore the Segment BXC is equal to the 
Segment C O K. But the Triangle B G C is alfo 
equal to the TriangleCGK ; and fo the whole Scftor 
B G C will be equal to the whole Sedor C G K. By 
the fame Reafon, the Seftor G K L will be equal to 
the Seftor G B Cf, or G C K ; therefore the three Sec-p 
tors BGC, CGK, KGL, are equal to one anpther^ 
fo likewife are the Seftors HEF. HFM, HMN, 
Wherefore the Circumference Ll3 is the fame Mul- 
tiple of the Circumference BC, as the Sector GBL 
is of the Sedor GBC. For the f^me Reafon, the 
Circumference NE is the fame Multiple of the Cir- 
cumference EF, as the SeQor HEN is of theSeftor 
HEF; but if the Circumference BL be equal to the 
Circumference E N, then the SeSor BGL will be 
equal to the SeSor E HN ; and if the Circumference 
BL exceeds the Circumference EN, then the SeSor 
BGL will alfo exceed the Seftor EHN, and if lefs, 
lefs. Therefore fince there are four Magnitudes, to 
wit, the two Circumferences BC, EF, and the two , 
Sedors GBC, EHF; and there are taken of the Cir- 
cumference BL, and the SedorGBL, Equimultiples 
of the Cijrcumfdrence B L, and the Sector G B L ; as 
alfo of the Circumference E N, and the SeQor HEN, 
Equimultiples of the Circumference EF, and the Sec- 
tor HEF. And becaufe it is proved, that if the Cir- 
cumference BL exceeds the Circumference EN, the 
Scftor BGL will alfo exceed the Sedor EHN; and 
if equal, equal, if lefs, lefs. Therefore as the Cir- 
cumference B C is to the Circumference EF, fo is 
the Seilor GBC to the Se£lbr HEF; which was to 
h^ demonftrateJ, 

Corolla I. 
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Corell. I. AnAngleattheCenterofa Circle is to four 
Right Angles, as an Arc on which it fiands is to 
the whole Circumference; for as the Angle BAG 
is to a Right Angle, fo is the Arc BC to a Qua- 
drant of the Circle: Wherefore if the Confequents 
be quadrupled, the Angle BAC (hall be to four 
Right Angles, as the Arc BC is to the whole Cir- 
cumference. 

2. TheArc's IL,BC, of unequal Circles, which futn 
tend equal Angles, whether at theif Centers, or Cir- 
cumferences, arefimilar; for IL is to the whole 

^ Circumference I LE, as the Angle I A L is to four 

Right Angles; but as 1 AL, or BAC, is to four 
Right Angles, fo is the Arc BC to the whole Cir- 
cumference BCF- Therefore as ILis to the whole 
Circumference ILE, lb is BC to the whole Cir- 
cumference BCF; aiid fo the Arc's. I L, BC, are 
fimilar. . 

3. Two Semi-diameters A B, A C, cut off fimilar 
Arc's I L, BC, from concentric Circumferences. 



T&g End of the Sixth Book, 
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EUC L ID'S 

ELEMENTS. 

B O O K XI. 

DEFINITIONS. 

1. H Solid is that vibich has Length^ Breadth. 

9 andThicknefi, 

all. The Term ^41 SoUd is a Superficies^ 

^ nil A Right Line is perpendicular t» a 

^ Plane, vjhe» it makes Right Angiti 

with all the Liaes thfU touch it, \a»d 

are drawn in the faid Plane. 

IV. A Plane is perpendicular to a Plane, tuben the 
" Right Lines in one Plane, drawn at' Right Angles to 

the common SeSion of the two Planes, are at Right 
Angles to the other Plane. 

V. The Inclination bf a Right Line to a Plane, is the 
acute Angle contained under that Line, and another 
Right one drawn in the Plane from that End of t^e 
inclining Line which is in the Plane, to the Point 
where a Right Line falls from the otoet End of the 
incliaii^ Line perpendiet(kr « the Plane. 

IV- Tbt 



VI. Ti&tf Inclination of a Plane to a Plane^ is the acute 
An^le contained under the Right Lines drawn in 
hottf the Planes to the fame Point of their common 
Interfedion^ and making Right Angles with if. 

VII. Planes are faidto he inclined Jmilarly^ when the 
faid Angles of Inclination are equal. 

VIII. Parallel Planes are fuch^ which being produced 
never meet. 

IX. Similar folid Figures are fucb that are contained 
under equal Numhers ofjimilar Planes. 

X. Equal and Jimilar folid Figures^ are thofe that are 
contained under equal Numbers ofjimilar and equal 
Planest 

XI. A folid Angle is the Inclination of more than two 
Right Lines that touch one another^ and are not in 
the fame Superficies): Or^ a folid Angle is that which 
is contained under more than two plane Angles which 
are not in the fame Superficies ^ but being all at one 
Point. 

XII. A Pyramid is a folid Figure comprehended under 
Svers Planes fet upon one rlane^ and put together 
at one Point. 

XIII. A Prifm is afolidFtgure contained under Planes^ 
whereof the two oppojite are equal^ Jimilar^ and pa- 
rallel^ and the others Parallelograms. 

XIV. A Sphere is a folid Figure^ made when the Dia- 
meter of a Semicircle^ remaining at rejl ; the Semi- 
circle is turned about till it returns to the fame Place 
from whence it began to move. 

XV* 7'he Axis of a Sphere is that fixed Line^ about 

which the Semicircle is turned. 
XVL The Center of a Sphere is the fame with that of 

the Semicircle* 

XVII. The Diameter of a Sphere^ is a Right Line 
dratvn thro* the Center^ and terminated on either 
Side by the Superficies of the Sphere. 

XVIII. A Cone is a Figure defcribed when one of the 
Sides of a Right-angle dTriangle^ containing the Right 
Angle, remaining fixedj the Triangle is turned about 
till it returns to the Place from whence it firjl began 
to move. And if the fixed Right Line be equal to 
the other that contains the Ri^ht Angle, then the Cone 
is a reSangular Cone ; but if it be lefs, it is an obtu- 
fed angled Cone \ if greater., an acute angled Cone. 

XIX. The 
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XIX. 7%e Jixh afa Cone is tha fixed Ktght Line ■ 
abottt which the Triartgle is moved. 

XX. The Baft of a Cone is the Circle defiribtd hy the 
Right Line mov'd about. 

XXI. A Cylinder is a Figure defcribed hy the Mttiom 
of a Righi-angted Parallelogram, one of the Sides 
€ontatmni the Right Angle, remaining fixtd, ■while - 
the Parallelogram is turned about to the fame PUct 'jf 
from ivhenee it begun to be moved. 

XXII. The Axis of a Cylinder is that fixed Right Line ■. 
about which the Parallelogram is turned. 

XXIII. And the Bafes of a Cylinder are the Cirelet 
that be defcribed by the Motion of the two oppofite 
Sides of the Parallelogram. 

XXIV. Similar Cones and Cylinders are fueh, whofe 
Axes and Diameters of thetr Bafes are proportional. 

XXV. A Cube is a folid Figure contained under _fix 
equal Squares. 

XX. VI. A Tetrahedron is a foUd Figure contained ««• 

Jer foHr equal equilateral Triangks. 
XXVII, An Oilahedron is afolidFipure contained ufi- 

der eight equal equilateral Triangles. 
XXVlfl. A Dodecahedron is a (olid Ftgure contained 

under twelve equal equilateral and equiangular Pen~ 

tagons. 
XXIX An leofahedron is a folid Figure contained uw- 

der twenty equal equilateral Triangles. 
XXX. A Parallelephedon is aFigure contained under 

fix ifuadrilateral Rgures, whereof tbofe which are 

eppqjileari parallel. 
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PROP OS I T I o N L 
T HE OR EM* 

Ofte Part of a Rizh Line cannot be in a plane Superb 
/ ficies^ and another Part above it. 

FOR, if poffible^ let the Part AB of'the Right Line 
ABC, be in a plane Superficies, and the Part 
BC above the fame; 

There will be fome Right Line in the aforefaid 
Plane, which with A B will be but one ftrait Line. 
Let this Line be D B. 

Then the two given Right Lines ABC, ABD^ 
have one common Segment AB, which is impoflible; 
for one Right Line will not meet another in more 
Points than one. Wherefore, one Part of a Right 
Line cannot be in a plane Superficies^ and another Part 
above it\ Which' was to be dcmonftrated. 



P R O P O S I T, I O N IL 
THEOREM. 

tftV)o Right LinHs cut each otijer^ they are both in oni 
Plane \ and every Triangle is in one Plane* 

T ET two Right Lines A B, CD, cut each other 
•*-^ in the Point E. I fay, they, are both in one Plane, 
and every Triangle is in one Plane. 

For take any Points, F and G, in; the Right |Line$ 
AB, CD, and join CB, FG* and let there be drawn 
F H, G K. In the firft Place, I fay, the Triangle 
E B C! is in one Plane. 

For if one Parti FH;C, or GBK, of the Triangle 
EBG, be in one Plane, and the other Part in another 
Plane; then one Part of each of the Lines EC, EB, 
fliall be in one Plane, and the other Part in another 
* I of this. Plane; which we have proved * to be abfurd. There- 
fore 
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fore the Triangle EBC is in one Plane, but both the 
Right Lines Ec, E B, are in the fame Plane as the 
Triangle BCE is; and AB, CD, are both in the 
lame Plane as EC, EB are. Wherefore the Right 
Lines AB, CD, are both in one Plane, and every 
Triangle is in one Plane j which was to be demonjira* 
ud, • ^ 



PROPOSltlbK lit, 
t H E O R IS M. 

If tW6 Pianes cut each other, theit common StSiof^ 

will bt a Right Line. 

LETtwoPlane^AB,CD,cuteaehbther^whofe h 

common Sedion is the Lin^ DB. I fay, DB 
is a Ri^ht Line. 

For if it be not, draw the Right Line D E B in the 
Plane A B, from the Point D to the Point B^ and 
the Right Line D F B in the Plane B C. 

Then two Riffht Lines D£B, DFB, have the 
lame Terms, ana include a Space, which is *abfurd. * Axioms 
Therefore DEB^ DF&, are not Right Lines. In . 

the Ikme Manner live demonftrate, that no other Line - 

draw^n from the Point D to the Point B, is a Right 
Line, 6e{ide$ .DB, the common Seftion of the 
Planes AB, BG; If;, therefore, two Planes cut each 
other ^ tieir common SeSion will be a Right Line ; which 
wa$ to be demonftrated. 

I* R O P O S I T I O N jfV. 

THEOREM. 

If to two Right Lines ^ cutting one another^ a third ftands 
at Right Angles in the common StSiion^ it /hall be 
alfo at Right Angles to the Plane drawn thro^ the 
faid Lines ^ 

LE T the Right Line E F ftand at Right Angles to . "' " 
the two Right Lines Afc, CD, in the common • • '^ 

SeSion E. I foy^ B F is alfo at Right Angles to the 
Plane dr^Wn thro* A B, C D. 

O For 



\ 
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For uke the Right Lines E A, E B, CE, D E, 
equal, and thro' K any how draw the Right Line 
GEH, aadjoinAD, CB; and from the Point F 
let there be drawn FA, FG, FIX FC FH, FB: 
Then becaufe two Right Lines A £» ED, are equai 
•tf,t. to two Right Lines C£, £ B, and they conuin*the 
1 4. 1, equal x\ngles AED, CEB; the Bafe ADlhall be f 
equal to the Bafe CB, and the Triangle A£ D equal 
to the Triangle CEB; and fo likewifc is the Angle 
DAE equal to the Angle E B C ; but the Angle A EG 
is * equal to the Angle B £ H ; therefore AGE, 
BEH, are two Triangles, having two Angles of the 
one equal to two Angles of the other^ eaoi to each, 
and one Side AE equal to one Side £B, viz* thole 
that are at the equal Angles ; and fo the other Sides 
I itf. I. of the one; will be i equal to the other Sides of tl« 
other. Therefore G H is equal to EH^ and A G to 
BH; and fince AE is equal to EB, aod FE is com- 
mon and at Right Angles, the Bale A F (hall be f 
equal to the Bale F B : For the £imeReafon likewifc^ 
(hall G F be equal to F D. Again, becaufe A D is 
equal to'C B, and AF toFB, the two Sides FA, 
AD, will be equal to the two Sides FB, BC, each 
to each ; but the Bafe D F has been proved equal to 
»«.!. theBafeFC: Therefore the Ancle FAD is « equal 
to the Angle F B C : Moreover, A G has been proved 
equal to BH; but FB alfo is equal to AF* There- 
fore the two Sides FA, AG, arc equal to the two 
Sides F B. B H; and the Angle F A G is equal to the 
Angle FIJH, as has been demonstrated; wherefore 
the Bafe G F is f equal to the Bafe F H. Again^ be- 
caufe GE has been proved equal to EH, a«d EF is 
common, the two Sides GE, EF, are equal to the 
two Sides HE, E F; but the Bafe HF is equal to the 
Bafe F G ; therefore the Angle G E F is H equal to 
the Angle H E F, and fo both the Angles G E F, 
H E F, are Righ t Angles : Therefore F £ njakes Right 
Angles with G H, which is any how drawn thio' E. 
After the fame Manner we demonftrate that FE is 
at Right Angles to all Right Lines that are drawn in 
• Jygf.i of the Plane to it ; but a Right Line is ♦ at Right Angles 
flitt, to a Plane, when it is :u Right Angles to all Right 

Lines drawn to it in the Plane. Therefore F E is at 
Right Angles to a Plane draven thro' the Right lines 

AB, 
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AB, CD. Wherefore, if to two Right Lines cutting 
cne another^ a third flands at Right Angles in the com-- 
mon SeSion^ it frail be alfo at Rtght Angles to the Plane 
drawn thro* theffUd Lines \ which was to be demons 
ftrated. 

PROPOSITION V* 
THEOREM* 

If to three Right Lines^ touching one another^ a third 
ftands at Right Angles ip their common SeSion^ thofe 
three Right Lines jhall be in one and the fame P lane i 

LET the Right Line AB ftand at Right Angles ifi 
the Point of Contaa B, to the three Right Lines 

BC, BD, BE. I fay BC, BD^ BE, are in oneand 
the fanae Plane. 

For if they are not, let BD, BE, be in erne Plane, 
and BG above it; and let the Plane paffingthro* AB, 
BG, be produced, . and it will * make the common * 3 cfthis* 
SeSion, with the other Plane, a ftraitLine. which let 
be BF. Then three Right Lines AB, BC, BF, are 
in one Plane drawn thro' AB, BC; and fince AB 
ftands at Right Angles to B D and B E, it fhall be f at f 4 ^ thiu 
Right Angles to a JPlane drawn thro' BE, DB: and 
fo AB (hall make ;|^ Right Angles with all Right ^Btf.i* 
Lines touching it that are in the lame Plane; but BF 
being in the laid Plane, touches it. Wherefore the 
Angle ABF IS a Right Angle, but the Angle ABC 
(by the HypJ is alfo a Right Angle. Therefore the 
Angle ABP is equal to the Angle ABC, and they 
areT)Oth in the fame Plane, which cannot be; and fo 
the Right Line BC is not above the Plane paflihg 
thro'BE and BD. Wherefore the three Lines BC,. 

B D, BE, are in one and the fame Plane. Therefore, 
if to three Right Lines ^ touching one another^ a third 
Jtands at Right Angles in their common SeSiiony thofe 
three Right Lines pall be in one arid thefar/ie Plane '^ 
which was to be aenK)nftrated. 



O * PRO- 
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PROPOSITION VL 
THEOREM. 



^tvjo Right Limes be ^rpenScular to t 
Planey thofe Right JLines are faralkl 



one and the fame 
' to one another. 



LET two Right Lines AB, C IX be perpendicu- 
lar to one and the fame Plane. I lay, A B is paral- 
lel to CD. 

For let them meet the Plane in the Points B, D, 

jind join the Right Line &£>, to which let D£ be 

drawn in the fame Plane at Right Angles ; make D£ 

equal to AB^ and join BR A£^ AD. 

Then becaufe A B is at Right Angles to the afore- 

• Dif. rrf faid l?lane, it fliall be * at RjghtAngles to all Right Lines, 

//>«. touching it, drawn in the Plane ; but A B touches B D, 

B E, which are in the faid Plane. Therefore each of 
the Angles ABD, ABE^, is a Right Angle. So for 
the fame Reafbn likewife, is each of the Angles 
C D B, C D E, a Right Angle. Then becaufe A B 
is equal to D£, andBD is common, the two Sides 
AB, BD, fiiall be equal to the two Sides ED, Dfi; 
but they contain Right Angles. Therefore the Bafe 

1 4* *' AD is t equal to the Bafe BE. Again, becaufe AB 
is equal to D E, and AD to BE, the two Sides AB, 
BE, are equal to the two Sides ED, DA; but AE, 
their Bafe, is common. Wherefore the Angle ABE 

4: 8 • I. is ^ equal to the Angle ED A ; but A BE is a Right 
Anele. Therefore EDA is alfo a Right Angle; mi 
fo E D is perpendicular to D A ; but it k alfo perpen- 
dicular to BD and DC. Therefore ED is at Right 
Angles in the Point of Contad to three Right Lines 
BD, DA, DC. Wherefore thcfe three laft Right 

^ f efthh. Lines are ♦ in one Plane: But BD, DA, are in the 

-|- 2 if this, lame Plane as AB is ; for every Triangle is + in the 
fame Plane. Therefore it is neceffiuy that AB. ^D, 
DC, be in one Plane; but both the Angles ABD, 

:t i8. I. B D C, are Right Anjjles Wherefore A JB is :t paral- 
lel to CD. Therefore, if two Right Lines be per- 
fendicuiar to one and the fame Plane^ thofe Right Lines 
are paraUel to one another ; which was to be demon- 
ftratfd. 

PRO- 
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PROPOSITION VII, 
THEOREM. 

Iftbere be two Parallel Lines^ and af^ Pfihftx be taken 
in both of tbem^ the Right Liner jotnm^ thofe Points 
frail be in the fame Plane as the Parallels are. 

T ET AB, CD, be two parallel Right Lines, in 
■*-* which are taken any Points E, F. i fay, a Right 
Line joining the Points E, F, are in the fame Plane 
as the Parallels are. 

For if it be not, let it be elevated above the fame, 
if pofTible, as EGP; thro* which let fome Plane be 
drawn; whofe Sedion, with the Plane in which the 
Parallels are, let * be the Right Line E F, then the * 3 i^^^^ 
two Right Lines EGF, EF, will include a Space, 
which is f abfiird. Therefore a Right Line, drawn t -^xiwn 
from the Point E to the Point F, is not elevated a- '^' '• 
bove the Plane, and confequently it muft be in that 
palling thro' the Parallels AB, CD. Wherefore, if 
there be two parallel Lines ^ and any Points bp taken in 
both of them, the Right Line joining thefe Points frail 
be in the fame Plane as the Parallels are; which was 
to be demonftrated. 

PROPOSITION VIII, 
THEOREM. 

If there be two parallel Riiht Lines^ one of which is 
perpendicular to fome Plane^ then frail the other be 
perpendicular to the fame Plane. 

r ET AB, CD be two parallel Right Lines, one s^ the Tig. 
•*-^ of which, as AB is perpendicular to ibmeofFrof.VL 
Plane. I fiiy,theotherCDisalfo perpendicular to the 
(kme Plane. 

For let A B, C D, meet the Plane in the Points B, 
D, and let BD be joined; then A B, CD, BD, are 
"^ in one Plane. Let DE be drawn in the Plane at • 7 of this. 
Right Angles to BD, and make DE eqAal to AB, 
and join BE, AE, AD. Then fince AB isperpen- 

O 3 dicular 
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^Def. 3 dicular to the Plane^ it will * be perpendicular to all 
Rijght Lines, touching; it drawn in thfe fime Plane ; 
therefore each of the Angles A B D, ABE, is a 
Right Angle. And fiiice the Right Line B D falls on 
the Right Lines AB, CD, the Angles ABD, CDB, 

t 10 I. ft^U t>e f equal to two Right Angles. Therefore the 
Angle CDB is alfo a Right Angle, and fo CD is 
perpendicular to DP; And fince ABis equal to DE, 
and B D is comnion, the two Side? A B, B D, are 
equal to the two Sides E A D B. But the Angle 
ABD is equal to the Angle ED B; for each of them, 

± 4. 1 . is a Right Angle. Therefore the Bafe A D is iequal to' 
the Bafe B E. Again, fince A B is equal to D E, and 
BE to AD, the two Sides AB, BE, Ihall be equal 
to the two Sides ED, DA, each to each; but the 
Bafe AE is common, Wherefore the Angle ABE 

• 8» ?• is * equal to the Angle EDA: but the Angle ABE 

is a Right Angle. Therefore E J) Ais alfo a Right An-, 
gle, and E D is pergendicular to D A ; but it is like- 
wife perpendicular to DB : Therefore ED fhall alfo 
+ 4 Miu be t perpendicular to the Plane palling thro' B D, D A, 
^j^eft 3. and likewife ihall be :|: at Right Angles to all Right 
Lines, drawn in the feid Plane that touch it. But 
DC is in the Plane paffing thro' BD, DA, becaufe 

♦ 1 (fthis ^^-^ ^^> ^^ * ^^ ^'^^ Plane; and D C is f m the 
A - iftijil fame Plane that AB and BD are in. Wherefore ED 
^ ^^ ' is at Right Angles to DC and fo CD is at Right An^ 

gles to D E, as alfo to D J3. Therefore C D (lands at 
Kight Angles in the common Section D, to twu Right 
Lines D E, D Banutually cutting oneanother ; and ac-r 
cordingly is at Right Angles to the Plane paffingthrp' 
PE, D JJ ; which was to be demmjirated. 



PRO^ 
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PROPOSITION IX. 
THEOREM. 

Right Lines that are parallel to the fame Right Line^ 
not being in the fame Plane with it^ are ayo parallel 
to each other. 

T ET both the Right Lines AB, CD, be parallel 
-*-' to the Right Line EF, not being in the fame 
Plane with it, I fay, AB is parallel to CD. 

For affume any Point G in E F, from which Point G, 
let G H be drawn at Right Angles to E F, in the Plane 
paffing thro' E F, A B : Alfu let GK be drawn at Right 
Angles to E F in the Plane pafling thro' E F, CD: 
Then bec^ufe E F is perpendicular to G H, and G K, 
the Line EF Ihall alio be *at Right Angles to a Plane • 4 ifthi/. 
paffing throVG H, GK; butEF is parallel to AB. 
Therefore AB is f alfo at Right to' the Plane paffing ^Softhit. 
thro' HGK. For the fame Keafon, CD is alfo at 
Right Angles to the Plane paffing thro' HGK; and 
therefore A B and CD, will be both at Right Angles 
to the Plane paffing thro' HGK. But if two Right 
Lines be at Right Angles to the fame Plane, they 
(hall be ^parallel to each other. Therefore AB is pa- ^6 ofthii^ 
rallel to CD ; which was to be demonjlrated, 

P R O P O S I T I O N. X. 
THEOREM 

if two Right Lines ^ touching one another^ he parallel ta 
two other Right Lines^ touckiag one another^ but not 
in the fame Plane^ thefe Right Lines contain e^uaf 
jingles. 

f 

T E T two Right Lines A B, B Q touching on« 
^■^ another, be parallel to two Right Lines DE, E F, 
touching one another, but not in the fame Plane. J 
fay, the Angle A B C is equal to the Angle D E F. 

For takcJBA, BC, ED, EF, equal to oneano^ 
ther. and join AD, CF, BE, AC^DF: Then be-, 
cauie B A is equal and parallel to ED, the Right Line 

O 4 AD 
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* 3 1 • 1. Ad (hall alfo be * equal and parallel to B E. For the 

i^e ReafoiK CF will be equal and parallel to B£ ; 
therefore AD, CF^ We both equal and psHrallel to 
B £. But Right Lines that are parallel to the Hune 
Right Line, not being in the &me Plane with it, will 

\ 9 ofth'i, be f parallel to each other. Therefore AD is parallel 
and equal to CF, but AC, DF, joins them; where- 

:t 3 3 . 1 • fore A C is i equal and parallel to D F. And becaufe 
two Right Lines AB, 6C, ^e equal to two Right 
Lines D£, £F, and the Bale AC equal to the Baf^ 
E F, the Angle ABC will be * eaual to the Angle 
D E F. Therefore, if tv)o Right Lints ^ touching on^ 
another^ be farallel to two other Right Lines^ touching 
one another^ but not in the fame IPlane^ thofe Right 
Lines contain eakal Jingles i which was to be demon* 
ftrated: '^ ' ' ' ' 

P R Q P P S I T I P N XI: 
PROBLEM. 

■ « . ' ■ 

From Point given above a Plane^ to draw a Right Linei 
Perpendicular to that Plane, 

T E T A be a Point given above the given Plane B H. 
•■-' It is requir'd to dt^w a Right Line from the Point 
A, perpehdicukr to the Plane B H. 

Let a Right Line B C be any how drawn in the 

* 1 1. 1. Plane B H, and let A D be drawn * from the Point A 

perpendicular to BC; then if AD be perpendicular 
to the Plane BH, the Thing required is already done. 
But if not, let D £ be drawn in the Plane from the 
Point D at Right Angles to B C; and let A F be 
drawn * from the Point A perpendicular to DE. Laft- 
ly, thro' F draw G H parallel to B C. 
Then becaufe BC is perpendicular to both DA and 

+ \A.ofthls ^^1 B C will alfo be f perpendicular to a Plane paf- 

^ * -^ * fing thro' ED, P A. But G H is parallel to BG. 
And if there are two Right Lines parallel, one of 
"^hich is a Right Angles to fome Plane, then fhall 

^ %tfthis, the other be \ at Right Angles to the lame Plane, 
- Wherefore G H is at Right Angles to the Plane paffing 

f DWC 3 . ^f o' ED, DA, and lo is * perpendicular to all the 

' • Right Lines in the fame Plane that touch it;^ But A F, 

i «? - ^ •' '•-'- • • which 



i 
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which is in the Plane paffin^ thro' ED and DA, 
doth touch it. Therefore G H is perpendicular to A F, 
and fo AF is perpendicular to GH; but AJP like- 
wife is perpendicular to DE; therefore A F is per- 
pendicular to both H G, D E. But if a Right Line 
f^nds at Right Angles to two Right Lines, in their 
common Sedion, that Line will be | at Right An- 1 4 ^'to, 
les to the Plane paffing thro' thef e Lines. Therefore 
LF is perpendicular to the Plane drawn thro' ED, 
GH; that is, to the given Plane BH. Therefore 
AF is drawn from the giveaPoint A, above the given 
Plane BH, perpendicular to the faid Plane; which 
was to be done. 

PROPOSITION XII. 
PROBLEM. 

7*0 ereS a Right Line perpendicular to a given Plane^ 
from a Point given therein. 

T E T A be a given Point irt a given Plane M N. 
"*-' It is requir'd to draw a JR^ight Line from the 
Point A, at Right Angles, to the Plane M N. 

Let fome Point B be fuppofed above the given 
Plane, from which let BC be drawn ♦ perpendicular *ttifthis» 
to the fajd Plane; and let AD be drawn f from A f 31. 1. 
parallel to BC. 

Then becaufe AD, CB, are two parallel Right 
Lines, one of which, viz. B C, is perpendicular to 
the Plane MIS"; the other AD fliall be \ alfo perpen- + 8 tftiit. 
dicular to the fame Plane. Therefore, a Right Line 
is ereiled perpendicular to a given P lane ^ from a Point 
giyen therein'^ whicji was p be done. 
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PROPOSITION XIU. 

■ t 

THEOREM.- 

!tw9 RighLiftes cannot he ereSed at Ri^ht AngleSy t» 
a given Plane from a Point therein gsven, 

FO R if it is poffible, let two Right Lines A B, AC, 
can be ereftcd {)erpendicular to a given Plane oli ' 
the lame Side, at a given Point A, in a given Plane. 
Then let a Plane be drawn thro' B A, A C, cutting 
-^^ of this, the given Plane thro' A in the Right Line * DAE; 
therefore the Right Lines AB, AC, DAE, are in one 
Plane. And becaufe A is perpendicular to the gi- 
+ D«£ 1. ven Plane, it Ihall alio be f perpendicular to all Right 
Lines drawn in that Plane, and touching it; but 
DAE beingin the given Plane toiiches it. Therefore 
the Angle 'CAE is a Ri^ht Angle. For the fame 
Reafon, BAE is alio a Right Angle; wherefore the 
Angle CAE is equal to BAE, and they are both in 
one Plain, which is abfurd. Therefore, two Right 
Lines cannot be erected at RightAngles^ to a given Plane^ 
from a Poiut therein given ; which was to be demon^ 
' ftrated. 

PROPOSITION XIV. 
THEOREM. 

« 

Thofe Planes^ to which the fame Right Line is ferpen-' 
dicular^ are parallel to each other. 

LET the Right Line AB be perpendicular to each 
of the Planes CD, EF. I fay, thefe Planes are 
parallel. 

For if they be not, let them be produced till they 
meet each other, and let the Right Line G H be the 
common Seclion, in which take any Point K, and 
join AK, BK. Then becaufe AB is perpendicular 
to the Plane E F, it (hall alfo be perpendicular to the 
Right Line BK, being in the Plane E F produced. 
' Wherefore the Angle ABK is a Rjight Anele. And 
for the fame Realou, BAK is alfo a Right Angle. 
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And fo the two Angles ABK. BAK, of the Trian- 
gle ABK, are equal to tWo Right Angles, which is 
* impoffible. Therefore the Planes CD, E F, being • 
produced, Will' not meet each other, and fo arene- 
ccflkrily parallel. Therefore, thofe Planes^ to which 
the fame Right Line is perpendicular^ are -parallel ta 
each other \ which was to be demonftrateJ. 

P R O P O S I T I O N XV. 
THEOREM. 

If twa Right Lines J touching one another^ be parallel to 
two Right Lines^ touching one another^ana not being 
in the fame Plane with tbem^ the Planes drawn 
thro'* thofe Right Lines are parallel to each other. 

T ET two Right Lines AB, BC, touching one a- 
^^ nother, be parallel to two Right Lines UE, EF, 
touching one another, but not in the lame Plane with 
them, ifav, the Planes paffing thro' A B, BC, and 
D E, E F, Deing produced, win not meet each other. 
For let B G be drawn frdm the Point R perpendi- 
cular to. the Plane paffing thro' D E, E £, meeting 
rhe fame in the Point G ; and thro' G let G H be 
drawn parallel to E D, and G K parallel to E F ; then 



becaufe B G is perpendicular to the Plane paffing 
thro' DE, EF; it Ihall alfo make ♦ Right Angles 
with all Right Lines that touch it, and are in "^^ 
fame Plane; bat G H and GK, which are both in 



l>ef, jv 



the 
in the 
fame] Plane, touch it. Therefore qach of the Angles 
,BGH, BGK, is a Right Angle. AndfinceBA is 
parallel toGH, the Angles GBA, GBH, are + e- f 29. i, 
qual to the Right Angles : But Bp H is a Right An- 
gle; wherefore GBA Ihall alio be a Right Ancle, and 
fo BG is perpendicular toBA. For the fame Reafon, 
G B is alfo perpendicular to B C. Therefore fince a 
Right Line BG, ftands at Right Angles to two Right 
Lines BA, BC, mutually cutting each other; BG 
Ihall alfo be 1 at Right Angles to the Plane drawn + ±tffkki, 
thro' BA, BC. But it is perpendicular to the Plane 
drawn thro' D E, E F ; therefore B G is perpendicu- 
lar to both the Flanes drawn thro' A B, B C, and 
P^, EF. But thof^ Plaii^S to which the fame Right 
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*'i4^/i6w.Line IS perpendicular, are ♦ parallel, Therefore the 
Plane drawn thro' AB, BC, is parallel to the Plane 
drawn thro* D E, E F. Wherefore, if two Right 
Lines ^ touching one another^ be parallel to two Right Linet^ 
touching one another ^ and not being in the fame Plane 
viith them^ the Planes drawn thro* thefe Right Lines 
are parallel to each other, 

PROPOSITION XVI. 
THEOREM, 

Iftv^ parallel Planes ar^ cut by any other Plane^ their 
common SeSions wtU be parallel 

T E T two parallel Planes, A B, CD, be cut by any 
•■-' Plane EFHG, and let their common Seoions 
be EF, GH. I lay E F is parallel to G H. 

For if it is not parallel, E F, G H, beine produced, 
will meet each other either on the Siwe FH, or EG, 
Firft let them be produced on the Side F H, and meet 
in K; then becaufe EFK is in the Plane AB, all 
Points taken in EF K will be in the fame Plane. But 
K is one of the Points that is in E F K. Therefore 
K is in the Plane AB. For the fam^ Reafon K is; 
alfo in the Plane CD. Wherefore the Planes AB, 
C D, will meet each other. But they do not meet, 
fince they are fupposM parallel. Therefore the Right 
Lines E F, G H, will not meet on the Side FH. 
After the fame Manner it is prov'd, that they "^ill not 
meet, if produced, on the Side E G. But Right Lines, 
that will neither Way meet each other, are parallel ; 
therefore E F is parallel to G H. If therefore, two 
parallel Planes are cut by any ether Plane^ their com^. 
man SeSions will be parafleli which was ^o be demon- 
ftrated. 
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PROPOSITION XVII. 

THEOREM. 

If two Right Limes are cut byfarallel Planes^ they jhall 
be cut in the fame Proportion. 

LET two Right Lines AB, CD, be cut by Paral- 
lel Planes G H, K L, M N, in the Points A, E, B^ 
C, F, D. I fay, as the Right Line A £ is to the Right 
LneEB, foisCFtoFD. 
• For let AC, BD, AD, be join'd: Let AD meet 
the Plane KL in the Point X, and join EX, XF. 
Then becaufe two parallel Planes K L, M N, are cut 
by the Plane EBDX, thdr conMnon'SedionsEX, 
BD, are * pardlel. For the fame Reafon, becaufe ^iCcfthis. 
two parallel Planes G H, K L, are cut by the Plane 
AXr C, their common Sedions AC, FX, are pa- 
rallel ; and becaufe E X is drawn parallel to the Side 
BD of the Triangle ABD, it fliall be as AEis to. 
EB, fo is t AX to XD. Again, becaufe X F is + ^X 
drawn parallel to the Side AC of the Triangle ADC, 
itlhallbefasAXistoXD, foisCFtoFD. But 
it has been prov'd, as AX is to XD, fo is AE to 
EB. Ther«fore,as AE is to EB, fo is ^CPto FD. + »»• f- 
Wherefore, if two Right Lines are cut by parallel 
Planes^ the^ pall be cut in the fame Proportion; which 
was to be aemonitrated. 

PROPOSITION XVIII. 
THEOREM. 

if a Right Line be perpendicular to fame Plane^ thin 
all Planes pajfmg thro* that Line will be ferpendi*- 
cular to the fame Plane* 

T ET the Right Line AB be perpendicular to the 
^^ Plane C L. I fay, all Planes that pafs thro* A B, 
^re likewife perpendicular to the Plane C L. 

For let a Plane D E pafs thro' the Right Line A B, 
whole common Sedion, with the Plane CL. is thj 
Right Line C £ y and take fome Point F in CJb; froiji 

i' whioh 
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which let F G be drawn in the Place D E, perpendi* 
colar to the Right Line G £. Then becaufe A B is 

* Dif. t, perpendicular to the Plane CL, it (hall alfo be * per- 
pendicular to all the Right Lines which touch it, and 
are in the lame Plane. Wherefore it is perpendicu- 
lar to C£; and con&quently the Angle JiBV is a 
Right Angle; but GFB is likewife a Right Angle. 
Therefore A B is parallel to F G. But A B is at Right 

1 8 oftkU Angles to the Plane CL. Therefore FG will be f 
at Right Angles to that iaxne Plane. But one Plane is 
perpendicular to another, when the Right Lines, drawn 
in one of the Planes perpendicular to the coimnon 

:t Drf. 4. Sedion of the Planes, are | perpendicular to the o Aer 

tf tbu. Plane. But F G is drawn in one Plane D £, perpen- 
dicular to the common Se&ion C£ of the Planes. 
And it has been prov'd to be 4>erpendicular to the 
Plane C L. Therefore the Plane D £ is at Right An- 
gles to the Plane CL. After the £ame Manner it is 
demonftrated, that all Planes, paffing diro* the Right 
Line AB, areperpendicularto the Plane CL. There- 
fore, if a Right Line be perpendicular to Come PUme^ 
then all P lames puffing thro^ that Line tmll be ferpemS' 
cular to the fame Plane ; which was to be demon- 
ftrated. 

PROPOSITION. XIX. 
THEOREM. 

If two Planes^ cutting each other ^ he perpendicular to 
fome Plane^ then their common SeAion will he per- 
pendicular to that fame Plane, 

T ET two Planes AB, BC, cutting each other, be 
•"-^ perpendicular to fome third Plane, and let their 
common Section be B D. ' I fay, B D is perpendicular 
to the faid third Plane, which let be A P C. 

For, if poffible, let BD not be perpendicular to 
the third Plane; and from the Point D, let D£ be 
drawn in thePlaiie A B, perpendicular to AD; and 
let DF be drawn in the FlaneBC, perpendicular to 
CD; then becaufe the Plane A B is perpendicular to 
the third Plane, and DE is drawn in the Plane AB, 
perpendicular to their common Se£lion AD, D£ 

fliall 



ihall be * perpemdicular to the third Plane. In like ifDef.^ 

jnariner we prove, that D F alfb is peq>endicular to 

the faid Plane. Wherefore two Right Lines (land 

at Right Angles, to this third Plane, on the lame Side 

at the imtG Point D ; which is t abfurd. Therefore to a. , . ^^^, 

this third Plane cannot be ereaed any Right Lines 

perpendicular at D, and on the fime Side, except 

BD^ the common SeSion of fhe Planes AB, BG. 

Wherefore D B is perpendicular ^ the third rlane. 

If, therefore, twoJPknes^ cutting each other, be per* 

pendicular to fome Plane, then their eofnmon Section 

will be perpendicular to that fame Plane ; which was 

to be demonftrated. 

PROPOSITION XX. 
THEOREM. 

If a folidApgle be contained under tbiree plain An^lefy 
any two eftbem, bowfoemer taken, are greater than 
the third. 

LE T the folid Angle A be contained under three 
plain Angles BAG, GAD, DAB. I fay any 
two of the Angles BAG, CAD, DAB, aregreater 
than the third, howfoever taken. 

For if the Angles BAG, GAD, DAB, be equals 
it is evident that any two, howfoever taken, are 
greater than the third. But if not, let BAG be the 
greater; and make* the Angle BA£, atthePoint A, ♦ ag, i. 
wjth the Right line AB, in a Plane paffingthro' B A, 
A C, equal to the Angle DAB, make A E equal to 
AD; thro' E draw BEG, cutting the Right Lines 
A B, AC, in the Points B, C, aid join DB, DC. 
Then becaufe PA is equal to A£, and AB is com* 
mon, the two Sides D A. AB, are equal to the two 
Sides A£, AB; but the Angle DAB is equal to the 
Angle B AE. Therefore the Bafe DB is + equal to 1 4« '•. 
the Bafe BE. And fince the two Sides DB. DC, 
are greater than BG, and DB has been prov'd equal 
to BE, the remainit^ Side D C i]tiall be greater than 
the remaining Side EG; and finite DA is equal to 
AE, and AC is common, and the Bafe DC greater 
than the Bafe EC, the Angle P AC fliall be \ greater ^ 17, u 

than 
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than the Anele EAC. But from Conftruaion, the 
Angle D AS is equal to the Angle B AE. Where- 
fore the Angles DAB, DAC, are greater than the 
Angle BAd. After this Manner we demonftrate, if 
any two other Angles be taken, that they are greater 
than the third. Therefore, if a folid Angle h contained 
Mnder three plain Anfks^ any two of them ^ houfoever 
takeny are greater than the third ; which was to be 
demonflrated. 

PROPOSITION XXL 
THEOREM. 

Every foKd Angle is contained under plane Angles to^ 
gether lefs than four Right ones. 

LET A be a folid Angle, contain'd under plane 
Angles BAG, CAD, DAB. I fay the Angles 
BAG, CAD, DAB, are lefs than four Right An- 
gles. 

For take any Points B, G, I), in each of the Lines 
AB, AG, AD, and join BC, CD, DB. Then 
becaule the folia Angle at B is containM under three 
plane Angles CBA, ABD, CBD, any two of thefc 
^ to of this ^^ * greater than the third. Therefore the Angles 
^ ' CBA, ABD, are greater than the Angle CBD. For 
the fitrne Reafon, the Angles BCA, A CD, arc 
greater than the Angle BCD; and the Angles CDA^ 
ADB, greater than the Angle CDB. Wherefore 
the fix Angles CBA, ABD, BCA, ACD. ADC^ 
A D B, are greater than the three Angles G B D, B G D,- 
CDB. But the three Angles CBD, BCD, CD B^ 
♦ »». I ^^^ t ^^^1 ^o two'Right Angles. Wherefore the fix 
^^ Angles CBA, ABD, BCA. ACD,ADaADB, 

are greater than two Right Angles. And nnce the 
three Angles of each of the Triangles ABC, ACD^- 
ADB, arc equal to two Right Angles. The nine 
Angles of thofeTrianglesCBA,BCA,BAC,ACD^ 
CAD, ADC, ADB, ABD, DAB, are equal to 
fix Right Angles. Six of which Angles CBA,]^C A, 
ACD, ADC, ADB, ABD, are greater than two 
Right Angles. Therefore the three other Angles 
BAC^ CAD, DAB, which contain the folid An- 
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gle, will be lefs than four Right Angles: Where- , 
fore every foUd Angle is contained under Angks toge^^ 
the}', lejs than four plane Right ones ; which was to 
be demonftrataj. i 

P R O P,0 S I T I O N XXIL 
THEOREM. 

■V-. 4 

If there he three plane Angles ^ whereof Pwo, any hov) 
taken, tire ffre ate f than the third, and the Right Lines 
that contain them be equal \ then it is fojjibte to make 
a Triangle of the Right Lines joining the equal Right 
Lines, which form the Angles. 

T feT ABC, DEF, GHK, be given plane An- 
•■^ gles, any two whereof are greater thati the third ; 
and let the equal Right Lines AB, BC, DE, E F, 
GH, HK, contain them; and let AC, DF, GK, 
be joined* I fay^ it is poffible to make a Triangle 01 
AC, DF^ GK^ that is, any two of them, howfo- 
ever taken, are greater than the third. 

For if the Angles at B, E, H, are equal, then A C, 
DF, G K, will be * equal, and any two of them *^ t, 
greater than the third; but if not, let the Angles at 
B, E^ H, be unequal,, and let the Angle B be greater 
ihaa either of the others at E or H. Then the Right 
TLine AC will be f greater than either DF or GK; j.^^ ,; 
and it is manifeft, that AC, together with either DF, 
or G K, is greater than the other. ' I fay llkewife, that 
DF,GK together, are greater than AG. For make ^ at t ^J* '• 
the Point B, with the Right Line A B^ the Angle 
ABL, equal to the AngleGHK; andmakeBL equal 
to either AB, BC, DE, EF,GH, HK, and loin 
A L, C L. Then, becaufe the two Sides AB, 
BL, are equal to the two Sides GH, HK, each to 
each, and they contain equal Angles, the Bafe A L 
fliall be equal to the Bafe G K. ^ And fince the Angles 
JE and H are greater thaa the Angle ABC, whereof 
the Angle GHK is equal to the Angle ABL, the 
other Angle at E fliall be greater than the Angle 
LiBG. And fince the two Sides LB, BC, are equal 
to the two Sides DE, EF, each to each, and the 
Angle DEPis greater than the Angle LBC, the 

. P Bafe 
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♦ 14. f * Baft D F fhall be * greater than the Bafe LC. But 
GK has been provM equal to AL. Therefore DP, 
GK, are greater than AL, LC; but AL, LC, are 
greater than AC. Wherefore DF, GK, fliall be 
much greater than A C. Therefore any two of the 
Right Lines AC, DF, GK, howfoerer taken, are 
greater than the other: And fo a Triangle may be 
made of A C, D F, G K; vjh'tch v/as to he demon* 
Jlrated. 

PROPOSITION XXIIL 

PROBLEM. 

7i make a filid Angle of three plane Angles^ whereof 
any tvjo^ howfoever taken^ are greater than the third'; 
. hut thefe three Angles mujt be lefs than four Right 
Angles. 

I ■ • 

T ET ABC, DEF, GHK, be three plane An- 
■*-^ gles given, whereof any two, howXbever taken, 
"' are greater than the other, and let the faid three An- 
gles be lefs than four Right Angles. It is required to 
make a folid Angle of three plane Angles equal to 
ABC, DEF, GHK. 

Let the Right Lines AB. BCJ)E,EF, GH,HK, 
be cut off equal, and join AC, D F, G K ; then it \ 

^ 11 0f this, poffible to make * a Triangle of three Right Lines 

1 22. I. equal to AC, DF, GK: And fo let f the Triangle 
LMN be made, fo that AC be equal to LM, and 
DF to MN, and GK to LN; and let the Circle 

tf^i* LMN be defcrib'd :|: about the (.Triangle, whofe 
Center let be X, which will be either witliin the Tri-. 
angle LMN, or on one Side thereof, or without 
the famev 

Firft let it be within, and join LX, MX, NX- 
I fay A B is greater than LX. For if this be not fo^ 
AB fliall be either equal to LX, or lefs. Firft let it 
be equal; then becaufe ABjsequal to LX, and alfo 
to BC, LX fliall be equal to BC; but La is equal 
to X M. Therefore the two Sides A B, B C, are 
equal t© the two Sides LE, X M, each to each ; but 
the Bafe A C is put equal to the Bafe L M. Where-. 

* 8. 1. fore the Angle ABC ihall be * equal to the Angle 

JL.XM 
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LXM. For the fame Reafon, the Angle DEF is 
equal to the Angle M X N, and the Angle G H K to 
the Angle N X L. Therefore the three Angles ABC, 
D E F G H K, are equal to the three Angles LXM. 
M X N, N X L. But the three Angles L X M; 
MXN, NXL, are * equal to four Right Angles: *Car.ir. 
And fo the three Angles ABC, DEF, GHK, fliall u 
alfo be equal to four Right Angles ; but they are put 
lefs than four Right Angles, which is abfurd. Ther^ 
fore A B is not equal to LX. I lay alfo it is neither 
lefs than L X ; for if this be poffible, make X O equal 
to AB, and XP to BC, and join OP. Then be- 
caufe AB is equal to BC, XO fhall be equal to XP; 
and the remaining Part OL equal to the remaining 
Part PM : And fo LM is f parallel to OP, and the \ i. 5, 
Triangle LMX is equiangular to theTriangleOPX. 
Wherefore X L is rfto LM, as XO is to OP; and ;j:4. 6. 
(by Alternation) as XL is to XO, fo is LM to 
O P. But L X is greater than X O. Therefore L M 
(hall alfo be greater than O P But LM h put equal 
to AC. Wherefore AC fliall be greater than OP. 
And fo becaule the two Right Lines AB, BC, are 
equal to the two Right Lines OX, XP, and the 
Bafe A C greater than the Bafe OP; the Angle ABC 
will be* greater than the Angle O XP. In like '^^f^u 
manner, we demonftr^te that the Angle D E F is 
greater than the Angle M X N, and the Angle G HK, 
than the Angle NXL. Therefore the three Angles 
ABC, D E F G H K, are greater than the three An- 
gles L X M, M X N, N X L. But the Angles ABC, 
D E F, G H K, are'^ put lefs than four Right Angles. 
Therefore the Angles LXM, MXN, NXL, ftall 
be lefs by much than four Right Angles, and alfo 
equal f to four Right Angles ;" which is abfurd. |C^.i|». 
Wherefore AB is not lefs than LX. It has alfo i. 
been prov'd not to be equal to it. Therefore it muft 
neceflarily be greater. On the Point Xraife i:XR, ±,ixfffthls 
perpendicular to the Plane of the Circle L M N ; * 
whofe Length let be fuch, that the Square thereof be 
equal to the Exccfs, by which the Square of AB ex- 
ceeds the Square of LX ; and let RL, RM, RN, 
be join'd. Becaufe R X is perpendicular to the Plane 
of the Circle L M N , it fliall alfo be * perpendicular • 2>rf; i. 
to LX, MX, NX. And becaufe LX is equal to ^'^ 

P a XM, 
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X M, and "X R is common^ and at Rieht Angles to 

^ , X them, the Bafe LR Ihall be * equal to the Bafe R M. 
* For the fame Reafdn, RN is equal to RL, or RM- 
Therefore three Right Lines, RL, RM, RN, are 
equal to each other. And becaufe the Square of X R 
is equal to the Excefs, by which the Square of AS 
exceeds the Square of L A ; the Square of A B will be 
equal to the Squares of LX, X R together. But the 

1 47 . 1 . Square of R L is f equal to the Squares of L X, X R : 
For LXR is a Right Angle. Therefore the Square of 
AB will be equal to the Square of R L ; and fo Afi 
is equal to RL. But BQ D E, E F, GH, H K, 
are every of them equal to AB; and RN, or RM, 
equal to R L. Wherefore A B, B C, D E, E F, G R 
HK, are each equal to RL, RM, or RN: And 
iince the two Sides RL, RM^ are equal to the two 
Sides AB, 6C, and the Bafe LM is put equal to the 

A g I Bafe AC, the Angle LRM (hall be ^ equal to the 
Angle ABC. For the fame R^on the Angle MR N 
is equal to the Angle DEF, ahdthe Angle LRN 
equal to the Angle G H K. Tnerefore a lolid Angle 
is made at R of three plane Angles LRM, MRN, 
LRN, equal to three plane Angles given, ABC 
DEF, GHK. 

Now let the Center of the Circle X be in one Side 
of the Triangle, viz* in the Side M N, and join 
XL. I fay again, that A B is greater than L X. For 
if it be not fo, A B will be either equal, or lefs than 
LX. Firft let it be equal, then the two Sides AB, 
BC, are equal to the two Sides MX, LX^ that is, 
. they are equal to M N ; but M N is put equal to D F. 

* 10. 1. Therefore D E, E F, are equal to D F, which is * im- 
poffible. Therefore AB is not equal to LX- la 
like manner, we prove that it is neither leiler; for 
the Abfurdity will inuch more evidentlv follow. 
Therefore AB is greater than LX, Ana if m like 
manner, as before, the Square of RX be made equal 
to the Excefs, by which the Square of ABexc^s 
the Square ot LX, and RX be raifed at Right Ant- 

Sles to the Plane of the Circle, the Problem will be 
one. 

Laftly, let the Center X of the Circle be without 
the Triangle LMN, and join LX, MX^ NX. 
I fay AB is greater than La. For if k be not, it 

muft 
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muft either be equal or lefs. Firft, let it be equal j 
then the two Sides AB, BC, are equal to the twQ 
Sides MX, XL, each to each; and the Bafe AC is 
equal to the Bafe M L ; therefore the Angle A B C is 
equal to the Angle MXL* For the fame Reafon^ 
the Anjle GHK: is equal to the Angle LXN; knd 
fo the whole Angle MX'N, is equal to the two An-r 
gles ABC, GHK; butthe Angles ABC, GHK, 
are greater than the Angle DEF. Therefore the 
Angle M X N is greater than DEF; but becaufe the 
two Sides DE. EF, are equal to the two Sides MX, 
X N, md the Bafe D F is equal to the Bafe MN, the 
Angle M X N fliall be equal to the|Angle D E F ; but 
it has been proved greater, which is abfurd. There- 
fore AB is not equal to LX. Moreover we will 
prove that it is not left; wherefore it fhall be necef- 
fariiy greater. And if, again, X R be raifed at Right 
Angles to the Plane of the Circle, and made equal to 
the Side of that Square, by which the Square of A B 
exceeds the Square of LX, the Problem will be <Jer 
termined. Now, I fay, AB is not lefs than LX: 
^or if It is poffible th^t it can be lefs, maHe XO equal 
to AB, and XP equal to BQ and join OP. Then, 
bepaufe AB is equal to BC, XO fliajl be equal 
to XP, and the remaining Part OL equal to the 
remaining Part PM; therrfore LM is * parallel to • a. 4. 
P O, and the Triangle L M X equiangular to the 
Triangle P X O. Wherefore as f X L is to L M, fo 1 4. i, 
is XO to OP: And (by Alternation) as LX is to 
?CO, fo isLM to OP; but LX is greater than XO; 
therefore LM is greater than OP; but L M is equal 
to A C ; wherefore A C fliall be greater than O P. > 

And fo becaufe the two Sides AB, BC, are equal to 
the two Sides O X, X P. each to each ; and the Bale 
AC is greater than the Bafe OP; the Angle ABC 
fliall be % greater than the Angle O X P. So likewife + i*. 1, 
if XR be taken equal to XO or XP, and OR be * ^ ^' 
joined, we prove that the Angle GnK is greater 
than the Angle OXR. At the Point X, with the 
^ghtLine LX, make the Angle LXS equal to the 
.Angle AB C, and the Angle LXT equal to the An- 
cle GHK, andXS, XT, each equal to XO, and 
Join OS, OT, ST. Then becaule the two Sides 
AB. 9 Cy are equal to the two Sides O X, X S, and 
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the Angle ABC is equal to the Angle OXS, the 
BafeAC; that is, LM fliall be equal to the Bafe 
OS. For the fame Reafon,> LN is alfo equal to 
OT. And fince the two Sides M L, LN, are equal 
to the two Sides O S, O T, and the Angle M L N 
greater than the Angle SOT; the Bafe M N ftall 
be greater than the Bale ST; but MN is equal to 
DF; therefore DFfhall be greater than ST. Where- 
fore becaufe the two Sides DE, EF, are equal to 
the two Sides S X, XT, and the Bafe DF is greater 
than the Bafe ST, the Angle DEF fhall be greater 
than the Angle S aT; but the Angle S XT is equal 
to the Angles ABC, GHK. Therefore the Angle 
P'EF, is greater than the Angles ABQ, GHK ; but 
it is alfo lefs, which is abfurcl ; which was to be de- 
monflrated, 

PROPOSITION XXIV. 
THEOREM. 

If a Solid he contained under fix parallel Planes^ the op^ 
fofite Planes thereof^ are equal Parallelograms. 

LET the Solid C D G H be contained under Paral- 
lei Planes AC G F, BG, CE, FB AE. I 
fay, the oppofite Planes thereof are equal Parallelo- 
grams, 
For becaufe the parallel Planes BG, CE, are cut 
^ lief this, by the Plane AC, their common Seftions are * paral- 
lel; wherefore A Bis parallel to CD. Again, be- 
caufe the two parallel Planes BF. AE, are cut by 
the Plane A Q their common Seaions are parallel; 
therefore AD is parallel to BC; but AB has been 
proved to be parallel to CD; wherefore A C Ihall be 
a Parallelogram. After the fame Manner, we de- 
monftrate that CE, FG, GB, BF, ot AE, is a Pa- 
rallelogram. 

Let A H, D F, bejoined. Then becaufe AB is pa- 
rallel to DC, and BH to CF, the Lines AB, BH, 
touching each other, fhall be parallel to the Line's 
D C, CF, touching each other, and not being in the 
^i^tfthih ^^"^^ Plane; wherefore they Ihall f contain equal An*- 
^ 'gles, A»d fotb^ Angle APHi5e(ju^^o the Angle 
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DCF. And fince the two Sides AB, BH, are te- 4: 34. i. 
qual to the two Sides D C CF, and the Angle ABH 
equal to the Angle DCF. the Bafe AH (hall be * •4. 1. 
equal to the Bafe DF, and the Triangle ABH equal 
to the Triangle DCF. And fince the Parallelogram 
BG is t double to. the Triangle A BHL and the Pa- t f^ ?» 
rallelogram C E, to the Triangle DC; F, the Paral- 
lelogram BG ihall be equal to the Parallelogram CE. 
In like Manner, we demonftrate that the rarallelo- 
^am A C is equal to the Parallelogram G P, and the 
Parallelogram AE equal to the Parallelogram BF, 
If^ therefore, a Solid be contained under jix parallel 
' P lanes y the oppojites Planes there^ are equal Parallelo-* 
grams ; which was to be demonftrated. 

CorolL It follows from what has been now demon- 
flrated,that if a Solid be contained under fix parallel 
Planes, the oppofite Planes thereof are fimilar and 
equal, becaufe each of the Angles are equal, and 
the Sides about the equal Angles are proportional. 

PROPOSITION XXV. 
' T H E O R EM. ' 

If a folid Parallelepipedon be cut by a Plane^ parallel ' 

to oppofite Planes ; then as Bafe is to Bafcy fo Jhall 
Solid be to Solid, 

T ET the folid Parallelepipedon ABCD, be cut 
'*--' by a Plane Y E, parallel to the oppofite Planes 
R A, D H. I fay as the Bafe E F ♦ A is to the Bafe 
EHCF, fo is the Solid A BFT to the Solid EGCD. 
For let AH be both Ways produced, and make 
HM, MN £cf^. equal to EH, and AK, KL, isfc 
equal to AE; and let the Parallelograms LO, K*, 
HX^ MS, as Ukewife the Solids LP, K R, HQ, 
M T, be compleated. Then becaufe the Right Lines 
LK, KA, AE, are equal, the Parallelograms LO, 
K*, AF, fliall be * alfo equal; as likewifethe Pa- ♦ i.<^. 
rallelograms K 2f, K B. AG : And moreover f the t H<f^^' 
Parallelograms L***, KP, AR, for they are oppofite. 
For the lame Reafon, the Parallelograms EC, HX, 
M S, alfo are equal to each otl^er ; as stffo the Par$K ,^ • . 

P 4 Iclograms 
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Idograms H G, H L I N ; and fo ^e the Parallelo- 
grams DH, M n, NT. Therefore three Planes of 
the Solid LP, are equal to three Planes of the Solid 
K Rj or A Y, each to each ; and the Planes oppofite to 
thcle, are equal to them. Therefore the three Solids 
ifief.ici^f LP, K R, A y, win be equal :|: to each other. For the 
^^^' fame Reafon, the three Solids E D. H n, M T, are e- 

qualto each other. Therefore the Bafe LP is the fame 
Multiple of the Bate AF, as the iSoli4 L Y is of th? 
Solid AY. For the fame Reafon, the Bafe NF is 
the fame Multiple of the Bafe HF, as the Solid NY 
is of the Solid ED: And if the Bale LF be equal to 
the Bafe N F, the«olid LY Ihall be equal %p the 
Solid NY; and if the Bafe L F exceeds the Baft 
N F, the Solid L Y ftiall exceed jhe Solid N Y ; an^ 
if it be lefs, lefs, Wherefore becaufe there are four 
Magnitudes^ viz. the two Bafes AF, FH, and the 
two Solids AY, ED, whofe Equimultiples are ta- 
ken, to wit, the Bafe L F, and the Solid L Y ; and 
the Bafe N F, and the Solid N Y : And fmce is is 
proved, if the Bafe L F exceeds the Bafe N F, then 
the Solid LT will exceed the Solid N Y, if equal, 
equal, and lefs, lefs. Therefore as the 3afe AF is 
fDrf. 6,Sr to the Bafe FH, fo is * the "Solid AY to the Solid 
ED. Wherefore, if a folid Parallelepfpedom te eta iy 
a Platte, faralUltb oppofite Planes \ then as Bafe is to, 
Bafe^'fa pall Solid be to Solid; which was to be dc- 
monftrated. 

PROPOSITION XXVI. 
T H^E O R E M, 

^t a Right Line given, and at a Point given in it^ /« 
make a folid Angle equal to a foitid'Angle given. 

LE T A B be a Right Line given ; A a given Point 
in It,* and D a given folid Angle contained under 
the Plane Angles EDC, EDF, FDC; it is rec[ui. 
red to make a folid Angle at the given Point A, in the 
given Right Line A B, equal \o the giv^n folid An- 
gle D. 
Affume any Point F in the Right Line OF, frqm 
'^xtofttis. which let FG he drawn * perpendicular to the Plane 

. fafflngj 
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paffing thrp* E D, D C, meeting the faid Plane in the 
PointG, and join DG, and make t the Angles B A L,f 13. i. 
BAK, at the given Point A, with the Right Lme A B, 
equal to the Angles EDG, ED G. 

Laftly, make A K equal to D G, and at the Point 
K erea | KfK at Right Angles to the Plane jwffing ttiijfiAtf. 
rhro*BAL, and make KH equal to GF, and join 
fl A. I fay, the folid Angle at A, which is contain- 
ed under the three plane Angles B A L^ B A H, H A L^ 
is equal to the folid Angle at D, which is contained 
under the plane Angles EDC, EDF, FDC: For 
let the equal Right Lines AB, DE, be taken, and 
join HB, K B, F E, G E. Then becaufe F G is per- 
pendicular to the Plane paffing thro' ED, DC, it 
fhall be * perpendicular to all the Right Lines touch- •j)^ •. 
ing it that are in the laid Plane. Wherefore both the ^f^ 
Angles F G D, F G E, are Right Aneles. For the lame 
Reafon, both the Angles HK A, H K R are Right 
Aneles ; and becaufe the two Sides K A, A B,vare equal 
to the two Sides GD, DE, each toeach, and contain 
equal Angles, the Bale B K (hall be f equal to the 4. . , 
BafeEG; butKH \% alfo equal toGF, and they ^*' ' 
contain I^ight Andes; therefore HB ihall be f equal 
to F E. Again, becaufe the two Sides A K, K H, 
are equal to the t^p Sides D G, G F, and they con- 
tain Right Angles, the Pafe AH ihall be equal to the 
Bafe DF; but A Bis equal to DE. Therefore the 
two Sides H A, AB, are equal to the two Sides FD, 
DE; but the Bafe HB is equal to the Bafe FE and 
fo the Angle BAH will be \ equal to the Angle + 8. iJ 
JE D F. For the fame Reafon, the Angle H A L is 
equal to the Angle FDC; for fince if A L be taken 
equal to DC, andKL, HL, GC, FC, be joined, 
the whole Angle B AL is equal to the whole Angle 
EDC; and the Angle BAK, a part of the one, is 
put equal to the Angle £ D G, a part of the other ; 
the Angle K AL remaining, will be equal to the An- 
cle GDC remaining. And becaufe the two Sides 
1^ A, A L» are equal to the two Sides G D, D C, and 
they cont^i) equal Angles, the Bafe K L will be e- 
qual to the Bafe G C; but K H is equal to G F; 
wherefore the two Sides LK, KH, are equal to the 
two Sides C'Gi G F, but they contain Right Angles ; 
therefore the Bai^ HL will be equal to the Bafe F C^ 

Again, 
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Again, bccanfe the two Sides H A, AL, arc eqoal 
to the two Sides F D, D C, and the Bafe HL is equal 
to the Bafe FC, the AngleHAL will be equal to 
theAngleFDC; but the AngleBALisequal to the 
Angle £ D C ; wbiek wm to be done. 

PROPOSITION XXVII. 

P R O B L E M> 

UfOH a Right Line given, to defcribi a ParaUeUpifedo» 
Jimilar^ and in Uke Moaner Jttuate foafolidParalieie- 
pifedon given, 

LET AB be a Right Line, and CD a given folid 
Parallelepipedon. It is required to defcribe a 
folid Parallelepipedon upon the given Right Line 
A B fimilar, ami alike fltuate to the given folid Paral- 
lelepipedon CD. 
Make a folid Angle at the given Point A, in the 
*%6^tbis. Right Line AB, which * is contained under the An- 
elesBAH, HAK, KAB; fo that the Angle BAH 
beequal to the AngleECF, the Angle BAK to the 
Angle ECG, and the Angle HAK to the Angle 
til tf GCF; andmakeasECistoCG, foBAf to AtC; 
' and G C to C F, as K A to A H. Then, (by Equa- 
lity of Proportion) as EC is to CF, fo (hall BA be 
to AH; compleat the Parallelogram BH, Mid the 
Solid AL. Then becaufe it is as EC is to CG, fo 
is B A to A K, viz. the Sides about the equal Angles 
ECG,BAK, proportional; the Parallelogram KB, 
Ihall be limilar to the Parollelogram G E. Alfo, for 
the fame Reafon, the Parallelogram KH, (hall t« fi- 
milar to the Parallelogram GF, and the Parallelo- 
gram H B, to the Parallelogram F E. Therefore 
ttree Parallelograms of the folid A L, are fimilar to 
threeParallelogramsoftheSolidCD; but thefe three 
f Parallelograms are \ equal and fimilar to their three 
oppofite ones. Therefore the whole Solid A L, will 
be fimilar to the whole Solid CD; and fo a folid 
Parallelepipedon A L, is defcribed ti|>on the given 
Right 
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i^ht Line AB fiimlan and alike iitoate to the given 
iid Parallelepxpcdon CD; which was to be done. 
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PROPOSITION XXVIII. 
THEOREM. 

Ifafolid Parallekptpedonbe cut by a Plane pafftng tbrd* 
the Diagonals of two ofpofite Planes^ that Solid wiU 
be bifeaed by the Plane, 

T ET the folid Parallelepipedon A B, be cut by 
^^ the Plane CDEF, paffing thro' the Diagonals 
CF, DE, of two oppofite Planes. I fay, the Solid 
AB IS bifeaed by the Plane CDEF. 

For becaufe the Triangle CG F is * equal to the * 34.1. 
Triangle CBF, and the Triancle ADE to the Tri- 
angle D EH, and the Parallelogram C A to f the \i^rftUs, 
Parallelogram B E, for it is oppofite to it ; and the 
Parallelogram G E to the Parallelogram C H ; the 
Prifin contained by the two Triangles CG F, ADE, 
and the three Parallelograms GE, AC, CE, is equal 
to the Prifin contained under the two Triangles C F B, 
D E H, and the three Parallelograms CH, 6 E, C E ; 
for they are contained under Planes equal in Num- 
ber and Magnitude. Therefore the whole Solid AB 
is bifefted by the Plane CDEF; which was to be de^ 
monfirated, , 

PROPOSITION XXIX. 
THEOREM. 

Solid Parallelefipedons^ being conftituted upon the fame 
Bafe^ and having {he fame Altitude^ and whofe in- 
fifient Lines are in the fame Right Lines^ are equal 
to one another, 

T ET the folid Parallelepipedons C M, ON, be 
^^ conftituted upon the fame Bafe AB, with the, 
fame Altitude, whofe infiftent Lines A F, A G,XM, 
LN, C D, C E, B H, B K, are in the fame Right 
Lines FN, DK. I fay, the Solid CM is equal to 

the Solid ON, 

For 
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for becaufe C H, C K, are both Parallelograms, 
• H- '• CB ftall bc*equal to DH, or EK; wherefore DH 
is equal to EK. Let ^n, which is common, be 
taken away, then the Remainder D E will be equal 
to the Remainder HK; and fo the Triangle DEC is 
1 8. 1. fequal to the Triangle HKB, and the Parallelogram 
D G equal to the Parallelogram H N. For the i&me 
Reafon, the Triangle A F G is equal to the Triangle 
^]i^^Ms. LMN; and the Paralleloffram CF^: to the Paralle- 
logram BM, and the Parallelogram CG to the Pa- 
rajleloCTam B N, for they are oppofite. Therefor^ 
the Prijfm contained under the two Triangles AFG, 
DEC, and the three Parallelograms A D, D G, G C, 
is equal to the PriCn contained under the two Trian-r 
cles L M N, H B K, and the tjiree Parallelograms 
BM, NH, BN. Let the common Solid, whofe 
Bafc is the Parallelogram AB, oppofite to theParat 
lelogram GEHM, pe added; then the whole folid 
Parallelepipedon C M, is equal tq] the whole fblid 
Parallelepipedon C ff, Therefore, folid Parallelefi- 
pedoHS^ heins^ conflituud upon tie fame Bafe^ and bavsng 
the fame Aititude^ and whofe injijlent Lines are in the 
fame Right Lines^ are equal to one another ; which 
was to be dei^ouurated. 

PROPOSITION XXX. 

THEOREM. 

♦ 

Solid Parallelepipedonfy being conftituted ttpon thefanm 
Bafej and havinz the fame Altitude^ whofe injtfien$ 
Lines are not placed m the fame Right LineSy are 
equal to one another^ 

JET there be foUd Paralleleplpedons C M, C N, 
■*-^ having equal Altitudes, and (landing on the fame 
Bafe AB, and whofe infiftent Lines AF, A G, LM,^ 
I/N, CD, CE, BHL BK, are not in the fame Right 
ynes. I fay, the Solid C M is equal to the Solid 
CN. 

For let NK, DH, and GE, FM, be produced^ 
meeting each other in the Points R, X ; let alfo F M, 
G E, be produced to the Points O, P, and join AX, 
LO, CP, BR. The Solid CM, whofe Bafe is the 

Par^^ 
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Parallelogram ACBL, being oppofite to the Paral- 
lelogram F D H M, is ♦ equal to the Solid CO, m^g^^s. 
whofe Bafe is the Parallelogram ACBL, beingop- 
pofite to X PRO, for they ftand upon the lame Bafe 
ACBL; and the infiftent Lines AF, AX 'LM, 
LO, CD, CP, BH, BR, are in the fame Right 
Lines FO, DR; but the Solid CO, whofe Bafe is 
theParallelogram ACBL, being oppofite to XPRO, 
is * equal to the Solid C N, whofe Bafe is the Paral- 
lelogram ACBL, being oppofite to GEKN; for 
they ftand upon the fame mie ACBL, and their 
infiftent Lines AG, AX, CE, CP, LN, LO, BK^ 
BR, are in the fame Right Lines G P, N R ; where- 
fore the Solid CM fhall be equal %o the Solid CN. 
Therefore,yo/i^ Parallelepipedons^ being conftituteduf- 
on the fame Bafe^ and havingfjhe fame Altitude^ whofe 
infiftent Lines are not placed in the fame Right Lines^ 
are equal to one another'^ which was to be demonftra- 
ted. 

PROPOSITION- XXXI. 
THEOREM. 

Solid Parallelepipedons^ being conftitiUed upon eqnalBa^ 
fes^ and having the fame Altitude ^ are equal to on€ 
another. 

LET AE, CF, be folid Parallelepipedons confti- 
tuted upon the equal Bafes AB, CR and having 
the fame Altitude. I fay, the Solid AE; is equal tu 
the Solid CF. 

Firft, let H K, BE, AG, LM. OP, DF Ch, 
RS, be at Right Angles to the Bales A 6, CD: let 
the Angle ALB not be equal to the Angle CRD, 
and produce C R to T, fo that RT be e^ual to A L : 
Then make the Angle TRY, at the Point R, in the 
Right Line RT, equal * to the Angle ALB; make ♦ aj. u 
R Y equal to LB ; draw X Y thro^ the Point Y pa- 
rallel to RT, and compleat the Parallelogram RX, 
and the Solid * Y. Therefore becaufe the two Sides , 
TR, R Y, are equal to the two Sides AL, LB, and 
they contain equal Angles, the Parallelo^mn k X 
ihall be equal and fimilar to the Parallelqgnun H L. 

AQd 
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And again, Becaufe AL is equal to RT, and LM 
to RS, and they contain equal Angles, the Paral- 
lelogram R^ (hall be equal and fimilar to the Paral- 
lelogram A M. For the fame Reafon, the Parallelo- 
gram L E IS €qual and fimilar to the Parallelogram 
SY. Therefore three Parallelograms of the Solid 
AE. are equal and fimilar to three Parallelograms of 
the Solid ♦ Y; and lb the three oppofite ones of one 

^z^ifthis. Solid, arc | alfo equal and fimilar to the three oppo- 
fite ones of the other. Therefore the whole folid 
Parallelepipedon AE is equal to the whole folid Pa- 
rallelepipedon *Y. Let D R, XY, be produced, 
and meet each other in the Point Cly and let T Q be 
drawn thro* T p«rallel to D ft, and produce TQ, 
O D, till they meet in V, and compleat the Solid 
n •*• R I : Then the Solid •*- n, whofe Bafe is the Pa- 

j^x^tfthis. rallelogram R'*', and ft r is that oppofite to it, is :j: e- 
qual to the Solid '*' Y, whofe Bafe is the Parallelo- 
gram R;**, and Y* is that oppofite to ic; for they 
Itand upon the fame Bafe K'^. have the fame Alti- 
tude, and their infiilent Lines Rft, RY, TQ,TX, 
SZ. SN, -^T, **•*, are in the fame Right Lines 
ft X., Z* : But the Solid •*- Y is equal to the Solid 
A E ; and fo A E is equal to the Solid *** ft . Again, 
becaufe the Parallelogram RYXTis equal to the 
Parallelogram ft T, for it (lands on the fame Bafe 
RT, and between the fame Parallels R T, ft X ; and 
the Parallelogram R YXT is equal to the Parallelo- 
gram C D, becaufe it is alfo equal to A B ; the Paral- 
lelogram ft T is equal to the Parallelogram CD, and 
D T is fome other Parallelogram. Therefore as the 
Bafe CD is to the Bafe DT, fo i5 ft T to TD, and 
becaufe the folid Parallelepipedon C I is cut by th^ 
Plane RF, beingparallel to two oppofite Planes, it 

* IT if this, (hall be * as the Bafe CD i? to the Bafe D T, fo is 
the Solid C F to the Solid R I. For the fame Rea- 
ibn, becaufe the Iblid Parallelepipedon ft lis cut by 
the Plane R Hr parallel to two oppofite Planes ; as 
the Bafe ft T is to the Bafe D T, fo (hall * the Solid 
C*" be to the Solid RI ; but as cheBafe CD is to the 
Bafe D T, fo is the Bafe ft T to T D. Therefore as 
the Solid C F is to the Solid R I, fo is the Solid ft ^ 
to the Solid RI; and fince each of the Solids CF, 
il% hds the fame Proportion to the Solid R I, the 

• ooHd 
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Solid CF is equal to the Solid fif; but the Solid 
D ^ has been proved equal to the Solid A E; there- 
fore the Solid AE (hall be f equal to the Solid C F, f 9. y. 

But now let thp infiftent Lines A G, HK,.BE. 
LM, CN, OP, DR RS, not be at Right Apgles 
to the Bafes A B, C D. I iky, again, that the Solid 
AE is equal to the Solid CF. Let there be drawn 
from the Points K, E, G, M, P, F, N, S, to the Plane 
wherein are the Bafes AB, Cp, the Perpendiculars 
Ks, ET, GY,M*, SI, F-^-.NQ, PX, meeting 
the Plane in the Points S, T, Y, *, 1, •*", n, X, and 
joinHT, Y*, ^Y, T*, X**-, Xn, ni,^I; then 
^e Solid K« is £qual to the Solid PI, for diey (land 
on equal Bafes K M, P S, have the fame Altitude, 
and the infiftent Lines are at Right Angles to the Ba- 
les ; but the Solid K ^ is equal to the Solid AE, and 
the Solid PI to jvthe Solid CF, fince they ftand i^>- ^19 tf this, 
on the fame Bafe, have the fame Altitude, and their 
infiftent Lines are in the fame Right Lines. There- 
fore the Solid AE fhall be equal to the Solid CF. 
Wherefore, /^/rVj? Parallelepipedons^ being conftituted . 
upon equal Bafes, and having the fame Altitude, are 
equal to one another y which was to be demonftrated. 

PROPOSITION XXXII. 

THEOREM. 

SoUd ParallekptpedonSjthat have the fame Altitude, are 
to each other as their Bafes. 

LET A B, CD. be folid Parallelepipedons that 
have the fame Altitude. I fay they are to one a- 
nother as their Bafes ; that is, as the Bafe A £ is to 
the Bafe CF, fo is the Solid AB to the Solid CD. 
, For apply a Parallelogram F H to the Right Line 
FG, equal to the Parallclocram AE, and compleat 
the folid Parallclepipedon G K upon the Bafe F H, 
having the fame Altitude as CD has. Then the 
folid AB is * equal to the folid GK ; for they ftand •itefthb. 
upon equal Bafes AE, EH, and have the fame Alti- 
tude ; and fo becaufe the folid Parallelepipedon C K 
is cut by the Plane D G , parallel to two oppofite 
Planes, it QxsM be f as the Bafe HF, is to the Bafe fifcftUs. 

FC, 
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F C, fo is the Solid HD to the Solid DC; but the 
Bafe F H is equal to the Bafe AE, and the Solid AB 
to the Solid F K. Therefore as the Bafe A E is to 
the Brfe CF, fo is the Solid AB to the Solid C D. 
Wherefore foKd Paralkkpipedom that have the fame 
Altitude^ are to each other as their Safes; which "W^ 
%o be demonftrated. 

PROPOSITION XXXIIL 
THEOREM. 

Similar pud ParaUelepifedons^ are to one another id 
the triplicate Proportion of their homohgou^ Sides. 

LET A B, C D. be folid Parallelepipcdons, and 
let the Side A E be homologous to the Side CF. 
I fay, the Solid AB, to the Solid CD, hath a Propor- 
tion triplicate of that l/vhich the Side A£ has to the 
SideCF. 

For produce A E, GE, HE, EK, EL, EM; 
Jind make EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogram K L, and 
likewife the Solid KO be compleated. Then becaufe 
the two Sides K E, EL, are equal t6 the two Sides 
CF, FN, and the AngleKELequ^lto the Anglo 
C F N ; ( fince the Ah^e A£ G is alfo equal to thef 
Angle C FN, becaufe of the Similarity of the Solids 
AB, CD,) the Parallelogram K L Ihall befimikr and 
equal to the Parallelogram CN. For the fame Rea- 
fon, the Parallelogram K M is equal and fimilar to 
the Parallelogram C R, and the Parallelogram O E 
to D F. Therefore three Parallelograms ot the Solid 
KO, are equal and fimilar to three rarallelogrjims of 
*ij^efthij. the lolid CD: But thofe three Parallelograms are * 
equal and fimilar to the three oppofite ParalleloOTams. 
Therefore the whole Solid K O is equal and nmila? 
to the whole Solid C D. Let the Parallelogram G K 
be compleated, as alfo the Solids EX, t P, upon 
the Bafes G K, K L, having the &me Altitude as A B. 
And fince, becaufe of the Similarity of the Solids 
AB andCD, it is as AE is to CF, fo is EG to FN:' 
and fo EH to F R, and F C is equal to E K, and F^f 
to EL, and FR to EM« It (hall be a8 A£ is to 

EK, 



^dO&Xf. Euclid's ELEMEitf S^ fi2f 

EK, fo is f the Parallelogram AG to the Parallelo- + 1.6. 

gramGK; bat as GE is to EL, foisGKtoKL; 

and as H E is t to E M, fo is P E to K M. Therefore 

as the Parallelogram A G is to the Parallelogram GK, 

fo is GK to KL, and PE to KM. But as AG is 

to GK, fo is i the Solid AB to the Solid EX ; and f^iiif/A/c 

as G K is to KL, fo is the Solid EX to the Solid ^ 

PL; and as P E is to KM, fo is the Solid PL to 

the Solid K O. Therefore as the Solid A B is to the 

Solid EX, fo is * EX to PL, and PL to KO. But * "• 5-- 

if four Magnitudes be continually proportional, the 

firft to the fourth hath f a triplicate Proportion of fDef. 11. jj 

that which it hais to the lecond. Therefore alio the 

Solid AB to the Solid KO^ hath a triplicate Propor^- 

tion of that which A B has to EX : But as A B is to 

EX^ fo is the Parallelogram AG to the Parallelo- 

Earn G K ; and fo is the Kight Line A E to the Right 
ine EK. Wherefore the Solid AB, to the Solid 
K O, hath a Proportion triplicate of that whifch AB 
has to E K ; but the Solid K O is equal to the Solid 
CD, and the Right Line EK equal to the Right Line- 
C P. Therefore the Solid A B to the Solid C D, has 
a Proportion triplicate of th«t which the homologous 
Side A E has to the homologous Side C F ; which was 
to be demonftrated. 

Coroll, Froni hence it is manifeft, if four Right Lilies 
be proportional^ as the firft is to the fourth, fo is 
a folid Parallelepipedon defcribcd upon the firft, 
to a fimilar Solid ParfiUelepipedon alike lituate 
defcribed upon the fecond; becaufe the firft to. 
the fourth, has a Proportion triplicate of that 
which it has to the fecond. 
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PROPOSITION XXXIV. 
THEOREM. 

7%e Bafesand Altitudes of equal folid Parallelepipedons^ 
are reciprocally proportional'^ and thofe folid Paral^ 
lelepipedons whofs Bafes and Altitudes are reciprocally 
proportional^ are equal. • 

LETAB, CD, be equal folid Parallelepipedons, 
... I fey, their Bafes and Altitudes are reciprocallv 

proportional, that is, as the Bafe EH is to the Bale 
NP, fo is the Altitude of the Solid CD to the Alti- 
tude of the Solid A B. 

Firft, let the infillent Lines AG, EF, LB, HK, 
CM, NX, OD, PR, be at Right Angles to their 
Bafes. I fay, as the Bafe E H is to the Bafe NP, fo 
is C M to A G. For if the Bafe E H be equal 
to the Bale NP, and the Solid AB is equal to the 
Solid CD, the Altitude CM. Ihall alfo be equal to 
the Altitude AG: For if when the Bafes E H, NP, 
are equal, the Altitudes 4 G, CM, are not fo; then 
th^ Soh'd AB will not be equal to the Solid CD, but 
it is put equal to it. Therefore the Altitude C M is 
not unequal to the Altitude A G, and fo they are ne- 
ceflarily equal to one another; and confequently, as 
the Bale E H is to the Bafe N P, fo fcall C M be ta 
AG. But now let the Bafe EH be unequal to the 
Bafe NP, and let EH be the greater: Then lince 
the Solid A B is equal to the Solid C D,'CM is grea- 
ter than AG; for other wife it would follow that the 
Solids AB, CD, are not equal, which are put fuch. 
Therefore make C T equal to A G, and compleat the 
folid ParallelepiDedon VC upon the BafeNP, having 
the Altitude CT. Then becaufe the Solid A B is 
equal to the Solid CD, and VC is fome other Solid^ 
• 7./. and fince equal Magnitudes have *the fame Propor- 
tion to the fame Magnitude, it fliall be as the Solid 
AB is to the Solid CV, fo is the Solid CD to the 
Solid C V ; but as the Solid A B is to the Solid C V^ 
f^iofthis.fo is t the Bafe EH to the BafeNP; for AB, CV^ 
are Solids having equal Altitudes. And as the Solid 
\iSrfthis. CD is to the Solid C V, fo is \ the Bafe MP to the 

Bafe 
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Bafe P T, and fo is M C to C T. Therefore as the 
Bafe EH is to the Bafe NP, fo is MC to CT; but 
C T is equal to A G. Wherefore as the Bafe E H is 
to the Bafe NP, fo is MC to AG. Therefore the 
Bafes an4 Altitudes of the equal Iblid P^^llelepipc- 
dons AB, Ci), are reciprocally proportional. 

Now, let the Bafe? and Altitudes of the folid Pa- 
rallelepipedons AB, CD, be reciprocally prpportio- 
nal ; that i$ ^ let the Bafe E H be to the Bafe N P, a^ 
the Altitude of the Solid CD is to the Altitude of the 
Solid AB. I fay the Solid AB is equal to the Solid 
CD. 

For let again the infiftent Lines be at Right Angles 
to the Bafes; then iif thoiBafe EH be equal to the 
Bafe NR and EH is to N P, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; the 
Altitude of. the Solid CD ihall be equal to the Alti- 
tude of the Solid A B. But folid Parallelepipedons 
that (land upon equ^l Bafes, and have the f^e Alti- 
tude, are * equal to each other. Therefore the Solid * jo-^/^Z/J 
AB is equal to the Solid CD. 

But now let the Bafe E H not be equal to the Pafe 
NP. and let EH be the greato" ; then the Altitude of 
the Solid CD is greater than the Altitude of the. So*, 
lid AB; that is, C M is greater than AG. Again, 
put CT equal to AG, and compleat the Solid CV 
as before : And then becaufe ^he Bafe EH Is to the 
Bafe N P, as M C is to A G, and AG is equal 
to CT; it jQiall be as the Bafe EH is to the 
Bafe N P, fo is M C to C T; but as the Bafe EH 
is to the Bafe N P, €0 is the Solid A B to the So- 
lid VC; for the Splids A B, C V, have equal Al- 
titudes : And as M C is to C T, fo is the Bafe M P 
to the Bafe PT, a^d fo the Solid CD to the Solid 
C V. Therefore as the Solid A B is to the Solid C V, 
fo is the Solid CD^o the Solid C V : But fince each 
of the Solids A B, CD, has the lame Proportion to 
C V, the Solid A B ihall be equal to the 3oHd CD; 
which was to be demonfirated. 

Now let tbe infifteiit Lines FE, B L, G A, K H, 
X N, D O, M C, R P, not be at Right Angles to the , / 
Bafes ; and .from the Points F, G, B, R, X, M, D, 
R, let there Jbe drawn Perpendiculars to the Plapes 
of the Btfes £ H, N P^ meeting the fame in the 

Qi Points 



«x& Euclidh Element s. Book Xf • 

. Points S, T, Y, V, Q, Z, Q, *, and compleat the 
Solids FV, Xft. Then, I fay, if the Solids AB, 
CD, be equal, their Bafes and Altitudes are recipro- 
cally proportional, viz. as the Bafe EH is to the feafS 
N P fo is the Altitude of the Solid C D to the Al- 
titude of the Solid A B. 
For becaufe the Solid A B is equal to the Solid 
•kipoftUs. CD, and the Solid AB is * equal to the Solid BT; 
^ for they ftand upon the fame Bafe, have the lame Al- 
titude, and their infiftent Lines are not in the fame 
Right Lines, and the Solid DC is * equal to the So- 
lid D Z, fince they ftand upon the fame Bafe, X R 
have the lame Altitude, and their infiftent Lines are 
not in the fame Right Lines; the Solid BT ftiall be 
equal to the Solid D Z ; but the Bafes and Altitudes 
of thofe equal Solids, whofe Altitudes are at Right 
^ ¥rom Angles to their Bafes, are \ reciprocally proportional. 
what has Therefore as the Bafe F K is to the Bafe A R^ fo is 
been before the Altitude of the Solid DZ, to the Altitude of the 
p^^d. Solid BT; but the Bafe F K is equal to the Bafe 
EH, and the Bafe XR to the Bafe NP. Wherefore 
as the Bafe EH is to the Bafe N P, fo is the Altitude 
of the Solid DZ to the Altitude of the Solid BT; 
but the Solids DZ, DC, have the fame Altitude, and 
fo have the Solids BI, B A. Therefore the Bafe E H 
is to the Bafe N P, as the Altitude of the Solid D C 
is to the Altitude of the Solid AB ; and fo the Bafes 
' and Altitudes of equal Solids are reciprocally propor- 
tional. 

Again, let the Bafes and Altitudes of the folid 
Parallelepipedons AB, CD, be reciprocally propor- 
tional, viz^ as the Bafe EH is to the Bafe N?^ fo let 
the Altitude of the Solid CD be to the Altitude of 
the Solid AB. 1 fay, the Solid AB is equal to the 
Solid CD. 

For the fame Conftruftion remaining, becaufe the 
Bafe EH is to the Bafe NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and 
fince the Bafe EH is equal to the Bafe FK, and NP 
to XR. It Ihall be as the BafeFK is to the Bafe XR. 
fo is' the Altitude of the Solid CD to the Altitude of • 
the Solid AB; but the Altitudes of the- Solids AB, 
BT, are rhefame; as alfo of the Solids CD, DZ. 
Therefore the Bafe FK is to the Bafe XR, as the 
^ — ■ ' I' Altitude 
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. Altitude of the Solid D Z is to the Altitude of the 
Solid BT; wherefore the Bafts and Altitudes of the 
Iblid Parallelepipedons BT. DZ, are reciprocally 
proportional ; butthofefolidrarallel|pipedons, whoje 
Altitudes are at Right Angles to their Bafes, and the 
Bafes and Altitudes are reciprocally proportional, are 
equal to each other. But the Solid BT is equal to 
the Solid B A ; for they (land upon the fame Bafe 
FK, have the lame Altitude, and their infiftent Lines 
are not in the fame Right Lines ; and the Solid D Z 
is al£b equal to the Solid DC, fince they ftand upon 
the feme Bafe X R, have the fame Altitude, and their 
infiftent Lines are not in the fame Right Lines, There- 
fore the Solid AB is equal to the Solid CD; whiA 
was ta be demonftrated. 

PROPOSITION XXXV. 

THEOREM. 

If there be two plane Angles eaual^ and from the Verti-- 

ces oftbofe Angles two Right Lines be elevated above 

the Planes^ in which the Angles are y containing equal 

Angles with the Lines firft given ^ each to its corre^ 

fpondentone ; and if in thofe elevated Lines any Points 

te taken from which Lines be drawn perpendicular 

to the Planes in which the Anzles firft given are^ 

and Right Lines be drawn to we An^es firft given 

from the Points made by the Perpendiculars tn the 

Planes J thofe Right Lines, will contain equal Angles, 

vjith the elevated Lines. 

LE T B A C, E D F, be two equal Right-lin'd An- 
^ gles ; and from A, D, the Vertices of thofe An-»^ 
gles, let two Right Lines AG, DM, be elevated^ 
above the Planes of the &id Angles, making equal' 
Angles with the Lines firft given, each to its corre- 
Ipondent one. viz. the Angle MDE equal to the 
Angle G A B, and the Angle M D F to the Angle 
G A C ; and take any Points G and M in the Right 
Lines A G, D M, from which let GL,. MN, be 
draTvn perpendicular to the Planes pafGng thro BA(1 \ 
E D F, meeting the lame in the Points L, N, andt 

Q3 joia^ 
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^ join li A, N D. ■ I fay the Angle GAL is equal to 

thcAn^leMDN. 

Make A H equal to D M, and thrb' tt let H K be 
drawn paralle#to G L ; but G L is perpendicular to 
the Plane paffiti^ thro' BAG. Therefore HK fliall 

f 8 of this, be * alfo perpendicular to the Plane paffing thro' BAG. 
Draw from the Points K, N, to the Right Lines AB, 
AC, DE, D F, the Perpendiculars J{CB, KG, NE, 
NF, and joinHC,. GB, MF, FE. Thenbecaufe 

J 47.1. the Square of HA is f equal to the Squares oif HK, 
K A, and the Squares of KG^ CA", are f equal t® 
the Square of k A; the, Square of HA ihall be equal 
to the Squares of HK, KG, GA; but the Square of 
HG is equal to the Squares of HK, KG. Therefore 
the Square of HA will be equal to the Squares of 

4: 48. 1, HC and^G A ; and fo the Angle HG A is ^ a Right 
Angle. Forthd fameReafon, the Angle DFM is 
alfo a Right Angle. Therefore the, Angle AGH is 
equal to DFM; but the Angle HAG is alfo equal 
to the Angle. M D F. Therefore the two Triangles 
MDF, HAG, have two Angles of the one equal to 
two Atigles Of the other, each to each, ^d one Side 
6f the one equal to one Side of the other, viz. that 
which is fiibtended by one of the equal Angles; that 

^ h, the Side HA equal to DM; and fo the other 

* %6. u Sides of the one, fhall be * equal to the other Sides 
of the other, each to each. Wherefore AC is equal to 
DF; In like Mairiner we demonftrate that A B is 
equal to DE; for let HB, ME, be joined. Then 
becaufe the Square of AH is equal to the Squares of 
A K and K H; and the Squares of AB. BK, are 
equal to theSquare of AK;. the Squares or AB, BK, 
KTH, will be equal to the Square of AH; but the 
Square of BH is equkl to the Squares of BK, KH; 
for the Angle.HKB is a Right Angle, becaufe H K 
is perpendicular lb ' the Plane paffing thro' 6 A C. 
Therefore the Square of AH is equal to the Squares 

1 48. 1 • of AB, By. Wherefore the Angle A B H is f a Right 
Angle. For the fame Rcafon, the Angle D E JVI 
is alfo a kight Angle. And the Angle BAH is 
equal to the Angle E D M, for fp it is put ;. and A H 
is equal ^o ^ M. TherefiSre A B is '* alio equal to 
D E. Arid fo firiceAC is eqiial to DP, and AB 
to DE, the two Side^ C A, AB, fliall be equal to 

the 
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the two Sides F IX D E; but the Angle BAG is 
equal to the Angle FD E.' Therefore the Bafe B C 
is * equal to the Bafe EF, the Triangle to the Tri- * 4* '• 
angle, and the other Angles to the other Angles. 
Wherofore. the Angle A C B is equal to the Angle 
DFE; but the Right Angle ACK is equal to the 
Right Angle D F N; and therefore the remaining An- ^ 

fie B Ck is equal to the remaining Angle EFN. 
or the fame Reafon, the Angle C B K is equal to 
the Angle F E N ; and fo becaule B C K, E F N, are 
two Triangles, having two Angles equal to two An- 
gles, each to each, and one Side equal to one Side, 
which is at the equal Angles, viz> BC equal to EF; 
therefore theyfhall have the other Sides equal to the 
otherSides. Therefore CK is equal to FN, but AG 
is equal to D F. Therefore the two Sides AC, CK, 
are equal to the two Sides D F, FN, and they con- 
tain Right Angles ; confequently the Bafe A K is 
equal to tKe Bafe DN. And fince AH is equal to 
DM, the Square of Ah fliall be equal to the Square 
of DM; but the Squares of AK, KH, are equal to 
Jhe Square of AH; for the Angle AKH is t Right 
Angle, and the Squares DN, In M, are equal to the 
Square of DM, lihce the Angle DNM is a Right 
Angle. Therefore the Squares of A K, K H, are 
equal to the Squares of DN, NM; of which the 
Square q£ A K is equal to the Square of D N. Where- 
fore the Square of K H remaining, is equal to the re- 
maining Square of NM ; and fo the Right Line HK 
IS equal to M N. And fince the two Sides H A, A K, 
are equal to the two Sides MD, DN, each to each, 
and the Bafe HK has been proved equal to the Bafe 
N M, the Angle H A K fliall be f eqtal to the Angle t ^..^^ - . 
M D N ; voh'ich was to be demonjirated. 

Cor oil. From hence it is manifeft, that if there be two 
Right-lin'd plane Angles equal, from whofe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines 
firft given, each to each; Perpendiculars drawn 
from the extreme Points of thofe elevated Lines to 
the Planes of the Angles firflr given, are equal to 
one another. 

Q4 PRO- 
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P R Q P O S I T I O N XXXVL 
THEOREM- 

^ three Right Lines he pro^ortiopd^ the Solid Parallel-r 
epipedon made of them^ ts equal tQ the Jolid Parallel- 
eptpedon made of the Middle Line^ if it bewt Equi- 
lateral one ^ and Equiangular to the aforefaidParallel-' 
epifedon. 

T ET three Right Lines A, B, C. be proportional, 
~ viz. Let A be to B, as B is to C. I fay, the So- 
lid made of A, B, C, is equal to the equilateral Solid 
made of B, equiangular to that made on A, B, C. 

Let E be a folid Antjle contained under the three 
plane Angles D EG, 6EF, FED; and make DE, 
G E, E F, each equal to B, and compleat the folid 
Parallel epipedon EK. Again, put LM equal to A, 

fiCcfthis. and at the Point L. at the Right Line LM, make * a 
folid Angle contained under the Plane Angles N L X, 
XLM, MLN, equal to the folid Angle B; and make 
LN equal to B, and LX to Cl Then tecaufe A is 
to B, as B is to C, and A' is equal to LM, and B to 
LN, EF, EG, or ED, andCtoLX; it (hall be 
as LM is to EF, fo is GE to LX. Audfo the Sides 
about the equal Angles MLX, GEF, are recipro- 
cally proportional. , Wherefore the Parallelogram 

ff 14. 6. M 3v is \ equal to the Parallelogram' G Fr And fince 

the' two plane Angles GEF, X L M, are equal, and 

the Right Lines L N, E D, being equal are ere<Sed at 

the angular Points containing equal Angles with the 

s . Lines firft given, each to each ; the Perpendicular^ 

:(: C&r. if drawn X from the Points N, D, to the Planes drawn 

ifthiu thro' X L M, G E F, are equal one to another. There- 
fore the Solids LH, EK, have the fame Altitude; but 
folid Paralielepipedons that have equal Bafes, and the 

fjirfthts. Ikne Altitude, ate * equal to each othey. Therefore 
the Solid H L is equal to the Solid E It . But the So- 
lid HL is that made of the three Right Lines A, B,C, 
^d the Solid E K that made of the Right Line B. 
Therefore, if three Right Lines be proportional^ ' the fo- 
lid Parallelepipedon made of them^ is equal to the folid 
jParal/elepipedon made of the. Middle Ltne^ if it Be an 
. " ' " ^ equi'^ 
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equilateral one, and eqmanzular to the aforejaid Paral- 
ielepipedon ; which was to De demonftrated. 

PROPOSITIQN XXXVU. 



\, 



THEOREM. 

Iffoftr Righf Lines he proportional^ the folid Paralkk-^ 
' pipedons Jimilar^ and in like manner defcribed from 
tiem^ foall be proportional. Andifthefolidfard- 
kkpi^edons^ betngfimilar^ and alike defcribed^ he pro- 
portional ^ then the Right Lines they are defcribed fronf^ 
Jball be proportional. 

T ET the four Right Lines AB, ^CD, EF, GR 
'*-' be proportional, viz. let AB be to CD, asEF 
is to G H, and let the fimilar and alike fituate Paral- 
lelepipedotis KA, J^C, ME, NG,bedefcribedfrom 
them. I fiy, K A is to LC, as M E is to KG. 

For becaufe the folid Parallelepipedon K A is fimi- 
Jar to LC, therefore KA to LC (hall have * a Pro- i^n^tK^ 
portion triplicate of that which AB has to C D. For 
the fame Reafon. the Solid M E to N G will have a 
triplicate Proportion of that which E F has to G H. But 
AB is to CD, as EFisto GH. Therefore AKis to 
LC, as ME is to NG. And if the Solid AKbe to 
the Solid LC, as the Solid M E is to the Solid NG. 
I lay, as the Right Line AB is to the Right Line'C D, 
fo is the Right Line E F to the Right Line G B For 
becaufe Aa! to LC has f a Proportion triplicate ot fHoftUsi 
that which AB has to CD, and ME to NG has a 
"Proportion triplicate of that which E F has to G H , 
and fince AK is to LC, as ME is to NG ; it fhall 
beas.AB is to CD, fo is EF to GH. Therefore, 
if four Right Lines be proportional^ the folid Parallelepi^ 
pedons fimilar^ and in like manner defcribed from them^ 
pall be proportional. AndifthefoUdParaUelepipedons^ 
being fimilar and alike defcribed^ be proportional^ then the 
Right Lines^hey are defcribed from ^ pall be proportional \ 
lyhicb was to be demonftrated. 
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PROPOSITION XXXVIII. 
THEOREM. 

Jfa Plane be perpendicular to a PlanCj and a Line be 
drawn from aroint in one of the Planes perpendicular 
to the other Piane^ that Perpendicular jhali fall in the 
common SeSion of the Planes. 

T ET the Plane CD be perpendicular to the Plane 
'*^ AB, let their common Sedion be AD, and let 
fome Point Ebe taken in the Plane CD. I fay, a Per- 
pendicular, drawn from the Point|E to the PlanciA B, 
falls on AD. 

For if it does not. let it fell without the fame, as EF 
meeiing the Plane AB in the Point F, and from the 
l^oint Filet F G be drawn in the Plane AB perpendi- 
*Def. 4 4f cular to AD; this (hall be * perpendicular to the Plane 
this. . CD; and join E G. Then becaufe F G is perpendi- 
cular to the Plane CD, and the Right Line EG in 
the Plane of CD touches it : The Angle FGE (hall 
fDef, 3.i/be t a Right Angle. But E F is alfo at Right Angles 
tbu. to the Pia^e Angle AB ; therefore the Angle EF G is 

a Right Angle. And fo two Angles of the Triangle 
♦ 17. 1. EFG, are equal totwoRight Angles; which is :}: ab- 
furd. WhereiEbre if a Rignt Line, drawn from the 
Point E perpendicular to the Plane A B, does not fall 
without the Right ILine AD: And fo it muftJnecelEi- 
rily fell on it. Therefore, if a Plane be perpendicular 
to a Plane^ and a Line he drawn from a Point in one of 
the Planes perpendicular to the other Planej that Per^ 
pendicular jhall fall in the coKtmon SeSion of the 
Planes ; which was to be demonftrated. 
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PROPOSITION XXXIX. 
THEOREM. 

m 

If the Sides of the ofpqfite Planes of afolid Parallelepl- 

pedon he divided tnto two equal Parts, and Planes be 

drawn thro^ their Sections ; the common SeSion of the 

Planes, and the Diameter, the folid Parallelepifedon^ 

Jhall divide eachotber into two ef^al Parts. 

T ET the Sides of CF, AH, the oppofite Planes of 
•*-^ the Iblid Parallelepipedon A F, be cut in half in 
the Points K, L. M, N, X, O, P, R, and let the 
Planes K N, X R, be drawn thro' the the Seflions : 
Alio let Y S be the^. conunon SeSion of the Planes, 
and D G the Diameter of the folid Parallelepipedon. 
1 fag Y S, D G*bifefi each other.tbat is^YIT is equal 
toTS, andDTtoTG. 

For join D Y, YE,BS, SG. Thenbecaufe DX 
is parallel to O E, the Alternate Angles D X Y^ O E 
are * equal to one another. And becaufe DX is % ^^^ ,^ 
equal O E, and Y X to YO, and they contain equal 
Angles^ the BaTeDYfhall be f equal to theBafeYE; f^, i. 
and j the Triangle D X Y to the Triangle Y O E, and 
the other Angles equal to the other Angles : There- 
fore the Angle X YD is equ^l to the Angle O YE; 
and fo DYE is ij: a Right Line. For the fame Rea- 4: 14. i. 
ion B S G ij alfo a Right Line, and B S is equal to 
S G. Then becaufe CA is equal and parallel to DB, '' 

as alfo to EG, DB Ihall be equal and parallel toEG ; 
and the Right Lines DE, GBj join them: Therefore 
DEis * parallel to BG, and D, Y, G, S, are Points •33.1. 
taken in each of them, and D G, Y S, are j oined. There- 
foreDG, YS, are f in one Plane. And finceD^ is ^ y rftUs^ 
parallel to BG; the Angle ED T fhall be * equal to ♦ 1^.,. 
the Angle B G T, for they are Alternate. But the Angle 
DT Y, is t equal to the Angle GTS. Therefore * ir >• 
DT Y, GTS are two Triangles, having two Angles 
of the one equal to two Angles of the other, as like-' 
wife one Side of the one equal to one Side of the o- 
ther, viz. the Side -DY equal to the Side GS : For 
they are Halves of D E, B G : Therefore they fhall 
haVe Jhc other Sidts of one, equal to the other Sides 

of 
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^ of the other ; and fo DT is equal to TG, and YT 

to T S. Wherefore, if the Sides of the oppofite Planes 
of a folid Paralklepepidi^n be divided into two equal 
Parts^ and Planes be drawn thro* their SeSions ; the 
common Sedion of the Planes^ and the Diameter of the 
folid Paralklepipedon^ jhall divide each other into two e- 
qml Parts ; which was to be demonftrated. 

PROPOSITI ON XU 
THEOREM. 

If of two triangular Prtfms^ one fian£ng on a Baft^ 
which a Parallelogram^ and the other on a Triangle^ • 
if their Altitudes from thefe Safes are equal^ and the 
Parallelogram double to the Triangle ; then thofe 
Prifms are equal to each other, • 

T ETJlBCDEF., GHKLMN be twt) Prifms 
"*-* of equal Altitude. The Bale of one of which is 
the Parallelogram AF, and that of the other, the 
Triangle GHK, and let the Parallelogram A^ be 
double to the Triangle GHK. I fay the Prifin A B 
CDEF is equalto the Prifm GHKLMN. 

For compleat the Solids AX, GO. Then becaufe 
♦ 14.x, the Parallelogram AF is double to the Triangle 
GHK, and fince the Parallelogram HK is * dou- 
. ble to the Triangle GHK, the, Parallelogram 
A F ihall be equal to the Parallelogram H K. But fo- 
\xieftlus lid Parallelepipedons. that ftand upon equal Bafts, and 
•• ^ ' have the fame Altitude , are f equal to one another. 
Therefore the folid A A is equal to the Solid G O. 
±^efthis But the Prifm ABCDEF is half the Solid AX, andthe^ 
*• ^ ' Prifm GHKLMN is half the Solid GO. There- 
fore the Prifm A B C D E F is equal to the Prifm G H 
K L M N. Wherefore, if there be two Prifms having 
' equal Altitudes^ the Bafe of one of which is a Parallelo^ 
gram^ and that of the other a Triangle^ and if the Pa- 
rallelogrdm be double to the Triangkj the faid Prifms 
/ball be equal to each other ,^ 

The End of the Eleventh Book* 
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ELEMENTS. 

B o o K xn. 

PROPOSITION!, 

THEOREM. 

Similar Polygons jinfcriyditt Circlet, are to one aaother 
. as the Squares of the Diameters cf the Circles. 

IET'ABCDE, FGHKL, be Circles, 
whereip are uucribM the limilar Poly- 
gons ABCDE, FGHKL, aod let 
JBM, GN, be Diameters of the Cir- 
cles. I fiy, as the Square of BM is to 
ithe Square of GN, lb is the Polygoa 
ABCDE to the Polygon FGHKL. 

I-orjoin BE AlW^-GL, FN Then becaufe the 
Polygon ABCDE is fimilar to the Polygon FGH 
KL, the Angle BAE is equal to theAngle QFL; 
and BA is to AE, as GF is to FL- Therefore 
(he two Triangles BAE, GPL, haye one Angle of 
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the one equal to one Angle of the other, viz. the An- 
gle BAE equal to the Angle GFL, and tjie Sides 
about the equal Angles proportional. Wherefore the 
Triangle A B E is * equiahgular to the Triangle F G L ; 
and fo the Angle A'EB is equal to the Angle FLG. 
But the Angle AEB^s f equal to the Angle A MB; 
for they (land on the fame Circumference; and the 
Angle F L G is t equal to the Angle F N G. There- 
fore the Angle AMB is equal to the Angle FNG. 
But the Richt Angle BAM is :j: equal to the Right 
Angle G FN. Wherefore the other Angle (hall be 
equal to the other Angle. And fo the Triangle AMB 
is equiangular to the Triangle FGN; and confc- 
quently ♦ as BM is to G N, fo is B A to G F. But 
the Proportion of the Square of B M to the Square 
of G N , is duplicate of the Proportion of B M to 
G N ; and the Proportion of the Polygon AB C D E 
to the Polygon F GHK L, is f duplicate of the Pro- 
portion, or B A to GF, WMefprj:^^ihS-S.qi»r5 
of B M is to the Square of G N, fo is the Polygon 
A BCD E to the Polygon dPGHKL. Therefore, 
fimilar Polygons, infcrikri in Circles, are to one another 
as the Squares of the Diameters of the CircUs\ which 
was to be demonftrated. 
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LEMMA. 

If there be two unequal Magni^ 
tsides fropos'*d, and from. the 
greater be taken a Part greater ^ 
than its Half; and if from what 
remains there be again taken K 
a Part greater than half this 
Remainder ; and again from „ 
this lajl Remainder a Part " 
greater than its half; and if 
this be done continually^ there ' 
wll remain at laft a Magni- 
tude that pall be lefs than the 
UJfer of the pofos*d Magni- 
tudes 
■ B C E B 

LET AB and C be two unequal Magnitudes, 
whereof AB is the greater. I fay, if from AB 

be 



be taken a greater Part than half, and from the Part 
remaining £ere be again taken a Part greater than its 
half, ancf this be done continually, there will remain 
a Magnitude at laft that fhall be lefs than the Magni- 
tude C. ^ _ 

For C being fome number of Times multiply*d, 
will become greater than the Magnitude AB. Let 
it be multiply*d, and let DE be a Multiple of C 
greater than AB. Divide DB into Parts DF, FG, 
Jjc E each equal to C, and take B H a Part greater than 
half of AB from AB, and again from AH the Part UK 
greater than half A H, and from A K a Part greater ' 
than half AK,and fo on, until the Divifions that are in 
AB are equal in Number to the Divifions in DE. 
Therefore let the Divifions A K, K H, H B, be equal 
111 Number to the Divifions DF, FG, GE. Then 
becaufe DE isgreater than A B, and the Part EG is 
taken from EIJ, being lefs than half thereof, and the 
Part BH greater than half of A 6 is taken from it, 
the Part remaining G D, fhall be greater than the Part 
remaining HA. Again, becaufe GD is greater thaji 
HA; and GF being half of GD, is taken from the 
fame ; and H K being greater than half H A, is taken 
from this likewife; the Part remaining I'D, fhall be 
greater than the Part remaining A K ; but F D is equal 
to C. Therefore C is greater than AK; and fo the 
Magnitude A K is lefler than C. Therefore the 
Magnitude AK beang the Part remaining of the Mag- 
nitude A B, is lefs than the lefTer proposed Magnitude 
C; which was to he demonftrated. If the Halves of 
the Magnitudes Ihould have been taken, we demon- 
ftrate this after the lame Manner. iL-bis is the firfi 
Profojition of the tenth Book. 

4 

P R O PO S I^ I O N n. 

THEOREM. 

Circles are to each other as tie Squares of their 

Diameters. 

T ET A BCD, EFGH, be Circles, whofe Dia- 
•■-' meters arc BD, FH. I fay, as the Square of 
B D is to the Square of FH, fo the Circle ABCI> 
to the Circle EFGH. For 
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/ For if it be not fo , the Square of BD fliall be to 
the Square of FH, as the Circle ABCD is to foiiie 
Space either lefs or greater than the Chrcle E F G H. 
Firft let it be to a Space S ,v lefs than the Circle E F G H, 
and let the Square E F G H be defcribed therein. 
. This Square E F G H will be greater than half the 
Circle EFGH; becaufe if we draw Tangents to the 
Circle thro' the Point^, F, G, H, the Square EFGH 
will be half that defmbed about the Circle ; but the 
Cfrcle is lefs than the Square defcribed about it. There-^^ 
fore the Square EFG His greater than half the Circle 
EFGH. Let the Circumferences EF, FG, GH^ 
HE, be bifefted in the Points K, L, M, N, attd join 
EK, KF, FL, LG, GM, MH, HN, NE. Then 
each of the Triangles E K F, F L G, G M H^. 
^^41. I* H N E, will be * greater than one half of the Segment 
of theCircleit (lands in. Becaufe ifTangents at the Cir- 
cle be drawn thro* the Points K,li,M,N, and the Pa- 
rallelograms that are on the Right Lines JEF,FG^GH, 
HEbecompleated, each of the Triangles EKF, FLG, 
G MH, H NE-is half of each of the correfponding 
Parallelo^i^s ; but the Segment is lefs than the Pa- . 
V fallelogram. Wherefore each of the Triangles EKF, 

F L G, G MH, H N E is greater than one half of the 
Segment of the Circle in which it ftands. Therefore 
if thefe Circumferences be again bifefted, and Right 
Linesbedrawn joining the Points of Bifefiion, and 
•you do thus continually, there will at laft remain 
S^ments of the Circle, that fliall be lefs than the Ex- 
cels, by which the Circle EFGH exceeds the Space 
S. For it is dembnftrated in the aforegoing Lemma^ ' 
that if there be two unequal Magnitudes propofed, 
and if from the greater a Part greater than half be taken 
from it, and again from the Part remaining a Part great- 
er than half be taken, ^d.you do this continually; 
there will at laft remain a Magnitude that will be leis 
than the leffer propofed Magnitude. Let the Seg- 
ments of the Circle E F G H on the Right Lines EK, 
KF,' FL, LG, GM, MH, HN, NE, bethofe 
which are lefs than the Excefs^ whereby the Circle 
EFGH exceeds the Space o, and then the re-, 
maining Polygon EKFLGMHN fliallbe greatei^ 
than the Space S. Alfo defer ibe the Polygon AX 
BOCPDR in the CirdeABCD, fimilar to the Po- . 

lygon' 
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lygon E K F L G M H N. Wherefore as the Square 
of BD isf to the Square of FH fd is flie Polygon A X 
B-OCPDR to * the Polygon EKFLGMHN. But * J f^thU. 
as the Square of BD is to the Square of FH, fo is the 
Circle ABCD to the Space S. Wherefore as the 
Circle A BCD to the Space S, io is f the Polygon » 
AXBOCPDR to the Polygon EKFDGMHH T "' ^' 
But the Circle A B CD is the greater than the Polygon + ^.^^ fj^ 
in it. Wherefore the Space S fhall be f alfb greater ^y* 
than the Polygon EKFLGMHN, but it is lefs:|: ^^* 
likewife ; which is abfurd. Therefore the Square of 
B D to the Square of F H, is not as the Circle ABCD, 
to fome Space lefs than the Circle E F G H. After : 
the lame Manner w« likewife demonftrate that the 
Square of F H to the Square of BD is not as the Cir-^ 
cle E F G H, to fome Space lefs than the Circle A B-* - 
CD. Laftly, I fay, the Squaxe of BD to the Square 
of FH is not as the Circle ABCD, to fome Space 
greater than the Circle E F G H ; for if it be poffible, 
let it b6 fo^ and let the ;Space S be greater than the 
Circle E F G H; then Ihall it be (bylnverfions) as the 
Square of F H is to the Square of B JD, fo is the Space 
S to the Circle ABCD. Butbecaufe S is greater than 
the Circle E F G H , the Space ihall be to the Circle 
A B C D, as the Circle E F G H is to fome Space lefs 
than the Circle ABCD. Therefore^ as the Square 
of FH is to the Square of BD, fo is ? the Circle * '4*^ 
E F G H to fome Space lefs than the Circle ABCD; 
Which has been demonftrated to beimpofliblei Where- 
fore the Square df B D to the Square of F H^ is not 
as the Circle ABCD to fome Space greater than the 
Circle E F G H. But this alfo has been proved, that 
the Square of BD to the Square of FH, is not as the 
Circle ABCD to fome Space lefs than the Circle ^ 
E F G H. Wherefore as the Square of B D is to the 
Square of F H, fo fhill the Circle 4BC D be to the 
Circle EFGH. Wherefore Circles are to each o- •- 
ther as the Square? of their Diameters ; which was t<^ 
be demonftrated* 

> 
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P ROPO S I T I O N III. 
THEOREM. 

I 

Every Pyramid having a triangularBafe may be divided 

' into two Pyramids^ ^aual andjimilar to one another ^ 

having triangular Uajes J and Jintilar to the whale, Py* 

ramid^ and into two equal Prifms. which two Prifms 

are greater than the half of the wiole Pyramid. 

LET there \it a Pyraxrud, whofeBafe is the Trian- 
gle ABC ; and Vertex the Point D. I fay the 
Pyramid A BCD may be divided^into Pyramids etjual 
and fimilar. to one another, having triangular Bafes, 
and fimilar to the whole ; and into two equal Prifins ; 
which two Prifms are greater than the whole Pyra- 
ttiid. 

For bifea AB, BC, GA, AD, DB, DC, inthe 
Points E, RG,H "K, L, and join EH, EG,GH, 
HK, kL, LH, EK, KF, FG. Then becaufeAE 

♦ 2. C. J^ equal to EB, and AH to HD, EH fliall^be * pa- 

rallel to pB. For the fame Realbn, HK alfo is pa- 
rallel to A B. Therefore H E B K is a Parallelogram; 
1 34. I. and fo HK is j,eqiaal to EB, but EB is equal to AE. 
Therefore AE fhall be alfo equal to HK, but AH is 
equal to HD. Wherefore the two Sides AE, AH 
are equal to the two Sides KH, HD, each to each, and 

* »9- ». the Angle EAH is i equal to. the Angle KHD : 

* 4. '- Wherefore the .^afe EH is * equal to the Bafe KD : 

And fo the TTiangle A E H is equal and fimilar to the 
TriangleHK D. For the fame Reafon , the Triangle 
AHCj (hall alfo be equal and fimilar to the Triangle 
ftLD. And becaufe the two Right Lines EH, HG, 
touching each other, are parallel to the two Right Lines 
K[I), DL, touching each other, and not in the fame 
f 16. II. I^lane with them, they (hall contain ,f equal Angles. 
Therefore the Angle EHG is equal to the Angle 
K D L. Again, becaufe the two Sides E H, H G, are 
equal to the two Sides !fcD, DL, each to each, and 
the Angle EHG is equal to the Angle^KDL, the 

• 4, I . B^fe E G fhall be * equal to the Bafe K L ; And 

therefore, the Triangle EHG is equal and fimilar to 
the Triangle K D L. For the fame Reafon, the Tri- 
angle 
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angle AEG is alfo equal and fimilar tb the Triangle 
H K L. Wherefore the Pyramid whofe Bafe is the 
Triangle AEG, and Vertex the Point tl, iseqnd^and 
fimilar to the Pyramid whofe Bafe is the Triangre 
HKL, and Vertex the Point D. And becaufeHK 
is drawn parallel to the Side AB: of the Triangte 
A D B , the Triangle A D B fliall be equiangular to the 
Triangle DKH^ and they have their Sides propor- 
tional. Therefore the Triangle ADB is fimilar to 
the l^iaiigle I>H K* And for the fame Reafon , the 
Triangle D B C i$ fimilar to the Triangle D KjL ; and 
the Triangle A H G to the Triaqgle DHL. And 
fince the two Right Lines B A, AC, touching each 
other, ate parallel to the two Lines KH, HL, touch- 
ing each other, not being in the fame Plane with them j 
thefe (hall contain equal Angles. Therefore the An** 
gle BAC is equal to the Angle KHL. AndB A. is 
to AC, as K H is to HL. Wherefore the Triangle 
ABC is fimilar to the Triangle HKL; and fo the Py- 
ramid whofe Bafe is the Triahgle ABC, and Vertex 
the Point D, is fimilar to the Pyramid, whofe Bafe is 
the Triangle HKL, and Vertex the Point D. Bat 
the Pyramid whofe Bafe is the Triangle HKL, and 
Vertex the Point D, has been proved fimilar to the ' 
Pyramid whofe Bafe is the Triangle AEG, and Ver- 
tex the Point H. Therefore the Pyramid whofe Bafe 
is the Triangle ABC, and Vertex the Point D, is fi- 
milar to the Pyramid whofe Bafe is the Triangle AEG, 
and Vertex the Point H. Wherefore both the Pyra- 
mids A E G H, H K L D, are fimilar to the whole Py- 
ramid A BCD. And becaufe BP is equal to FC, 
the Parallelogram EBFG will be double to the Tri- 
angle G FC. And fince there are two Prifms of equal 
Altitude, one of which has that Parallelogram for a 
Bafe^ and the other the Triangle, and the Parallelo- 
gram is double to the Triangle ; thofe Prifms will be 
I equal to one anothd:. Therefore the Prifm con- -j. 40. n. 
tained under the two Triangles BKF, EHG, and 
the three Parallelograms E B F G, E BK H, K H G F, 
is equal to the Primi contained under the?two Trian- 
gles GF C, H K L, and the three Parallelograms K F 
G L, L C G H, H K F G. And it is Manifefl:"that each 
of thofe Prifms, theBafeofone ofwhich is the Paralle- 
logram EBGF, and oppofite Bafe to that the Right Line 

' R a KH^ . 
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KH, and the Bafe of the other theTrianele GPC 
and the oppofite Bafe to this, theTrianele KLH,ar» 
greater than either of the Pyramids, whofe Bales are ■ 
the Triangles AEG, HKL, and Vertices the Points 
HandD. Forfince, if the Right Lines Ef, EH» 
be joined, the Prifm whofe Bafe is the Parallelogram- 
EBFG, and oppofite Bafe to that the Right Line 
KH, is greater than the Pyramid, whofe Bafe is the' 
Triangle EBF, and Vertex the Point K. But the 
Pyramid whoii Bafe is the Triangle EBF, and Ver- 
tex the Point K, is equal to the Pyramid whofe Bafe 
is the Triangle A EG, and Vertex the Point H. For 
they are contained under equal and limilar Planes, 
Wherefore the Prifm whofe Bafeis the Parallelogram 
EBFG, and oppofite Bafe to it the Right Line HK» 
is greater than the Ppramid whofe Bafe is the Trian- 
gle AEG, andVCrtexthePointH. But the Prifin 
whoft Bafe is the Parallelogram EB F G, and oppo- 
fite Bafe to it the Right Line HK, is equal to the 
Prifm whofe Bafe is the Triangle G F C, and oppo- 
fite Bafe to this the Triangle H K L : And the Pyra- 
mid whofe Bafe is the Tnangic AEG, and Vertex 
the Point H, is equal to the Pyramid whote Bafe i? 
the Triangle HKL, and V ertei the Point D. There- 
fore the two Prifms afbreCud, arc greater than the 
£iid two Pyramids , whofe Bafes are the Triangles 
AEG, HKL, and Vertices the Points H, D. And 
fo the whole Pyramid whofe Bafe is the Triangle 
ABC, and Vertex the Point D, is divided into two 
equal Pyramids, flmilar to each other and to the 
Whole : And into two equal Prifms ; which two 
Prifms together are greater than half of the whole 
Pyramid, Therefore, Every Pyramid haviKt a tri- 
angular Bafe may be t&videdinte two Pyramids^ equal 
andfimilartooMe'aHotber, bavingtriaHgularBafrs^ and 
fimilar lo the whole Pyramid, andintotwo equalPrifms, 
which tivoPrifiHj are greater than the half of thetuhok 
Pyramid; whichwas to bedemonilrated. 



\ 
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P R O P O S I T I O N IV. 
THEOREM. 

If there are two Pyramids of the fame Altitndey having 
tr'tangpdar Bafes^ and each of them be divided into 
two Fyramidi^ equal to one another^ andjimilar to 
the whole ^ as alfo into two eaaal Prifins ; and if in 
like manner each of the two Pyramids^ made by the 
former Divijion^ he divided^ and this be don^ tonti" ^ 
* dually \ then as the Baje of one Pyramid is to the Bafe 
' of^he other Pyramid^ fo are all the Prifms that are 
in one Pyramid to all the Prifms that are in the other ^ 
Pyramid being equal in Multitude, 

T ET there be two Pyramids of the fame Altitude, 
•*-' having the triangular Bafes A B Q D E F, whofe 
Vertices are the Points G, H, and let each of them be 
divided into two Pyramids, equal to one another^ and 
fimilar to the whole, and into two equal Prifins; 
and if in like manner each of the Pyramids made by 
the former Divifion be conceived' to.be divided, and 
this be done continually. I fay, as the Bafe ABC 
is to the Bafe DEF, fo are all the Prifms that are 
in the Pyramid ABCG to all the Prifms that are 
in the Pyramid D E F H, being equal in Multitude. 

For fince BX is equal to XC, and AL to LC, , 
X L (hall be * parallel to AB, and the Triangle ABC • 2. 6. 
fimilar to the Triangle L X C. For tfie fame Reafon 
the Triangle DEF Ihall be alfo fimilar to the Trian- 
gle RQF, And becaufe BC is double to CX, and 
EF to FQ, it Ihall be as BC is to CX fo is EF to * 
FQ. And fince there are defcribM upon BC, CX, 
Right-lin'd Figures ABC, LXC, fimilar and alike fitu- 
atCj. and upon E F, F Q, Right-lin'd Figures DEF, 
RQF, fimilar and alike fituate. Therefore as the 
Triangle BAG is to the Triangle LXC, fo is \tht±^. ^ 
Triangle DEF to the Triangle RQF ; and (by Al- 
ternation) as the Triangle ABC is to the Triangle 
D E F, fo is the Triangle L X C to the Triangle RQF. 
But as the Triangle L X C is to the Triangle R O F, 
lb is :j: the Prifm, whofe Bafe is the Triangle LxC, ^ ^g. 3^ 
and oppofite.Bafe to that the Triangle GMN, to th6 31, n. 

PriCn, 
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Prifm whofejEafe is the TriapgleRQF; andoppofitc 
Bafe to that the Triangle S 1 Y. Therefore as the 

• II. f. Triangle ABC is to the Triangle DEF, fo is ♦ the 
Prifm whofeBafe is theTriangleXX C, and oppofite 
Bafe to that the Triangle OMN, to the Prifin whole 
Bafe is the Triangle RQF, and oppofite Bafe to that 
the Triangle STY; and becaule the two Prifms that 
^e in the Pyramid ABCG are equal to one another, 
as alfo thofe two that are in the Pyramid D E F H; it 
fliall be as the Prifin whofe Bafe is the Parallelogram 
KLXB, and oppofite Bafe to that the Right Line 
M O, is to the Prifm whofe Bafe is the Triangle 
LXC; and oppofite Bafe to that the Triangle OMN, 
fo is the Prifm whofe Bafe is the Parallelc^am EP 
RQ; and oppofite Bafe to that the Right Line ST, 
to the Prifm whofe Bafe is the Triangle R Q JF, and 
oppofite Bafe to that the Triangle S T x . Therefore 
(by compounding) as the Prifms KBXLMO, LX 
C M N O, to the Prifm L X C M N O, fo the 
Prifms PEQRST, RQFSTY, to the Prifin RQ 
FSTY. And (by Alternation) as the Prifms KB 
XLMO, LXCMNO, to the Prifins PEQR 
ST, RQFSTY, fo the Prifm LXCMNO, to 
the Prifm R Q F S T Y ; but as the Prifm LXCMNO 
is to the Prifm RQF STY, fo has the Bafe LXC 
been proved to be to the Bafe RFQ; and fo the Bafe 
A B C to the Bafe D E F. Therefore alfo as the Tri- 
angle ABC is to the Triangle DEF, fo are the two 
Prifms that are in the Pyramid ABC G, to the two 
Prifins that are in the Pyramid DEFH. If in th^ 
fame Manner each of the Pyramids OMNG, ST 
^H, made by the former Divifion, be divided, it 
. Oiall be as the Bafe OMN is to the Bafe ST Y, fo 
the {WO Prifms that are in the Pyramid O M N G, to 
the two Prifms that sre in the Pyramid SI' YH. But 
as the Bafe O M N is to the Bafe S T Y , fo is the Bale 
ABC to the Bafe DEF. Therefore as the Bafe 
ABC is to the Bafe DEF, fo the two Prifms that 

. * ^re in the Pyramid ABCG, to the two Prifms that 

are in the Pyramid DEFH; and fo the two Prifms 
that are in the Pyramid OMNG, to the two Prifm? 
that are in the Pyramid S T YH, and fo the four tq ' 
the four. We demonftrate the fame of Prifins made 
by Jhc Divifion of th^ Pyyami^s AK|^0, DPRS^ 

' ^d 



L and of all other J'rifins, being equal in Multitude; 
' ^bieb Vfos to be demonftrated. , 

PROPOSITION y. 
THEOREM. 

IPyram'tds of the fame Ahitude^ and having triangular 
Bafis^ arc to one another as their Bafes. 

T E T there be two Pyramids of the fame Altitude, 
•M having the triangular Bafes ABC, DEF, whofe 
Vertices are the Points G, H. I fay, as the Bafe • 
ABC, is to the Bafe DEF, fo is the Pyramid AB 
C G to the Pyramid D E F H. 

For if it be not lo, then it fhall be as the Bafe 
A B C is to the Bafe D E F, fo is thePyramid ABCG 
to fbme Solid, greater or lefs than the Pyramid DE 
F H. , Firft, let it be to a Solid lefs, which let be Z, 
and divide the Pyramid D E F H into two Pyramids 
equal to each other, and fimilar to the Whole, and 
into two equal Prilms; then thefe two Prifms are 
greater than the half of the whole Pyramid. And 
again, let the Pyramids made by the former Divifion, 
be divided after the fame Manner, and let this be done 
dontinually, until the Pyraniids in the Pyramid D E 
FH, are lefs than the Excefs by which the Pyramid 
D E F H exceeds the Solid Z. Let thefe, for Exam- 
ple, be the Pyramids D P R S, ST YH; theni the 
Prifms remaining in the Pyramid DEFH, are great- 
er than the Solid Z. Alfo, let the Pyramid A B C G, 
be divided into the fame Number of fimilar Parts as 
the Pyramid DEFH is; and then as the Bafe ABC 
is to the Bafe DEF, fo * the Prifms that are in the *^ of this. 
Pyramid ABCG, to the Prifmis that are in the Pyra- 
mid DEFH. But as the Bafe ABC is. to the Bafe 
DEF, fo is the Pyramid ABCG to the Solid Z. 
J^nd therefore as the Pyramid AB C G is to the Solid 
Z, fo are the Prifms that are in the Pyramid ABCG, 
to the Prifms that are in the Pyramid DEFH; but 
the Pyramid ABCG, is greater than the Prifms that 
are in it. Wherefore alio the Solid Z, is greater 
than the Prifms that are in the Pyramid DEFH, but 

R 4 it 
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♦ From h is lefs * alfp, whidi is abfurd: Therefore the Bafe 
what i&4x * A B C to the JBafe D E F, is not as the Pyramid 
Seen akea- A BCG to fome Solid lefs than the Pyramid DEFH. 
^ Jemo/^ j^^ftef ^he fapj^ ^(bnnej: wc demonftcate that the Bafe 
firM4. D E F to the Bafe A B C, is not as the Pyramid D E 
FH to fome Solid lefs than the Pyramid ABCG. 
Therefore, I fay, neither is the Bale ABC to the 
. BafeDEF, as the Pyramid ABCG to fome Solid 
greater than the Pyramid DEFH. For if this is pof- 
fible, let it be to the Solid I greater than the Pyra* 
mid D E F H. Then (by Inverfion) the Bafe D E F 
ihall be to the Bafe ABC, as the Solid I to the Pyra- 
. mid ABCG: But fince the Solid I is greater than 
the Pyramid E D F H, it ihall be as the Siolid I is to 
the Pyramid ABCG, fo is the Pyramid DEFH to 
fome Solid lefs than the Pyramid ABCGr as juft 
now has been proved. And fo as the Bafe DEF is 
to the Bafe ABC, fo is the Pyramid DEFH, to 
fome Solid lefs than the Pyramid ABCG, which is 
abfurd. Therefore the Bafe AB C to tKe Bafe DEF, 
is not as the Pyramid ABCG to fome Solid greater 
than the Pyramid DEFH. But it has been alfo pro- 
ved, that the Bafe ABC to the Bafe D E F, is not as 
the ryramid ABCG to fome Solid lefs than the Py- 
ramid DEFH. Wherefore as the Bafe A B C is to 
the Bafe DE F, fo is the Pyramid A BCG to the Py- 
ramid DEFH. Therefore, Pyramids of the fame 
Altitude^ and having triangular Bafes^ are to one auOf 
tber as their Safes ; which was to be demonftrated, 

PROPOSITION VI. 
THEOREM. 

Pyramids of the fame Altitude^ and having polygonous 
Bafes^ are to ot^e another as their Bafes. 

T E T there be Pyramids of the fame Altitude, 
'*-' which have the polygonous Bafes ABODE, 
FGyKL, and let their Vertices be the Points M, 
'K.^I fay, as the Bafe ABODE is to the Bafe 
JF G H K L, fo is the Pyramid AB CD M to the Py- 
ramid FQHKLN, 

For 
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For let the Bafe ABCDE bedivided into theTri- 
angles ABC, A.CD, ADE; and the Bafe FGHKL 
into the Triangles F G H, F H K, FKL; and let 
Pyramids be 6onceived upon every of thofe Trian- 

flcs of the fame Altitude with the Pyramids ABC 
) E M, F G H K LN. Then becaufc the Triangle 
ABC is~ to the Triangle A CD, as * the Pyramid ^ftftbh: 
ABCM is to the Pyramid ACDM: And (by com- 
pounding) as the Trapexium ABCD is to the Tri- 
jungle A C D, fo Js the Pyramid ABCDM to the 
Pyramid ACDM; but as the Triangle AC D is to 
the Triangle ADR fi) is * the Pyramid ACDM tq 
- the Pyramid A D E M. Wherefore, (by Equality of 
Proportion) as the Bafe AB C D is to the Bafe ADE, 
fo isthePyramid AB.CDM to the Pyranud ADEM. 
And again, (by Compofition of Proportion) as the 
Bafe ABCD E is. to the Bafe ADE, fo is the Pyra- 
mid ABCDEMtothePyramidADEM. Forthe ' 
iamje Reafon, as the Bafe FGHKL is to the Bafe 
FKL, fo is the Pyramid FGHKLN to thePyra- "^ : . 
mid F K L N. And fince there are two Pyramids 
. AD EM, F KLN, having triangular Bafes, and the 
fame Altitude, the Bafe ADE fhall be * to the Bafe 
F K L," as the Pyramid ADE M to the Pyramid FK 
LN. And fince the Bafe ABCDE is to the Bafe 
ADE, as the Pyramid A BCD EM is to thePyra^ 
mid A D E M ; ^d as the Bafe^ALD E is to the Bafe • 
F K L, fo is the Pyramid A D E M to the Pyra^ 
mid FKLN; it fhall be (by Equality of Proportion) 
as the Bafe ABCDE to the Bafe FKL, fo is the 
Pyramid A B C D E M to the Pyramid FKLN; but 
as the Bafe FKL is to the Bafe FGHKL, fo was 
jthe Pyramid FKLN to the Pyramid FGHKLN. 
Wherefore again, (by Equality of Proportion) as the' 
Bafe ABCDE is to the Bafe FGHKL, fo is the 
Pyramid ABCDEM to the Pyramid FGHKLN. 
Therefore, Pyramids of the fame Altitude^ and having 
foly^omus Bafes ^ are to one another as their Bafes ^ 
jvmch was to be den^onftrated. 
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PROPOSITION VII. 
THEOREM. 

Every Prijht having a trianntlar Bafe^ may he £vtded 
into three Pyramids equal to one another^ and having 
triangular Bafes. 

T ET there be a Prifm whofe Bafe is the Triangle 
•" A. B C, and oppofite Bafe to that the Triangle 
DBF. I fay, the PrijQn ABCDEP maybe dividedin- 
to the three equal Pyramids that have triangular Bafes, 
ForjoinBD, EC, CD, Then bccaufe ABEI> 
is a Parallelogram, "vdidfc Diameter is E D, the Trf- 
angle ABD fliall be * equal to the Triangle EBD, 
Therefore the Pyramid Whofe Bafe is the Triangle 
» , ,^ AB D, and Vertex the Point C, ' is f equal to the Py- 
^ * ramid whofe Bafe is the Triangle E D B, i and Vertex 
^ifvr L' ' *c Po'^it ^- But the Pyramid whbfe Bafe is the 
f6/fthts Triangle ED B, and Vertex the Point C, is the 
feme as the Pyramid whofe Bafe is the Triangle 
E B C, and Vertex the Point Dj for they are con- 
tained under the fame Planes. Therefore the Py- 
ramid, whofe Bafe is the Triangle ABD, and Ver» 
tcx the Point C, is. equal to the Pyramid whof^ Bafe 
is the Triatigle EBC^and vertex the Point D. Again, 
becaufe FCBE is a Parallelogram, whofe Diameter 
Is €£, the Triangle E CF ihall be * equal to the Tri- 
angle CB E. And fb the Pyramid whofe Bafe is the 
Triangle B EC, and Vertex th« Point D, is f equaUto 
the Pyramid whofe Bafe is the Triangle ECF, and 
Vertex the Point D : But the Pyramid, whofe Bafe is 
the Triangle BCE, and Vertex the Point D, has been 
proved equal to the Pyramid, whofe Bafe is the Tri^ 
angle ABD, and Vertex the Point C. Wherefore 
alio the Pyramid, whofe Baft is the Triangle CEP, 
and Vertex the Point D, is equal to the Pyramid, 
Mrhofe Bafe is the Triangle A ED, and vertex the 
Point C. Therefore the Prifm ABCDE.F is divi- 
ded into three Pyramids equal to one a^hother, and 
having triangular Bafes. And becaufe the Pyramid, 
Whole Bafe is the Triangle [ABD, and Vertex the 
Point G; is the fame with the Pyramid whofe Bafe is 
the Triangle CAB, and Vertex the Point D; for 

they 



they are contained under the fame Planes ; and the 
t^yramid, whofe Bofe is the Triangle A B D, and 
Vertex the Point C,|has been proved to be a third Part 
of the Prifin, whole Bafe is the Trianele ABC, and * 
oppofite Bafe to that the Triangle D E F. Therefore 
alfi) the Pyramid, whole Bafe is the Triangle ABC, 
and Vertex the Point D, is a third Part of the PrijQn 
haying the fame Bafe, viz. the Triangle ABC, ^nd 
the oppofite Bafe the Triangle DBF; which was u 
be demanftraUd. 

Corolh I. It is manifeft from hence, that every Pyra- 
mid is a thirdPart of a Prifm, having the fame Bafe 
and an equal Altitude ; becaufe it the Bale of a 
Prifm, as ^fo the oppofite Bafe, be of any other 
Figure, it may be divided into Prifms having tri- 
angular Bafes. 

2. Prifms of the fame Altitude are to one another a» 
their Bales. 

PROPOSITION VIIL 
THEOREM. 

Similar Pyramids^ having triangular Bafes^ are in a 
triplicate Proportion of their homologous Sides. 

LE T there be two Pyramids fimilar and alike fitu- 
ate, having the triangular Bafes ABC, DEF,. 
and let their Vertices be the Points G, H. I fay, the 
Pyramid A B C G to the Pyramid D E F H, has a Pro- . 
portion triplicate of that which BC has to E F. 

For compleat the folid Parallelepipedons B G M L, 
E H P O ; then becaufe the Pyramid A B C G is fimi- 
lar to the Pyramid DEF H, the Angle ABC fhall 
be * equal to the Angle DEF, the Angle G B C • d^. 9; 
equal to the Angle HE F, ,and the Angle A B G 11. 
equal to the Angle t)EH. And AB is to DE as 
BC is to EF; and fo is BG to EH. Therefore 
becaufe AB is to DE, as BC is to EF; and the 
Sides about the equal Angles are proportional, the 
Parallelograan B M Ihall f be fimilar to the Parallelo- j. ^, 5, 

fram EF. For the fame Realbn, the Parallelogram 
; N is flmilar to tl^e Parallelogram E R, and the Pa- 
rallelogram 
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ralleloerim B K to' the Parallelogram EX. There- 
fore thtee Parallelograms BM, KB, BN. are fimi- 
lar to three Parallelograms EP, EX, ER; but the 
three MB, BK, BN, are equal and fimilar to the 
three oppofite ones ; as alfo the threee EP, E X, ER. 
Therefore the Solids tiGMTL^ EHPO, are con- 
tained under equal Numbers of fimilar and equal 
Planes; and confequently, the Solid BG ML is fi- 
milar to the Solid EHPO. But fimilar folid Paral- 

♦ a a. II. lelepipedons are * to each other in a triplicate Pro- 

portion of their homologous Sides. Therefore the 
Solid B G M L to the Solid E H P O, has a Propor- 
tion triplicate of that which the homologous Side 
BC has to the homologous Side EF. But* as the 

* If. f. Solid BGML is to the Solid EHPO, fo is t the 

Pyramid ABCG to the Pyramid DEFH; for the 
Pyramid is the one fixth Part of that Solid, fince 
Che Prifm, which is the half of the folidParallelepipe- 
don is triple of the Pyramid. Wherefore the Pyra- 
mid ABCG to the Pyramid DEFH, Ihall have a 
triplicate Proportion to jhaf which B C has to E F j 
witch was to be demonjirated, 

CorolL From hence it is manifeft, that fimilar Pyra- 
mids having polygonous Bales, are to oiie another 
in a triplicate Proportion of their homologous 
Sides . For if they be divided into Pyramids having 

" triangular Bafes : Becaufe their fimilar polygonou$ 

, Bafes are divided into fimilar Triangles equal in 
Number, and homologous to the Wholts. it flial! 
be as one Pyramid bavmg a triangular Bafe in one 
of the Pyramids, is to a Pyramid having a trian- 
gular Bafe in the other Pyramid, fo are all the Py- 

• r^mids having triangular Bafes in one Pyramid, to 
all the Pyrmiids having triangular Bdfes in the 
other Pyramid ; that is, fo is one of the Pyramids 
having the polygonous Bafe, to the other ; but a 
Pyramid having a triangular Bafe to a Pyramid 
having a triangular Bafe, is in a triplicate Propor- 
tion of the homologous Sides. Therefore one 
Pyramid having a polygonous Bafe to another Py- 
ramid having a fimilar Bafe, is in a triplicate Pro- 
portion of the homologous Sides. 

PRO- 
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P R O P O S I T I O N IX. 
THEOREM. 

T'he Bafes and Altitudes of equal Pyramids^ having 
triangular Bafes ^ are reciprocally Proportional'^ and 
thofe Pyramids^ having triangular Bafes ^ whofe 
Bafes and Altitudes are reciprocally propottional^ are 
equaL 

T E T there be equal Pyramids, having the triangu- 
-■-^ larBafes ABC DEF, and Vertices the Points 
G,H. I fay the Bafes and Altitudes of the Pyramids 
A B C G, D E F H, are reciprocally proportional, that 
is, as the Bafe ABC « to the Bafe DEF, fo is the 
Altitude of the Pyramid DEFH to the Altitude of 
the Pyramid ABC G. 

For compleat the folid Parallelepipedons|B G M L, 
E H P O. Then becaufe the Pyramid A B C G is equal 
to the Pyramid DEFR and the Solid BGML is 
fextuple, the Pyramid A B C G, and the Solid E H P O 
fextuple of the Solid DEFH, the Solid BGML 
Ihall be * equal to the Solid E H P O. But the Bafes * if . ^ 
and Altitudes of equal folid Parallelepipedons are re- 
ciprocally proportional. Therefore, as the Bafe BM 
fs to the Bafe EP, fo is f the Altitude of the Solid, f 24. n; 
E H P O to the Altitude of the Solid BGML. But 
- as the Bafe BM is to the Bafe EP, fo is f the Trian- 
gle ABC to the Triangle DEF. Therefore, as the 
Triangle ABC is to the Triangle DFF, fo is the 
Altitude of the Solid E HP O to the Altitude of the 
Solid BGML. But the Altitude of the Solid EHPO 
is the feme as the Altitude of the Pyramid DEFH; 
and the Altitude of the Solid BGML the fame as 
the Altitude of the Pyramid A B C G. Therefore, as 
the Bafe ABC is to the Bafe DEF, fo is the Alti- 
tude of the Pyramid DEFH to the Altitude of the 
Pyramid ABCG. Whcrofore the Bafes and Alti- 
tudes of the equal Pyramids ABCG, DEFH, afe . 
reciprocally proportional ; and'if the Bafes and Alti* 
tudes of the Pyramids ABCG, DEFH, are red* 
procally proportional, that is, if the Bafe ABC to 
the Bafe DEF, be as the Altitude o£ the Pyramid 

DEFH 
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DEFH to the Altitude of the Pyramid ABCG. 
I iky the Pyramid ABCG is equal to the Pyramid 
' DEFH: For, the fame Conftruaion remaining, be- 
caufe the Bafe ABC to the Bafe DE F. is as the Al- 
titude of the Pyramid DEFH to the Altitude ot the 
Pyramid ABCG, and as the BaCb ABC is to the 
Bafe DfcF, fo is the ParaUelogram BM to the Pa- 
rallelogram E P ; the Parallelogram B M to the Paral- 
lelogram £P ihall be alfo as the Altitude of the Py* 
ramid DEFH is to the Altitude of the Pyramid 
ABCG. But the Altitude of the P^yramid DEFH 
is the fame as the Altitude of the folid Parallel^ipe- 
don EH PO, and the Altitude of the Pyramid ABCG 
^e fame as the Altitude of the folid Parallelepipedon 
BGML. Therefore the Bafe BM to the Bafe EP 
will be as the Altitude of the folid Parallelepipedon 
5HPO to the Altitude of the folid Parallelepipedcm 
BGML. But thofe folid Parallclepipedons, whQfe 
iP^fis and Altitudes are reciprocally proportional, 
f }4* XI. are f equal to each other* Therefore the folid Paral*- 
lelepipedon B G ML is ecmal to the folid Paralleled 

fipfdonEHPO; and the Pyramid ABCG isaiixth 
art of the Solid BQM L. And iri like manner the 
Pyramid DEFH is a fixthPart of the Solid EHPO. 
Therefore the Pyramid ABCG is equal to the Pyra*- 
mid DEFH. Wherefore the Bafes and AkHudes of 
^qttal Pyramids^ having trian^lar Bafes, are recifro*' 
eally proportional \ and thofe ryramids, having triau-^ 
gutar Bafes, whofe ^afes and Altitudes are reciprocally 
proportional, are equal; which was to be demon - 
ftrated. 

PROPOSITION X. 
THEOREM. 

Every Cone is a third Part of a Cylinder, having the 
fame Bafe, and an equal Altitude. 

» 

LET a Cone have the lame Bafe as a Cylinder, 
viz. the Circle ABCD; and an Altitude equal 
to it I fey the Cone is a third Part of the Cylinder, 
that is, the Cylinder is triple to the Cone. 

For 



/ 
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For if the Cylinder be not triple to the Cone, it 
Ihall be greater or lefs than triple thereof. Firft let it 
be greater than triple to the Cone, and let the Square 
ABCD bedefcrib'd in the Circle A BCD, then the 
Square ABCD is greater than one half of the Circle 
ABCD, Now letaPrifin be erefied upon the Square 
ABCD, having the fitme Altitude as the Cylinder, 
and this Prifm will be greater than one half of the 
Cylinder; becaufe, if a^uarebe circumfcribM about 
the Circle ABCD, tihe infcrib'd Square will be one 
half of the circumfcrib'd Square; and if a Prifin be • - 
ereded upon the circunofcrib'd Square of the fame 
Altitude as the Cylinder, iince Priims are * tp one -kic^^yl 
another as their Bales, the Prilin ere£led upon the if this. 
Square ABCD is one half of thd Prifm ereSed upon 
the Square defcrib'd about the Circle ABCD. But 
the Cylinder is lejQTer than the Prifm ereded on the 
Square defcrib'd about the Circle ABCD. There- 
fore the Prifm ereSed on the Square ABCD, having 
the fkmc Height as the Cylinder, is greater than one 
half of the Cylinder. Let the Circumferences A B. 
BC, CD, DA, be bifefied in the Points E, F, G, R 
and join AE, EB,.BF, PC, CG, GD,DRHA! 
Then each of the Triangles AEB, BFC, CGD, 
D H A^ is f greater than the half of each of the Seg- + ^it; al 
ments m which they ffand. Let Prifins be eredSl L. i£^ 
from each of the Triangles AEB, BFC, CGD, T^^ 
DHA, of the Xame Altitude as the Cylinder, then 
every one of thefe Prifms ereded is greater than its 
correfpondent Segment of the Cylinder. For be- 
caufe, if Parallels be drawn thro' the Points E.F,G,H, 
to AB, BC, CD, DA, and Parallelograms oe com- 
pleated on the fiid AB, BC, CD, DA, on which 
are ereded Iblid Parallelepipedons of the lame Alti- 
tude as the Cylinder ; then each of thofe Prifins that 
are on the Triangles AEB, BFC, CGD, DHA, 
are Halves f of each of the folid Parallelepipedons ; 
and the Sejgments of the Cylinder are lefs than the 
erefied fblid Parallelepipedons ; and confequently the 
Prifms that are on the Triangles AEB, BFC, CGD, 
DHA, are greater than the Halves of the Segments 
of the Cylinder; and fo bifeSing the other Circum- 
ferences, joining Right Lines, and on every of the 
Triangles ereSing Prifins of the lame Height as the 

Cylinder; 



'9 ^6 Eui^Uits E L E \r E N f s .^ Book ItETJ 

CyVidder; and doing this continually, wefliallatlaft 
have certain Portions of the Cylinder left^ that are 
lefs than the Excefs by which the Cylinder exceeds 
triple the Cone. 

Now let theft Portions remaining be A E, E B, 
BF, FC, CG, GD, DH, HA. Then the Prifm 
reniaining, whofe Baft is the Polygon AEBFCG 
DH, and Altitude equal to that of the Cylinders^ is 
greater than the Triple of the Cone. But thePnfnr 
whofe Baft is the Polygon A EB PC GDH, and 
* I Car. 7 Altitude the fame; as that of the Cylinders is * tri- 
tftlMi. pie of the Pyramid whofe Bafe is the Polygon AE B 
F C G D H, and Vertex the feme as that of the Cone. 
And therefore the Pyramid whofe Bafe is the Poly- 
gon AEBFCG DH, and Vertex the fanie as that 
of the Cone, is Greater than the Cone whofe Bafe vs 
the Circle ABCD; but it is leffer alfo; (for it i> 
comprehended by it)"^ which is abfiird. Tlferefore" 
the Cylinder is not greater than triple the Cone. I 
fay it is neither leffer than triple the Cone: For if it 
"be poffible, kt the Cylinder be lefs than. triple the 
Cone: Then (by Inverfion) the Cone fhall be greater" 
than a third Part of the Cylinder. Let the Square 
A B C D be defcribed in the Circle ABCD; then the 
• Square A B C D is greater than half of the Circle A ft 
CD. And let a Pyramid be ere6ted on the Square 
ABCD having the fame Vertex as the Cone, then 
the Pyramid ereSed is greater than one half of the 
Cone; becaufe, as has been already demonftrated, if 
a Sqtiare be defcribed about the Circle, the Square 
ABCD (hall be .half thereof. And if fblid Paralleled 
pipedons be erefted upon the Squares of the fame 
Altitude as the Cone, which are alfo called Priffais ; 
then the Prifm erefted on the Square ABCD is one 
half of that erefted on the Square defcribed about the 
Circle, for they are to each othef as their" Bafts ; and 
€q likewife are their third Parts. Therefore the Py-- 
ramid whofe Bafe is the Square ABCD, is one half 
of that Pyramid ereSed upon the Square defcribed 
about the Circle : fiut the Pyramid erefted upon the 
Square defcribed about the Circle, fs greater than the 
Cone; for it comprehends ft. Therefore thePyra-^ 
mid whofe Bafe is the Square ABCD, and Vertex 
the fame as that of the Cone, is greater than oiie half 

of 



fioo&Xni Eiitlii'^ B L E M EN t %i iff 

of the Cone. Bifeft the :Circumferences A B, EC; 
CD, DA, in thePomt^E, F, S.H, ^nd join AE, 
EB, BF,FC, CG,GD,DH,HA; and then each 
of theTrigncles AEB, ^C, GGD, DHA,- is greater 
than ope half of each of the Segmoits they are in. 
Let Pyramids be ereSted upon eaeh of the Tttftngl^ 
AEB,BFC, CGD^ DHA^ haying the fame Vertex as 
the Cone ; then each of thefe Pyramids thus erefted,^ 
is greater than.onc half of the^egment of fheCone in 
which it is : And ib bife£tii^ tbethe remaining Cix- 
Gumfbrences, joining the R^htLincs^ and ere6ling 
Pyramids lipdn. every of the Triangles having th^ 
fame Altitude as the Cone ; and dc^^ this continu- 
ally, v^c flmll at laft have Segments ot the Cone left, 
ti^ will be lefs flton the Excefs by which the Cone 
exceeds, the one third Part c^ die Cylinder^ Lee 
thefe Sefioncnb be thofc that are on AE^ EB, BF, 
FC, GG, GD, DH, HAi and then the remaining 
PyramW whofe Bafe fe the Polygon AEBFCGDH; 
and Vertex the fame ^as that of the Cone^ is greater 
than, a third Part of the Cylinder; but the Pyramid 
whofe Bafe is the Polygon AEBFCGDH, and Ver- 
tex the iame as that of the Cone^ is one third Part of 
thc^Prifin whofe Bafe is the Polygon AEBFCGDH^ 
asd Altitude the £ame as that of the Cylinder « There- ' / 

fore the Prifm, whofe Bafe is the Polygon AEBF ^ 

CGDH, and Altitude the fame as that of the Cylin- 
der^ is greyer than the Cylinder whofe Bafe is the 
Circle ABCD; but it is lefs allb (as being compre- 
hended thereby) which is abfiird; therefore the Cy- 
linder is not lefs than triple of the Cone; but it has 
been proved alfb not to be greater than triple of the 
Cone;, therefore the Cylinder is neceflarily triple of 
the Cone. Wherefore, every Cone is a third Part of 
a Cyiimder^ having the fame Bafe ^ and an equal Alti'* 
titde ; which was to be demonftrated« 
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P R O P O S I T I O N XL 

THEOREM. 

Coftes and Cylinders »/ the fame Altitude are to cm 

another as tteif Bafes*. 

LET there be Cones and Cylinders of the fame Al- 
titude, whofc Bafes arc the Circles ABCD, EF 
G H, x\xes K L, M N, and Diameters x)f the jbafes 
AC, f G. I fay, as the Circle AB CD is to the 
drcle EF GH^ to is the Cone AL to the Cone EN. 
For if it be not fo, it fhall be as the Circle ABCD 
. is to the Circle £ F G H, fo istheCone AL tofome 
Solid either lefs or ^eater than the Ccme £ N. Firft^ 
let it be to the Sohd X lefs than the Cone ; and let 
the Solid I be equal to the Excefs of the Cone EN 
above the Solid X* Then the Cone EN is equal to 
the SoHds X, I ; let the Square E F G H be defcribed 
in the Circle £ F G H, which Square is ^eater than 
one half of the Circle, and erefi a Pyramid upon the 
Square EFGH of the fame Altitude as the Cone* 
Therefore the Pyramid ereded is greater than one hsi! 
of the Cone : For if we defcribe a Square about the 
Circle, and a Pyramid be erefied thereon of the fame 
Altitude as the Cone, the Pyramid infcribed will be 
one half of the Pyramid circumfcribed^ for they arc 
* 6 {fthis. * to one another as their Bafes; and die Cone is lefi 
than the circumfcribed Pyrami^. Therefore the Py- 
ramid whole Bafe is the Square EFGH. and Vertex 
the fame as that of the Cone, is greater tnan one half 
of the Cone. Bifetft tlie Circumferences EF, FG, 
GH, HE, in the Points P, R, S. O^ and join HO. 
OE, EP, PF, FR, RG, GS. SH; then each of 
the Triangles HOE, EPF, FRG, GHS, is great- 
er than one half of the Segment of the Circle where- 
in it is. Let a Pyramid be raifed upon every one of 
the Triangles HOE, EPF, FRG, GHS, of the 
fame Altitude as the Cone. Then each of thofe erec- 
t€d Pyramids is greater thsin the one half of its corre- 
fpondent Segment of the Cone: And fo bifefiing the 
remaining Circumferences joining the Right Lines, 
and erediag Pyramids upoa each of tho Triangles of 

the 
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the lame Altitude as that of the Cone; and doing this 
continually, there will at laft be left Segments of the 
Cone that will together be lefs than the Solid I. Let 
thofe be the Segments that are on HO^ OE, ER 
PE, FR, RG, GS, SH. Therefore the Pyramid 
remaimng, Whofe Bafe is the Polygon HOEPFRGS, 
and Altitude the laitie as that of the Cone, is greater 
than the Solid X. Let the Polygon DT A YBQCV be 
defcribed in the Circle ABCD, fimilar and alike fitu^ 
ate to the Polygon HOEPFR G S, and let a Pyra- 
mid be ereSed thereon of the fame Altitude as the 
Cone AL. Then bedaiife the Square of AC to the 
SquareofEG, is * asthe Polygon DTAYBQGV ^itftl^. 
to the Polygon HOEPFRGS; and the Square pf 
AG is t to the Square of EG, as the Circle ABCD fitfthh. 
to the Circle E F G H ; it fliall be as the Circle ABCD 
to the Circle EFGH, fo is the Polygon DTA YB 
QCV to the Polygon HOEPFRGSs But as the 
Circle ABCD is to the Circle EFGH^ fo is the 
Cone A L to the Solid X ; and as the Polygon DTA 
YBQCV is to the Polygon HOEPFRGS, fo is 
the Pyramid whofe Bale is the Polygon DTAYBQ 
GV, and Vertex the Point L, to the Pyramid whofe 
B^ is the Polygon HOEPFRGS, and Vertex the 
Point N. Therefore as the Cone A L to the Solid 
X, fo the Pyramid whofe Bafe is the Polygon D T A 
YBQCV, and Vertex the Point L^ to the Pyramid 
whofe Bafe is the Polygon H O E P F R G S^ and Ver- 
tex the Point N J but the Cone A L is greater than the 
Pyramid that is m it. ThetdFore the Solid X is greatci* 
than the Pyramid that is in the Coiie EN; but it was 
put left, which is abfurd* Therfefoj^e the Circle AB 
CD to the Ctrcle EFGH, is not as the Cone AL 
to Ibme Solid lefs than the Cone E N. In like Man- 
ner, it is demonftrated that the Circle E F G H to the 
Circle ABCD, is not as th6 COne EN to fome So- 
lid lefs than the Cone AL. 1 fay, moreover^ that 
that the Circle A B CD to the Circle EFGH, is not 
as the Cone A.L tp fome Solid greater than the Cone 
EN : For, if it be poffible, let it be to the Solid Z 
greater than the Cone; then,, (by InVerfioii) as the 
Circle EFGH is to the Circle ABCO^ fo Ihall the 
Solid Z be to the Cone AL. But fmce the Solid Z 
i^ greater than the Cone EN, it Ihall be u the Solid 

S % % 
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Z is to the Cone A L, fo is the Cone E N to ibmc 
Solid left than the Cone A L. And therefore as the 
Circle EFGH IS to the Circle A BCD, fo is the 
Cone E N tQ fome Solid lefs than the Cone Ah; 
which has been pfoved to \yt impoffible. Therefore 
the Cirgle ABCD to the Circle pFG'H, is not as 
ihe Cone A L to fome Sojid greater than th,e Cpne 
EN, It has alfo been proved that the Circle ABCD 
fo the Circle E F G H, is not as the Cone A L to iptnQ 
Solid lefs than the Cone E N. Therefore as the' Cir- 
cle A B C D is to the Circle E F G H, fo is the Cone 
A L to the Cone EN:' But as Cone is to Cone, fo 
• If. f. is * Cylinder to Cylinder,' for each Cylinder is triple 
of each Cone; and therefore as the Circle ABCD is 
to the Circle EFGH, ib are Cylinders ^d Gone^ 
. (landing on them, of the fame Altitode. wherofore, 
Coftes and Cylinders of the [ame Altitude^ are to oni 
dnother as their Bafes'^ which Was to bedemoofha- 

tfed. : ..•.■-■'..'■ , 

PROPOSITION XIL 
THEOREM. 

Sim'slar Cones and Cylinders: are to one anpther im a tri* 

pie Proportion of the, L>ia^eier/ of thjeir fiiofes. 

LE T there b^ fimki; (iones ajid CyiJndcrs* wbofc 
Bafes are the Cfrcles ABCD, BF (iH, and Di- 
ameters of the Bafes' BD, FH, and Axes, of the Cones 
or Cylinders K WM N. I fay, tht^ Co^e wJiofe Jfefe 
IS the Circle ABCD, ^nd Vertex the PointX,' to the 
Cone whofe Bafe is the Circle EFQH-, and Vertex 
the Point N h^th a triplicate Proportion of that which 
B-DhastoFH- 

^ For if the Cone ABCDL to the Cone EFGHN, 
has not a triplicate Proportion of tliat which B D has 
to F H- The Cone A B C D L (hall hav e that tripli- 
cate Proportion to fome Solid either lefs or greater 
than the Cone E F G H N- Firft, let Tt have that tri- 
plicate Proportion to the Solid X, lefs than the. Cone 
E F G H N ; and let the Square E F G H be defcribed 
hi the.Circlie EFGH, whicih will be greater than one 
half of the Circle EFGH; and erca a Pyramid on 

the 



\ 



3ootja,yiut J. 



^-'- v^'^'Oi 



/ 



Book XII. EucM% Elements. 2^1 

the Square E F G H. of the lame Altitude with the 
Cone, then that Pyramid is greater than one half of 
the Cone. And fb let the Circumferences E F F G, 
GH, HE, be bifefted in the Points O, P, R, S, and 
joinEO, OF, FP, PG,GR,RH,HS, SE; then 
each of the Triangles EOFi FPG, GRH, HSE, 
is greater than one half of the Segment of the Circle 
E F G H, in which it is ; and eredt a Pyramid upon 
each of the Triangles EOF, FPG, GRH, HSE, 
having the fame Altitude as the Confc : Then each of 
the Pyramids thus prefted, is greater than half its cor- 
refoonding Segment of the Cone. Wherefore bifec- 
feaing the retoining Circumferences joining Right 
Lines, and ^refting Pyramids upon each of the Tri^ 
angles, having the fame Vertex as the Cone; and 
doing this continually, we Ihall leave at laft certain 
Segments of the Cone that Ihall be lefs than the Ex- 
cels by which the Cone E F G HN exceeds the S^olfd 
X. Let thefe be the Segments that ftand on E O, O F, 
FP, PG, GR, RH^ HS, SE; then the remaining 
Pyrimid whofe Safe is the Polygon BO F P G R H S, 
and Vertex the Point 1^, is greater than the Solid X. 
Alfo let the Polygon ATBYCVDQ bedefcribed 
in the Circle A B C D, fJmilar and alike fituate to the 
Polygon EOFPGRHS; upon which ereft a^Pyra- 
mid having the lame Altitude as the Cone; and let 
Xi B T be one of the Triahgles coni:aining_ the Pyra- 
mid, whofe Bafe is the Polygon ATBYCVDQ- 
and Vertex the Point L ; as likewife N F O. one of 
the Triangles containing the Pyraniid EOFPGRHS, 
and Vertex the Point N; and let KT, MO, be joined. 
Then becaufe the Cone ABCDL is fimilar to the 
ConeEFGHN, it (hall be as BD is to FH, fo is 
die Axis KL to the Axis MN; but as BD is to FH, 
lb is * BK to F M; and asB K is to F M, confe- ♦ i^, jy 
qu'ently fo is K L to M N ; and (by Alternation) as ^ 

BK is to KL, fo is FM to MN. And fince each 
is perpendicular, and the Sides about the equal Angles 
BKL, FMN, are proportional, the Triangle BKL 
fliall be f fimilar to the Triangle FMN. Again, be- f ^' ^^ 
caufe BK is to KT, as FM is to MO, the Sides are 
proportional about equal Angles B K T, F M O, for 
the Angle BKT is the fame Part of the four Right 
Angle? at the Center K, as the Angle pMO i§ of thtr 
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four Right Angles at the Center M :) the Triangle 
• <. ^, BK T, ihall be * fimilar to theTriangle F M O ; and 
becaufe it has been proved that B K is to K L, as FM 
fe to MN^ and BK is equal to KT, and FMto MO, 
it fliall be as TK is to KL. fo is OM to MN; and 
the proportional Sides are aoout equal Angles T KL, 
O M N, for they are Right Angles. Therefore the 
Triangle L K T fliall be mnilar to the Triangle MNO. 
And nnce, by the Similarity of the Triangles BKL, 
FMN, it is as LB is to BK, fo is NF to FM; and, 
by the Similarity of the Triangles BKT, FMO, it 
IS as KB is to BT, fo is MF to FO: it fhall be (by 
Equality oS Proportion) as LB is to BT, lb is NF 
to FO. Again, fince by the Similarity of the Tri- 
angles LTK, N O M, it is as LT is to TK, fo is 
NO to OM ; and, by the Similarity of the Triangles 
KBT, OMF, itisasKTistoTB;foisMOto 
O F, It ihali be (bv Equality of Proportion) as L T 
is to TB, fo is NO to O F; But it has been proved 
that TB IS to BL, as OF is to F N. Wherefore, 
again (by Equality of Proportion) as TL is to LB, 
io is O N to N F ; and therefore the Sides of the Tri- 
angles LTB, NOP, are proportional ; and fo the 
Triangles LTB, NO F. are equiangular and fimilar 
to each other. And confequently the Pyramid, whofe 
Bafe is the Triangle B K T, and Vertex the Point L, 
is fimilar to the Pyramid whofe Bafe is the Triangle 
FMO, and Vertex the Point N^ for they are con- 
fained under fimilar Planes equal in Multitude : But 
f 8 ^tkis. fimila? Pyramids that have triangular Bafes,^ are f to 
pae another in the triplicate Proportion of their homo^ 
logons Sides, Therefore the Pyramid BKTL to the 
Pyramid FMQN has a triplicate Proportion of that 
which BK has to FM. In like Manner, drawing 
Right Lines from the Points A,Q,D, V, C, Y to K, 

Salfo others, from the Points E, S, H, R, G, P, to 
. , and ereSing Pyramids on the Triangles having 
the fame Vertices as the Cones, we demondrate that 
every Pyramid of one Cone, to every one of thp other 
Cone, has a triplicate Proportion of that which the 
$icie B K has to the homologous Side M F , that is, 
/Which BD has to F^- But as one of the Antece- 
^ 1%, /• d^Qts is to one of the Con&quents, fo are :|: all the 
Awecedep{$ tg ^I tl^^ CQp|eq\}ept|j, Tb^rtfprc ^ 
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the Pyramid BKTL is to thePytatnidEMON, fo 
is the whole Pyramid whofe Bafe is the Polygon A V 
B YC VDQ, and Vertex the Point L, to the whole 
Pyramid, whofeBafc is the Polygon EOFPGRHS, 
and Vertex the Point N. Wherefore the Pyramid, 
whofe Bafe is the Polygon ATBYCVDQ, and 
Vertex the Point L, to the Pyramid whofe Bafe is the 
Pi^lygon pOFPGRHS, and Vertex the Point N^ 
has a triplicate Proportion of that which BD hath to 
FH. But the Cone whofe Bafe is the Circle ABCD, 
and Vertex the Point L, is fuppofed to have to the 
Solid X a triplicate Proportion of that which BD 
has to FH. Therefore as the Cone, whofe Bafe is 
the Circle ABCD, and Vertex the Point L, is to the 
Solid X, lb is the Pyramid whofe Bafe is the Polygon 
ATB YCVDQ. and Vertex the Point L, to the 
Pyramid whofe Bafe is the Polygon EOFPRHS, 
and Vertex the Point N. But the faid Cone is great- 
er than the Pyramid that is in iL for it comprehends 
it. Therefore the Solid X alfo is greater than the 
Pyramid, whoftBaft is thePolygonEOFPGRHS, 
and Vertex the Ppint N; but it is alfo left, ivhich is 
afcfUrd. Thereforethe Cone, whofeBafeis the Circle 
A B CD, and Vertex the Point L, to fome Solid lef^ 
than the Cone, whofe Bafe is the Circle EFGH, 
and Vertex the Point N, has not a triplicate Propor- 
tion of that which BD has to FH. In like Manner, 
we demonftrate that the Cone EFGHN, to fome 
Solid left than the Cone ABCDL, has not a tripli- 
cate Proportion of that which FH has to BD. Laft- 
ly, I fay the Cone A B C D L, to a Solid greater than 
the Cone EFGHN, has not a triplicate Proportion 
of that which BD has to FH: For, if this be poffi- 
ble, let it be fo to fome Solid Z greater than the Cone 
EFGHN. Then (by Inverfion) the Solid Z, to 
the Cone ABCDL, has a triplicate' Proportion >of 
that which F H has to BD, But ffnce the Solid Z is 
greater than the Cone EFGHN, the Solid Z (hall 
be to the Cone ABCDL, as the Cone EFGHN, 
is to fome Solid lefsthan the Cone ABCDL; and 
therefore the Cone EFGHN, to fome Solid lefs 
than the Cone ABCDL, hath a triplicate Proportion 
of that which F H has to B D, which h^s been orove^ 
to be impoffible. Therefore the Cone A B C D L, to 

S 4 fom^ 
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^ome Solid greater than the Ccme]^FGi^ has a(^a 
triplicate Proportion of that which 5D b^s to F H. 
it has beea alfo deiBouilrated, that the Cone AfiC 
DL, to fome Stolid leG than the Cone EF<iHH, 
'hath not a triplicate Proportion of that which BD 
has to F H. Wherefore the Gone A B C D L^ to the 
Cone E F G H N, has a triplicate Proportion of that 
whichJBD has to jPH, But as Cone is to Cone, lb i$ ' 
J ff'J- t Cylinder to Cylinder, For a Cylinder having the 

* ^^^thisl f}xaxt Bafe asa done, and the fame Altitude is 4: triple 

of the Cone, fince it [is demonftrated, that every Coii^e 
is one third Part of a Cylinder, having the fimeBrfe 
and equal Altitude. Wherefore aWb a Cylinder to 
Cylinder has a triplicate Proportion . of that which 
B D has to F H. Therefore, fimilar Cqnfs andCy- 
linden are to one another, in a triplicate Ptofortion of 
ilfe Diameters of their Bafes ; which w^ to be der 

monftrated, 

PROPOSITIX)N XIII. 
THEOREM. 

V 

If apyJ§9ider be divided by a Plane patallel to the o/f- 
fc^ Flams ; then as one CyUnaer is to the other 
^yiinder.^ fo is the Axis to the Axis, 

LET the Cylinder AD be divided by the Plane 
. GH, parallel to the oppofite Planes A B, CD, 
and meeting the Axis EF in the Point K. I fay, as 
the Cylinder BG is fo the Cylinder GD, fo is the 
Axis E K to the Axis K F. 

For let the Axis EF be both ways produced to L 
and M, and put any Number of EN", NL, ^c. e^ch 
equal to' the Axis EK ; and any Number of F X, 
XM, ^c, eacheqiial toFK. And thro' the Points 
L, N, X, M, let Planes parallel to A B CD pafs. And 
ih thofe Planes from L, N, X^ M, as Centers, de- 
fcribe the Circles OP, RS, lY, VQ, eachequaj 
to AB, CD, iid conceive the Cylinders PR, RB, 
PT, TQ, to be compleated. Then becaufe the 
x\3fis LN, NE^' EK, are equal to each other, the 

* I X iiFtiAt Cylinders P R, KB, B G will be ♦ to one ajiother as 

* F f f r"' their Bafes. And therefore the Cylinders P R^ R B; 

B G, are equal. And fince the Axis L N, N E, EK, 
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sre equal to each otha:^ as atfo the Cylinders PR, 

feB, BG; atid the Number of LN, NE, EK, is 

equal to the Number of PR, RB, BG : The Axis 

}C L ihall be the &me Multq)le of the Axis £K, as 

the Cylinder P G, is of the Cylinder G B. For the 

fame Keafon, the Axis MK is the fame Mutiple of 

the Axis KF, as the Cylinder GQ is of the Cylindei: 

G D, Now^ if the Axis K L be equal to the Axis 

K ML the Cylinder P G ftall be equal to the Cyhn- 

der G Q ; if the Axis LK be greater than the Axis 

K M^ the Cyllnckr P G ihall be likewife greater than . 

the Cylinder GQ; and if lefe, lefs. Therefore, be- 

qs^ufe there are four Magnitudes, viz^ the Axis E It, 

KF, and the Cylinders BG, GD, and there are taken 

their Equimultiples, namely, the Axis K L and the 

Cylinder PG, the Equimultiples of the Axis EK, 

and the Cylinder B G ; and the Axis K M , and the 

Cylinder G Q. the Equimultiples of the Axis K F, 

and the Cylinder GD : And it is demonftrated, that 

if the Axis L K exceeds the Axis K M, the Cylinder 

P G will exceed theCylinder G Q ; and if it be equal, 

^qual, and lefs, lefs. Therefore, as the Axis EK 

is to the Axis KF, faf is the Cylinder BG to the i^^S-S* 

Cylinder, G D. Wherefore, tfa Cylinder be Svided 

by a Plane parallel to the offcfite Planes^ then as one 

Cylinder is to the other Cyhnder^ fo is tM Axis to the 

Axis ; which was to be demonftrated. 






PROPOSITION xrv. 

T H E O REM. 

Cones and Cylinders being upon eaualBafes^ are to ont 

another as tbeir Attitudes. 

LET the Cylinder EB, FD, ftand upon equal 
Bafes AB, CD. I fey, as the Cylinder EB is 
to the Cylinder F D,, fo is the Axis G H to the Axis 

XL. 

For produce the Axis KL to the Point.N ; and 
put LN, equal to the Axis GH; and let a Cylinder 
C M be- conceived about the Axis LN. Then be- 
caufe the Cylinders EB, CM, have the lame Alti- 
tude, tbey are * to one another as their Bafes. But- ^ % i $fthis^ 
^ ' ' ' ' ' their 
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^1^ Bafts are equal. Therefore the Cylinders E B, 
CM, will be alfo equal. And becaoXe the Cylinder 
FM is cut by a Plane CD, parallel to the oppofite 
Planes, it fhall be as the Cylinder CM is to the Cy. 
lindcr FD, fo is the Axis LN, to the Axis KL. 
But the Cylinder CM is equal to the Cylinder EB; 
and the Axis LN to the Axis GH. T herefore the 
Cylinder EB is to the Cylinder FD, as theAxis GH 
is to theAxis KL. And as the Cylinder EB is to 
^jf.f. the Cylinder F D, fo is if. the Cone A B G to the Cone 
*iojfiHs. CDK ; for the Cylinders are * triple of the Cones. 
Therefore, as the Axis G H is to the Axis K L, fo 
is the Cone ABG to the Cone CDK, and fo the 
Cylinder E B to the Cylinder F D.. Wherefore, 
Comes and Cylinders being upon efmal Bafes^ are to one 
another as their Abitndes ; which was to be demon* 
ftrated. 

PROPOSITION XV. 
THEOREM, 

7%e Bkfes and /llpitndes of equal Cones and Qylinr 
ders are reciprocally ptoportional ; and Cones and 
Cylinders^ whofe Bafes and ^Ititmdesare reciprocallj 
proportional^ are equal to one another, 

LET the Safes cfthe equal Cones and Cylinders, be 
theCircles ABCD, EFGH, an^ theit Diameters 
AC, EG; and Axis K L, M N ; which are alfo the 
Altitudes of the Cones and Cylinders : And let the 
Cylinders AX, EG, be compleated. I fay, the Bales 
and Altitudes of the Cylinders AX, BO, arc re- 
ciprocally proportional, that is, the 6afe'ABCD is 
to the Bafe EFGH, as the Altitude MNis to the 
Altitude KL. 

For, the Altitude K L is either equal to the Alti- 
tude M N, or not equal. Firfi, let it be equal ; and 
the Cylinder A X , is equal to the Cylinder E G. 
But Cylinders and Cones that have the lame Altitude, 
J^ IT 4f this, are "^ to one another as their Bafes. Therefore the 
Bafe A B C D is equal to the Bafe EFGH. And 
confequently, as the Bafe ABCD is to the BafeEP 
GH, fp is the Altitude MN to the Altitude KL. 

But 



But if the Altitude KL be not equal to the Altitude 
M N, let MN be the greater* And take PM equal 
to LK from MN; and let the Cylinder EObe cut 
thro' P by the Plane T YS, parallel to the oppofite 
Planes of the Circles EFGHy RO, and conceive 
£S to be a Cylinder, whofe JSafe is the Circle £P 
GH, and Altitude PM. Then, becaufe the 
Cylinder AX is equal to the Cylinder EO, and ES 
is fome other Cylinder, the Cylinder AX to the Cy- 
linder ES, ihall be as the Cylinder £ O, is to theCy- 
linder E S. But as the Cylinder A X is to the Cylin- ^ 

der ES, fo is * the Baft ABCD to the Bafe EF "^nrfthis. 
G H ; for the Cylinders A X, E S have the fame Al- 
titude. And as the Cylinder E U is to the Cylinder 
ES, fo is t the Altitude MN to the Altitude MP ; f ia^'*«* 
for die Cylinder E O. is cut by the Plane T YS pa- 
rallel to the oppoiite r lanes. Therefore, as the Bale 
ABCD is to the Bafe EFGN, foisthe Altitude 
M N to the Altitude M P. But the Altitude M P is 
equal to the Altitude K L. Wlierefore as the Bale 
ABCD is to the Bafe EFGH, fo is the Altitude 
M N to the Altitude K L. And therefore, the Bafes 
and Altitudes of the equal Cylinders AX., EO, are 
reciprocally proportional. 

And if the Bafes and Altitudes of the Cylinders 
A X, E O, are reciprocally proportional , that is, if 
the Bafe ABCD be to the Bafe E F G H, as the Al- 
titudes M N is to the Altitude K L. I lay, the Cy- 
linder A X is equal to the Cylinder E O. For the 
fame ConftruSion remaining ; becaufe the Bafe A B 
CD is to the Bafe EFGH, as the Altitude MN is 
to the Altitude KL ; and the Altitude KL is equal 
to the Altitude M P. It Ihall be as the Bafe ABCD 
is to the Bafe E F G H, fo is the Altitude M N to the 
Altitude M P. But as the Bafe ABCD is to the 
Bafe EFGH, fo is the Cylinder AX to the Cy- 
linder E S ; for they have the fame Altitude. And as 
the Altitude M N is to the Altitude M P, fo is \ the .+ 1 » fftUs. 
Gylinder E O to the Cylinder E S. Therefore, as the 
Cylinder AX is to the Cylinder ES, fo is the Cylin- 
der EO to the Cylinder ES. Wherefore the Cylia- 
• der A X is equal to the Cylinder E O. In like man-.' 
ner we prQVC thi? i» Cones ; wbi^b w^ to k<f demon* 

PRO- 



i^$ 



Join's E L E M fe^ T s. Book Xn. 



PROPOSITION XVI. 
PROBLEM. 

'Itwo Circles behgg iAout the fame Center^ to infcriie 
in the greater a Polygon of equal Sides even inltiuni'^ 
i ber^ thatJbaU not touch the leffer Circle. 

LET ABCD, EFGH^bc two given Circles a- 
bout the Center K. It is required ^o infcribe a 
Polygon of equal Sides even in Number in the Cir- 
cle A B C D , not touching the leffer Circle E F 

GH. 

Draw the Right Line BD through the Center K, 
as aMb A G, from the Point Q at Right Angles to 

* i5 I. B^ which produce to C ; this Line will * touch 
the Circle E F G H. Thch bifeafag the Circumfe- 
rence BAD, and again bifefling the half thereof, and 
doing this continually, we fliall nave a Circumference 
left atlaft lefi then AD, I^et this Circumference 
be LD, and draw LM from the Point L perpendi- 
cular to BD, which produce to N ; and join L D, 

t a?. 3 . D N. And then L D is t ^SPial to D N. And fihce 
LN is pirallel to AC, and AC touches the Circle 
EFGH, LN will not touch the Circle EFGH, 
And much lefs do the Right Lines LD, DN, not 
tou^hthe Circle, And if Right Lines, each equal to 
LIi>, be applied round the Circle A BCD, weihall 
have a Polygon infcribed therein of equal Sides, even 
in Number that does not touch theleflter Circle EFG, 
which was to be dcmonftrated, 

PROPOSITION xyir. 

P R O B L E M. 

To defcribe a fol'td Polyhedron^ in the greater of tW0 
Spheres^ having the Came C enter ^"which '/hall not touch 
the Superjicies of the lejfer Sphere. 

LET two Spheres be fuppofed about the lame 
' . Center A. It is requir-cd to dcfcribe a folid Po- 
lyhedron 
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lyhedron in the greater Sphere^ not p^iching the Su** 
perficies of the lefler Sphere. 

Let the Spheres be cut by fome Plane paifing thro* 
the Center, Then the Seaions will be Circles ; for 
becaufe a Sphere is * made by the turning of a Semi- • t>rf. 14. 
(Circle. about the Diameter which is at rell :Jn what- n- 
foever Pofition the Semicircle is conceived to be, the 
Plane in which it is (hall naake a Circle in the Super- 
jpcies of the Sphere. It is alfo manifeft that this Cir- 
cle is a great Circle, iince the Diameter of the Sphere, 
which is likewife the Diancieter of the Stmicirclc, is 
t greater than all Right Lines! that arc drawn in the f i^*. j* 
Orcle, or Sphere. Now, let BCDE be that Circle 
of the greater Sphere, a»d F G H of the leflTer Sphere ; 
and let BJ), CEbe two of their Diameters drawn at 
R^ht An^le$ to on,e another. Let BD meet the le(^ 
fo Circle m the Point G, from which to A G let G L 
he drawn ^t Righr Angles, and A L joined. Thea 
faifeding the Qrcumferenee £B, as alfb the half 
thereof, and doiog thuis continually, we ihadl have 
left at la{l a certain Circumference lefs than that Part 
of the Circumfcrence of the Circle BCD, which is; 
fubtended by a Right Line equal to G L. Let this 
be the Circumference BK^ Then the Right Line 
B?: is li^fe than G L ; and BK (hall be the Side of a; 
foly gon of equal Sides^ even in Number, not touch- 
ing the leffer Circle. Now, let the Sides of the Po- 
^goB in the Quadrant of the Circle BE, be the Right 
Lmes BK, KL, LM, ME; and produce the Line . 
joining the Points K, A, to N : And raife | A X * ^^' "^ 
from the Point A perpendicular to the Plane of the* 
CircleB CD E, meeting the Superficies of the Sphere 
in the Point A, and let Planes be drawn thro' AX, 
and BD^and thro' AX, andK N, which from what has 
heenfaid will make great Circles in the Superficies of 
the Sphere. And letBXD, KXN, be Semicircles oit 
the Diameters BD, KN. Then becaufe X A is perpen- 
dicular to the Plane of the Circle BCDE, all Planes 
that pafs thro' X A fhall alfo * be perpendicular to * iS.ir. 
that feme Plane. Therefore the Semicircles BXD, 
KXN are perpendicular to that fame Plane. And 
becaufe the Semicircles BED, BXD, KXN, are 
equal ; for they ftand upon equal Diameters B D, 
KNi their Quadrants BE, BX, KX, fliall be alfo. 

cc^al 
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equal. Afld therefore as many Sides as the Polygon 
in the Qaadnmt BE has, lb many, Sides may there 
be in the Quadrants BX« KX, equal to the Sides 
BK, KL, LM, ME. Let thofe Sides be BO, 
OP, PRj RXj KS, ST, TY, YX ! And joiii 
SO, TP, YR; and let Perpendiculars be drawn 
from O* S, to the Plane of the Circle BCDE, 

1 38- > *• Thefe will fall f on B D, KN, the conmion Seftions 
of the Planes ; Becaufe the Planes of the Semicircles 
BX D, K X N, are perpendicular to the Plane of the 
Circle B CD E. Let the laid Perpendiculars be OV, 
S Q, and join V Oi Then, fince the equal Circum- 
ferences 6O, Sk^ are taken in the equal Semicir- 
cles BXD^ KXhf, and OV* SQ are Perpendicu- 
lars, OV ihall be equal to SQi and BV to KQ. 
But the whole B A is to the whole K A. Therefore 
the Part remaning V A, is equal to the Part remaining 
QA. Therefore as BV is to VA, fo is KQ to 

^x.€. Q A : And fo V Q is i parallel to BK. And fince 
O V and S Q are both perpendicular to the Plane of 

♦ 6. II. the Circle B CDE , O V (hall be * parallel to SQ. 

But it has alfo been proved equal to it. Wherefore 
+ xt. I. Q V,S O, are f equal and parallel. And becaufe QV is 

parallel to S O, and alfo parallel to KB, S O fhall be 
tP- <i* alfo ^ parallel to K B : But BO, KS^ join them. 

• 7. II. Therefore KB O S is * a quadrilateral Figure in one 

Plane : For if two Right Lines be ps^lel, and 
Points be taken in both of them, a Right Line join- 
ing the laid Points is in the fame Plain as the Paral* 
lels are* And for the iame Reafon, each of the qua-* 
drilateral' Figures S O P T, T P R Y, are in one Plane. 
1 4. 1 1, And the Triangle Y R X, is f in one Plane. There- 
fore, if Right Lines be fuppofed to be drawn from 
the Points O, S, P, T, R, Y, tothefPointA, there 
will be conuituted a certain foHd polyhedrous Fi- 
gure within the Circumferences BX, K X, compofed 
of Pyramids, whofe Bafes are the quadrilateral Fi- 
gures RBOS, SOPT, TPRY, and the Triangle 
Y RX ; and Vertices the Point A. And if there be 
made the fame Conftruaionon each of the Sides 
KL, LM, ME, like as we have done on the Sid«( 
KB, as aUo in the other three Quadrants , and 
the other Hcmifphere, there will be conftituted a po- 
lyhedrous Figure defcribed in the Sphere, compofed 

of 
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of Pyramids whole Bafes are the aforefidd quiulrila^ . 
teral Figures, and the Triangle YRX. being of the 
fiine .Order, and Vertices the Point A. I fey, the 
laid Polyhedron does not touch the fuperficies of the 
Sphere, wherein the Circle FGH is. Let AZ be ^ii. n. 
drawn i from the Point A, perpendicular to the Plane 
of the quadrilateral, Figure K B S O, meeting it in the 
Poiiit Z, and join BZ, ZK» Then fince AZ ii 
perpendicular to the Plane of the quadrilateral Figure ♦ i 
KBSO, it iball alfo be * perpencUcular to all Right n. 
Lines that touch it, and are in thefamePlane. Where- 
fore AZ is perperdicular to BZ and ZK. And becaufe 
AB is equal to AK, the Square of A B ihall be alfo 
^qual to the Square of AK : And the Squares off 47. i. 
A Z, Z B are I equal to the Square of A B. For the 
An«;le at Z is a Right Angle. And the Squares of 
AZ, ZK, are equal to the Square of A K. There- 
fore the Squares of A Z, Z B, are equal to the Squares 
of A Z, Z K. Let the common $quare of A Z be 
taken away. And then the Square of B Z remaining, 
is equal to the Square of ZK remaining : And 16 
the Right Line BZ is equal to the Right Line ZK. 
After the f^me Manner we dcmonfirate that Right 
Lines drawn from the Point Z to the Points O, S, 
are each equal to B Z, Z K. Therefore a Circle de- 
scribed about the Center Z , with either of the DU 
ftances ZB, ZK, will alfo paf$ thro* the Points O, 
S. And becaufe BK SO is a quadrilateral Figure in a 
Circle , and OB, B K, K S, are equal, and O S is leis 
thanBK; the AneleB ZK ihall be obtufe ; and fo 
BK greater dian JB Z. But G L alfo is much great- 
er than BK. Therefore GL is greater than BZ. 
And the Square of G L is greater than the Square of 
B Z. And fmce A L is equal to AB, the Square of 
AL fhall be equal to the Square of AB. But the 
Squares of AG, GL, together^are equal to the Square 
of AL, and the Squares of BZ, Z A, together, equal 
to the Square of AB : Therefore the Squares of AG, 
GL, together, are equal to the Squares of BZ, Z A, 
together : 3ut the Square of BZ is lefs than the 
Square of G L : Therefore the Square of Z A h 
reater than the Square of A G ; And fo the Right Line 
; A will be greater than the Right Line A G. But 
AZ is perpendicular to one Bafe of the Polyhedron. 

and 
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a&d A G to the Superficies. Wlierefore the Poly- 
hedron does aot couch the Superficies of theloOer 
Sphere. Therefore, there is deferred a folid Pofy^ 
bedron in the greater^ cftvuf Spheres having the fame 
Center^ which doth not tonch the Superfcies oftbeleffer 
Sphere \ which was to be demooftrated* 

CoralL AUb if a folid Polyhedron be defcribed in 
fome cdier Sphere, fimilar to that wUch is de&ri-; 
bed in the Sphere BCDE ; the folid PoLyhed«>n 
defcribed in the Sphere BCDE, to the foHd Po- 
lyfaedroa defcribed in that other Sphere, ihall have 
a triplicate Proportion of that which the Diame* 
ter o£ the %)here BCDE hatji to the Diameter of 
that other Sphere. For the Solids being divided 
into Pyramids, equal in Number and erf* the fame 
Order, the faid Pyramids fhall be fimilar. But 
fimilar Pyramids are to each other in a triplicate 

' Proportion of thehr homologous Sides. Th^e* 
fore the Pyramid whofe Bale is the qaadrilatera! 
Figure KBOS, and Vertex tdie Point A, to the 
Pyramid of the fame Order into the other Sphere, 
has a triplicate Proportion of that which the homo- 
logous Side of one, has to the homologous Side of 
the other, that is,which A K, drawn from theCeaiter 
A of the Sphere, to that Line which is drawn from 
the Center of the other Sphere. In like Manner, 
every one of i:he Pyramids, that are in the Splwre 
whofe Center is A, to evary one of the Pyramids 
of the* fame Order in the other Sphere;, hath a tri- 
plicate Proportion of that which AB has to that 
JLine drawn from the Center of the other Sphere. 
And as one of the AntecedfeiUs is to one of the 
Confequents, lb are all die Aintecedents to all the 
Confequents. Wherefore the whole folid Polyhe- 
dron, which is in the Sphere defcribed about the 
Center A, to the whole folid Polyhedron that is 
in the other Sphere, hath a triplicate Proportion of 
of that which AB hath to the Line drawn from 
the Center of the other Sphere, that is, which the 
Diameter BD has to the Diameter of the other 
Sphere. 

PRO- 
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PROPOSITION XVHL 
THEOREM. 

Spheres are to one another m a triplicate Proportion of 

their Diameters. 

SUPPOSE ABC,DEF,aretwoSl*eres,whofi^ 
Diameters are BC, E F^ I fay, the Sphere ABG 
to the Sphere DEF has a triplicate Proportion of thiitf 
which BC has to EF. 

For if it be not fo, the Sphere ABC to a Sphet^r 
either lefler or greater than DEF, will have a tr^fc 
cate Proportion of that which B G Has t6 E F. Firrtj 
let it be to a leffeir as G HK. And fcppofc the Sphere 
jpE F to be defcribed about the Sphere G H.K ; and " 
1^ there be defcribed * a folid Polyhedron in thegirekt^ * ijrfihisl 
€j/ Sphere DEF, not touchteg the Superfteies of ihi 
IdTer Sphere GHK; alfo let a folid Polyhedron be 
defcribed in the Sphere ABC, fimilar to that which is 
defcribed in the Sphere DEF. Theft the folid Poly- 
hedron in the Sphere ABC, to the folid Polyhedron 
In the Sphere DEF, will have fa triplicate Fropor- ^Cor.fothi, 
tion of that "which BC has to EF: feut the Sphere Uft Iref*. 
ABC to the Sphere GHK, hath a triplicate Propor- 
tion of that which BC hath to EF. Therefore as the 
Sphere ABC is to the Sphere GHK, fo is the folid 
'Polyhedron in the Spha*e ABC to the folid Polyhe- 
dron in the Sphere DEF; and (by Invcrfion) as the 
Sphere ABC is to the folid Polyhedron that is in it, 
£0 IS the Sphere G HK to the folid Polyhedron that is 
in the SphereDEF; but the Sphere ABC is fi;reater 
than the folid Polyhedron that is in it^ Therefore the 
Sphere GHK is alfo greater than the folid Polyhedron 
that is in the Sphere DEF, and alfo lefs than it, as 
being comprehended thcrc!^, which is abfiird. There- 
fore the Sphere ABC tD a Sphere lefs than the Sphere 
DEF, hath not a triplicate Proportion of that which 
BC has to £ F. After the fame Manner it is demon- 
ftrated that the Sphere DEF to a Sphere lefs than 
ABC, has not a triplicate Proportion of that which 
EF has to BC. I fiy, moreover, that the Sphere 
ABC to a Sphere greater than D £ r, hadi not a tri- 

T plicacf 
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plicate Proportioii of that which B C has to E F ; for 
if it be poffible, let it have to the Sphere LMN great- 
er than D E F. Then (by Invctfion) the Sphere LMN 
to the Sphere ABC, fhall have a triplicate Proportion 
of that which the Diameter EF has to the Diameter 
BG; but as the Sphere LMN is to the Sphere ABC, 
fo is the Sphere D E F to fomc Sphere left than ABC, 
becaufe the Sphere L M N is greater than D E F. 
Therefore the Sphere D E F to a Sphere Jefs than 
ABC, hathatriplicateProportiontothatwhichEFhas 
to BC, which is abfurd, as has been before proved. 
Therefore the Sphere ABC to a Sphere greater than 
D EF, has not a triplicate Proportion of that which 
BC has to EF. But it has alio been demonftrated, 
that the Sphere ABC to a Sphere left than D EF, has 
not a triplicate Ptc^rtion of that which BC has to 
EF. Therefore the ^here ABC to the Sphere DEF, 
, , has a triplicate Proportion of that which BG has to 
■ E F i wbirk was to be demmfirated. 
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THE 

ELEMENTS. 

OCPhm and Sfberkal 

TRIGONOMETRY. 

DEFINITIONS. 

gH£ Biijinep efTrigonometry is to find 

S the /ingles -when the Sides are givso^ 

|i and the Sides ^ or the Ratio's of the Sides, 

S luhfv the Angles are eiven, and to find 

B Sides and Angles, when Sides and An" 

m gles are given ! in order to which, it « 

necejfary that not only the Peripheries of Circles, htit 

alfo certain Right Lines in and about Circles be Juppofed 

divided into foine determined Nuntker of Parts. 

Andfo the Ancient Mathematicians thought Jit to di- 
vide the Periphery of a Circle into 360 Parts (which 
they call Degrees ;) and every Degree into 60 Minutes^ 
and every Minnie into 60 Seconds : And again^ every 
Second into ^ TTrirds, andfo on. And every Angle it 
faid to he offuch a Number ffDtgjrees andmi»Ktes,at 
fifre are in the Art meafttrvs that Aaglt^ 
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^ 7%ere are fome that would have a Degree divided 

into centefinial Parts^ rather than fexa^efin%al ones : 
And it would perhaps be more ufeful to dtvide^ hop only 
a Degree^ but even the whole Circle in a decuple Ra- 
i Uo ; which Dtvijion may fome time or other gain 
Place, Now \ if a Circle contains 360 Degrees^ 
a Quadrant thereof^ which is the Meafure of a Right 
Angle^ will be 90 of thofe Parts : And if it contains 
, , f 00 Parts^ a Quadrant will be if *oftheJe Parts. 

T*he Cotnplement of an Arc is the Difference there- 
of from a Quadrant, 

A Chord, or Subten^, if a Right hine drawn from, 
one End of the Arc to the other. 
, The Right Sine of any Arc^ which alfo is ci^monly 
failed only a Sine^ is a Perpendicular fallingfromone Emf, 
»f an Arc^ to the Radius dranun-thro^ themher End 
of the faid Arc. And is therefore the Semifuhtenfe of 
double the Arc, viz. DE=iDO, and the Arc DO 
is double of th'i Arc DB. Hence, the Sine of an Arc 
<?f 30 Degrees^ is equal to the one half of the Radius. For 
(by iy. El. i^.) tSe Side of ah Hexiigdh infcrib^d ft a 
Circle, that is, the Subtenfe of 6(S Degrees is e^ual 
to the Radius. A Sine divides the Radius into two 
Segments CE, EB; one of which, C E, which- is in- 
tercepted between the Center and the Right Sine, is the 
Sine Cqmpleme^ of the Arc DB toa Quadr-ant, (for 
CE=FD which is the Sine of the ArcD H,) and is 
failed the Cofine. T*he other Segment B E, which is 
intercepted between the Right Sine and the Periphery', 
imalled a verfed Sine, andfometimes a Sagitta. 

And if the Right Line C G be produced frtm the Cen^ 
ter C, thro* one End D of the Arc, until it meets the 
Right Line B G, which is perpendicular to th^ Didme^ 
ter drawn thro"* the other End B of the Arc , then 
CG is fdl(ed the Secant, and B & the Tangent of the 
Arc DB. * ~ 

T'he Cofecaf^t and Cdtagent of an Arc is the Secant 

or "Tangent of thai Arc, which is the Complement of 

ihe former Arc to a Quadrant, Note, As the Chord 

\ ^ an Arc, and of its Complement to a Circle, is the fame ; 

. fo Hie wife is the Sine, tangent, and Secant of an Arc 

ihe fame as the Sine, Tangent, and Secant of m^ 

yicmcnt to a Semicircle* '- 

/• •••;' .....-/ . - ' ^^ 
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T%e Sinus Totus is the ffreatefi Sine^ or the Sine 
0/90 Djegrees^ which is equal to the koMus cf the 
Circle. , ' 

A Trigonometrical Canon is a ^ahle^ which^ be- ' 
ginning from one Minute^ orderh expreffes the Lengths 
that every Sine^ Tangent ^ and Secant^ have in rfjpe^ 
of the RofUus^ljjbich isfupfofed Unity; and is conceived 
to be Mvided 10 fioofioo^ or more decimal Parts. And 
fo the Sine^ Tangent^ or Secant of any Arc^ may hi 
hadbyhelpofthisTablei and contrary wife ^ aoine^Tan^ 
gcfft^ 9r Secant^ being givep^ we may find* the Arc # 
^ expreffes. Take Notice, That in the following Tra^t^ 
l^fignifies.f he Radius. S f Sine^ Cof. a Ctfjne, T a 
Tangent^ and Cot. a Cotangent. 




TheCoNSTRucTioN of the Trigono-- 

metrical Canon^ 

P R O P O S IT I O N L 

THEaREM. ' 

The two Sidesrfany Right-angled Tri^mgle being given^ 

the other Side is alfo given • 

PR (by 47 of the f^rtt Elemenf) A^ 
' =:ABq4-BCq and ACq— BCq^ 
A'B q. and intetchaQgeably A C q — 
A B q =B C q. Whence, by the Ex-. 
tradion of the lgoareRoot, there is p." 
yen A C=v/ABq +BCq and AB 
rS/AUq— BCq. AndBCsBVACg— ABq^ 
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V RO BliE M: 

^ff Sinc.Dl^oftbeArc DB, andaeJUiimCD^ei^ 
ffijen^ to jwd the Co/me DF. 

nphfi Radnis CD^aoci the Sjne DE, being givm in, 
J* . the RightrJp0e<i Tria ogle C D E^ ^he r e will be 

givftll.Cbjrttelalfrien^J V'CD<i—l>Eq=DF. 

PROPOSITIOl^ in. 

■ # - ' 

PROBLEM, 

Titf vSwtf DB of im Arc DB being gi'v^n^ to find 
DMorB M the Sine of half the Arc, 

. RE.birfpggivrijil^ CE (by the teft Pr/^.) tUl be- 
givenV and accor4inglj E.B which is the Diflfe* 
rence between the (x)une aiid Radius. Therefore 
DE, EB, heinff given in the Right-angled Triangle 
DBE, the»e vrflPbe givcA DB^ whde'half'DMis 
the Sine of the Arc DL=I the Arc BD, 

PROFOS IT ION ly. 
• PROBLEM. 

W^e Sinf B M of the Arc 6 L being given^ to fmi th^ 

, ^ ' - Sintof^ubJeiha^Tlrc. 

'T'HE Sine. BM; being given, there will Begi1rc^ 
\k (by Pr^/). i.); tHeCaiirieCM. But.the Triangles 
eBJ\4,.DBE," aa:^ 6quiaWgular, ]jecadl£.tbe Angles 
a|>E and-M are Higtft Angl^, and the Angle at B 
common. Wherefore (by 4. 6.) we have CB : CM 
; ; BD, or i BM : DE. Whence, fince the three 
firft Terms of this Analogy are giyeni , the fourth al- 
fo, which is the Sine pf dne ArcDB, will b^ known. 

proi/. Hence, CB ; i CM : ! BD : ^ DE, tiiatis. 
ihe lUdius is to double the Cofiite of one half or 

tbf 
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the Arc DB, as the Subtenfe of the Arc DB, is 
to the Subtenfe of double that Arc. Alfo CB : 

. 2 CM: : (2BM: 2DE: :) BM : DE : : 

i CB : CM. Wherefore the Sine of any Arc, and 

. tte Sine of ks^ Double, being given, the Cofine of 

!.' thcArc it jCeflf is given. 

P R O P O S I T r O N V. 

T'he Sines of two Arcs BDj FD^ being given^ to find 
Flthe Sine of the Sum^ as like wife EL^ the Sine 
0f their Difference. 

r 

T ' ET the Radius CD be drawn, and then CO is 
^ the Cofine of the Arc F D, which accordingly 
is given, and draw OP thro' O parallel toDK. Alfo 
let O M, G E, be drawn parallel to CB. Then be- 
caufe the Triangles CDK, COP, CHI, FOH, 
Fl O M, are equiangular. In the firft Place, CD : 
I) K : : C O : O P, which Confequently is known. 
Alfo we have CD : CK : : FO : FM, and fo like- 
wife this fliall be known. But becaufe F O 
5SS E O, then will F M == M G = ON. And fo 
O P 4. FM =FI = Sine of the Sum of the 
Arcs: And OP — FM^ that is, O P — O N=: 

E L ;= Sine of the Difference of the Arcs. W. W. 
X>, 

Coroll, Becaufe the Differences of the Arcs BE, BD, 
BF, are equal, the Arc BD-fcall be an Arithme-' 
tical Mean between the Arcs jBE, BF. 

P R O P O S I T I O N VI. 

The fame. Ithings being fufPofed:^ Radius is to double 
the Cofine of the mean Arc as the Sine of the Diffe* 
rehce , to the Difference of the Sines of the jEx- 
treams. 

E'OR we have CD : GK : : FO : FM, whenoe 
iP by doubling the Confequents C D : z C K : : 
FO : 2 FM, or to F G ; which is the Difference 
ot the Sines E ^ F I. W. W. D, 

Corolk 
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CW/. If the Arc BD be 60 Degrees, the DifffercQCc 
of the Sines FI, EL,ftiallbe equal to the Sine, PO; 
pf the DiOance. For in this Cafe, C K , is the 
Sine of 30 Degrees, Double thereof being equal 
to Radius; and fo $nce CD =: 2 C K^ we fliall 
have FO = FG. And confeqently, if the two 
Arcs BE, BF, are Equidiftant from the Arc of ^ 
Decrees, the Difference of tlie Sines fhall be eqiuU 
to the Sine of the Diftai^ce F D* 

Caroll. 2. Hence, if the Sines pf all Arcs be given 
diftant from one another by a given Interval, from 
the Beginning of a Quardrant to 60 De^ees , the 
other Sines may be found by one Addition only. 
For the Sine of 61 Degrees =,Sine of fp Degrees 
-f- Sine of i Degree. And the Sine of 62 Degrees 
= Sine of f8 Degrees + Sine of 2 Degee. Alfo 
the Sine of 63 D^rees =sSine of 5*7 Degrees + 
Sine of 3 Degrees, and fo on. 

CwralL 3. If the Sines of allArc?, from the.B^;inr 
ning of a Quadrant to any Part of the Quadrant, 
diflant from e^ch other, by ^ given Interval be 
given, thepce yre may ^nd the Sines of all Arcs, 
to the Double of that Part. For Example , Let 
all tne Sines to if Degrees be given ; then, by the 
precedent Analogy , all the Smes to 30 Degrees, 
may be found. For Radius, is to double the Co* 
fine of I y Degrees, as the Sine of i Degree, is to 
the Difference of^he Sines of 14 Degrees, and 16 
Degrees ; fo alfo is the Sine of 3 Degrees, to the 
Ditference between the Sines ot 12 and 18 De- 
grees ; and fo on continually until you come to 
the of 30 Degrees. 

After the fame Manner, as Radius is to double the 
Cofine of 30 Degrees, or to double the Sine of 6o 
Degrees, fo is the Sine of i Degree to the Diffe- 
rence of the Sines of 29 and 31 Degrees : : Sine 

, 2 Degrees, to the Difference of the Sines of 28 
and 32 Degrees : : Sine 3 Degrees , to the Difr 
ferencedf the Sines of 27 and 33 Degrees. But in 
this Cafe, Radius is to double the Cofine of 30 
Degrees, as i to v/3. And accordingly,- if the 

Sines 
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Sines of the Diftances from the Arc of 30 Degrees^ 
be multipiyM by >/ 3, the Diflferencejs of tfie^ines 
will be had. 
So likewife may the Sines of the Minutes in the Begin- 
jng the Quadrant be found, b]^ having the Sine$ 
and Cofines of one and two Minutes given. For 
iasthe Radius is to double theCofine ori'irSine i': 
Difference of the Sines of i' and 3' : : Sine a': Dif- 
ference of the Sines of o' and 4' , that is, to the 
Sine of 4'. And fo the Sines of the four firft Mi- 
nutes being given ; we may thereby find the Sines 
of the others to 8', and from thence to id'^fand fq 
on. 

PROPOSITI ON VII. 

THEOREM. 

Infmafl Arces^ the Sines and Tangents of the fame 
Ares are nearly to. one another^ m a Ratio, ofEquor. 
lity. 

FOR becaufc t^e Triangles CE D, CBG, are 
equiangular, C E : CS : : ED :: B G. But 
as the Point E approaches B, EB will vanifli in 
Relpefl: of the Arc BD : Whence CE will become 
nearly equal to CB. And fo E D will he (alfo near- 

ly equal to BG. If EB be lefs than the ■ 

IO,O00UXX) - 

Part of the Radius, then the Difference between the 

I 
Sine and theTangent will bealfol^fsthanthe- 
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Part of the Tangent. 

Coroll, Since any Arc is lefs than the Tangent, and 
greater than its Sine, and the Sine and Tangent of 
avervfmall Arc, are nearly equal ; it follows that 
the Ate (hall be nearly equal to its Sine ; and lb 
in very fmall Arcs it (hall be, as Arc is to Arc, 
fo is Sine tp Sine, . . 

PRO. 
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P R O P O S I T I O N VIII. 
To fiml the Sine of the Arc of one Mimite. 

I^HE Side of a H^agon infer ijied in a Circle, that 
* ^s , the Subtenfe ofoo D^ees , is equal to the 
Radius, (^^ if^iofthc-jft&Jandfo the half of the Radi- 
us ftiall be the Sine of the Arc 3Q Degrees. Where^ 
fore the Sine of the Arc of 39 Degrees being given, 
f jhe Sine of the Arcof ij Degree^ may be found, {by 

prof. 3.) Alfo theSia^pf the Ape of 1 j Degrees be- 
inzgwtn^ (by the fame l^rop.) wemay have the Sine of 
7 Degrees 3© Minutes : 00 likewife can we find the 
Sine of tho^ half of tbis, v^z^ 3 D^ees 45*^ ; and fo 
on, until twelve BifedUons being made, we come to 
an Arc of 52*, 44*, 03% .45"?^ whole Cofine is 
nearly equal to the Radius, in which Cafe (as is mar 
nifeft from Prop. 7.^ Arcs are propotional to their 
Sines : And Ip, as the Arc of 52*, 44% 3* 4^*, 
is to an Arc of one Minute, fo fliall the Sine before 
found, be to the Sine of an Arc of one Minute, 
which tberiefore will be given. And when the Sinz 
of one. KiKnute Is found, then (by Prop. a. and 4J 
the Sine and Cofine of two Minutes will be had. 

PROPOSITION IX. 
THEOREM 

ffKhe yiffgfc BAG, iemg in the Periphery of a Circle^ 
he hifeded by the Right Line AP, andifKCbe pror 
duce^Umtil D E =: A D meets it in E : thenpuH 
CE=xAB. 

TN the quadrilateral Figure A B D C (iy 13. i.^ 
•* (be Angles B and A C D are equal to two Kight 

' Angles 3=c DGE 4. DC A (%^ 2^. 3.) Whence the 
t*« Angle Bfi=s DC E. But likewife the Angle E = 
DAG fiy y. i.) =D AB and DC=DB, Where^ 
fore the Triangles BAD and CED are congruous. 

, and CE is equal to AB. W.W, D. 

P ROs 
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PROPOSITION. X. 

THEOREM. 

Let the Ares AB, BC, CD, DE, EF^^r. be ejMal; 
and let the Subtenfes of the Arts AB, AC, AD, AE, 
&c. be dravjn'ytien will AB : AC : : AC : AB4- 

' AD.:; AD:AC+AE:: A£: AD+AF:: 
AF:AE+AG. 

LET AD be prodaced to R AE to L AF to K, 
and AG to t, that the Triangles ACH, AD I, 
AEK, AFL, be Ifofceles ones; then bccaufe the 
Angle BAD is bifeaed, welhall have DH=AB^ 
Oy the laji Prop.) fo likewifc fhall EI=:AC, FK=5 

AD, alfoGL=:AB, 

But the Ifofceles Triangles ARC, CHA, DAI, 
E AK, FAL, becaufe of the equal Angles at the Sa- 
fes, are equiangular. Wherefore it ftiall be as AB : 

AC::AC:AH=AB4.AD::AD:AI=AC+ 
AE : : AE: AK= AD+AF : : AF ;AL=s=AE 

+AG. W-W.D. 

Coroll. I. Becatife A B is to AC, as Radius is to dou- 
ble the Cofine of 1 the Arc A B, it fhall alfo be (by 
Corol. Prop, f.) as Radius is to double the Cofine 
ofitheArcAB, fo is i AB : J AC : : i AC: : 
f AB4-iAD::f AD:f AC+f AE::4AE 
-fi A D+i A F, ^c. Now let each of the Arcs 
AB, BG, CD ^c. be 2'; then will ^ AB be the 
Siffe of one Minute, i AC the Sine of 2' Miputes, 
4 AD the Sine of 3' Minutes; i AE the Sine of 4V 
hfc. Whence if thef Sines of one and two Minutes 
be given, we may eafily find air the other Sines ia 
the following Manper. 

Let the Cofine of the Arc of one Minute, that 
is, the Sine of the Arc of 89 Deg. 5*9 ■, be called Q, 
and make the followingAnalogies ; R : 2 Q : : 
Sin. 2' : Sv I '-f- S. 3'. Wherefore the Sine of 3 
Minutes will be given, Alfo R : 2.Q : : S. 3 ' : 
S.2'-f-S.4'. Wherefore the S. 4' is given; and 
R. 2Q : ; S.4' : S*3'+S. f '; and fo the Sine of 
y* will be had. 

Like* 
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Likewife R: aQ: : S. s' : S. 4'4-S. 6'; and fo( 
we fli^irhave the Sine of 6'. And in like Manner,- 
the Sines of every Minute of the Quadrant will be 
given. And bfecaufe the Radius, or the firft Term 
of the Analogy is Unity, the Operations will be, 
with great Bale and Expedition calculated by Mul-- 
tiplication, and contraSed by Addition. When 
the Sines are found to 60 Degrees; all the other 
Sines may be had by Addition only, (by Cor. i. 

Prop, y.) 

The Sines being given, the Tangents and Secants . 
may be found from the following Analogies, (iii 
the Figure for the Definitions;) becaufe the Trian- 
gles C E D; C B G^ CHI, are equiangular, we 
have 

CE : ED : : CB : BG; that is, Cof.:S : :R : T. 
GB:BC::CH:HI;thatis, T:R::R:Got. 
CE : CD : : CB : CG; that is, C6f. :R: : K:Secant; 
DE:CD::CH:CI; thati^, S:R; ;R:Cofcc; 

'that great Geometrician and incomparable Philofh 
pher^ Str Ifaac Newton, was the firft that laid dov^n 
a Series converging^ in infinitum ; from which .^ baying 
the Arcs given ^ their Sines may be found. . Thus if an 
Arc be called k^ and the Radius be an l/nitj the Sim 
thereof will be found to be 

. A» , A* A' A^ 

A ti^^ *■ . -J. . . . t..^ I ■ Jim ' fere* 

1.2.3. ' 1.2.3.4.5' i.2.3.4.5'.6.7 ' i.2.3.4.5'.6,7.8.9^ 
And the Cojine, 

A^ . A^ A^ A» ,,. 

1.2 1.2.3.4 i.2.3.4.5'.6 1.2.3.4. j'.6.7.8 

7'hefe Series in the Beginning of the Quadrant wb^n 
the Arc A is butfmall^ foon converge. For in the «$e- 
riesfor the Sine^ if A does not exceed IQ Mitfuites^ the 
two firft "terms thereof .^ viz. A— ^A^ gives ihe Sine 
to IS T^ laces of Figures. If the Arc A be not greater 
than one Degree^ the three firft Terms will exhibit the 
Sine to IS r laces of Figures ; andfi the faid Series are 
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ver^ Hfefnll for finding the firfl and loft Sines ^ tie 

Quadrant. But the greater the Arc A «, the more 

are the Terms of the Series required to have the Sine 

' in Numbers true to a given Place of Figures, And thei 

vjben the Arc is nearly Equal to the Radius^ the Seriet 

Convergeres very flow. And therefore^ to remedy this 

I have,devifid other Series^ fimilar to the Newtonian 

«»^ wherein^ IfitPPofe^ the Arc, whoje Sine is fought^ 

ti the Sum and Difference of two Arcs, viz. A+t, or 

A— 2 ; And let the Sine of the Arc A, he called sl 

amd the Cofine b. then the Sine of the Arc A+X wia 

be exfreffed thus : 

I I. a 1.2.3 I •2.-34 ' 1.2.34.5* 
And the Cofine is^ 

"^ I 1.2 1.2.5"^ 1.2.34 i-i-S+y ia.34.j*.6 

/» //ittf Manner the Sine of the Arc A — tis 

_b2 a2* bz* . a2^ b2* at* 

1 1.2 "^1.2.3 "^1.2.34 1.2.3.4.5- itr.34^ 

And the Cofine is^ 

, , az bz* az' , bz* , az' ,, 

^ I 1.2 1.2.3 * 1.2.3.4 ' 1.2.34.5' 

the Arc A is an Arithmetical Meen between the Are ^, 
A — t andA-^T,, And the Difference of the Sines are^ 

bt az* bz^ , az^ , bz^ az^ 
I 1.2 1.2.3^^1.2.3.4^^1.2.3.4.5' i.2.34.5'.6 ' 
^ bz . az* bz^. ^^ az^ . bz^ az* 

I '"1.2 1.2.3 i. 2.3.4 1.2.3.4.5' •" i.2.3.4.jr.6 

^c. 

Whence the Difference, of the Differences or fecond 
Difference, 

T^ , • zaz* zaz* • 2az^ 

7. Produce -. — U — W^,, 

1.2 1.2.3.4 ' i.2.3.4.5'.6 ^ 

1^ 2 ■ Z^ 

Or, aa+— — - — = 1- — ^-^ — ^^^. 

' 1.2, 1.2.3.4 * i.2.3.4.5'.o 

Vfiiek 
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fPiich Series is eifHoi to doMe the Sine of the Meak 
jrcy drawMinpo the verfedSime of the Arc ty audCoM" 
verges very fqoft. So that if % he the jirfh Minute of 
the Quadrant^ the firjl Term of the. Series gives thefe- 
condt)ifference to if Palaces of Figures , and the fecond 
*ttrm to if Places. 

From hepcey if the Sines of the Arcs dijiant one Mi^ 
nute from each other be given ^ The Sines of all the Arcs 
that are in the j ante Progrejfion may hefottndby an ex^ 
ceeding eafy Operation, 

In the firfl and fecond Series ^ // A=o; then frail 
a=c, and b its Cojine^ will become RaSus^ on. And 
hence ^ if the Terms wherein a />, are taken away^ and 
I be put injlead of 6^ the Series ^ will become the^ Njew* 
tOnian. In' the third and fourth- Series^ if h be go 
Degrees^ we pall have b=o, and a=i . frhence againy, 
: taking away all the Terms whfrein b //<, and putting i 

injlead of 2iy we frail have the'l^^wtonim Series arife^ 

Note, All the f aid Series eajily flow from the New- 
tonian ones. By the fifth Propiidon. 



PROPOSITION XI. 

tn a Right^ngkd Triangle^ if the Hypothenufe be made 
the RaHnSy then are the Sides the iines dftbeit oppp" 
Jke Angles; and if either of the Legs be made the 
Radius^ then the other Leg is the Tangent of its op" 
pojite Angle^ and the Hypothenufe is the Secant of 
that Angle. 

TT is manifeft.that CB is tbe- Sine of the hsc CD, 
-■• and AB the Qi^fmt thereof; l)ut the Arc CD is the 
Meafure of the Angle A, and the Complement of the 
Meafure of the Angle C. Moreova:, if AB, in the Fi* 
gure to this Propomion, be fuppofed Radius,- then BG 
IS the Tangent, and AC the Secant of the Arc Bt), 
which is the Meafure Of the Atigte A. So alfo if BC 
be made the Radius, then is BA the Tangent, anci AC 
the Secant of the Axe BE, or Angle C. W-W-IX 

There- 
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pThcrefore as A C being taken as fome given Mealure; 
is to BC taken in the fame Meafure; fo (hall the 
Nitaber loCooooO Parts in Which the Raditrs is fup- 
pofedto be divided, be to a Number expreflSng in the 
faine^arts the Length of the Sine of the Angle Aj 
that is, It will be 

as AC r BC : R : S^ A,^^ 
by the fime Reafoji, as AC : BA ; R : S,C. 

alfoas AB : BC : R rT,A. I 
and BC : BA : R t TjC. ' 

Arid fb }f any three of theft Proportionals; be giveuii 
the fourth riiay be found by th;e RtiU ofl'hret: ■ 

PROPOSITION X!I. 

* 

. l%e Siiki ofplmH Triangles are aftb^ Sines of their 

opfofite Angks. • 

TF the Sides of a Tri^gle, hifcribeiii in k Circle, ht 
^ bifefled by pcrpendfdula^ Radiy then liiall the half 
Sides be the 5mes of the Angles at the Periphery } fot 
the Angle BDC at the Center, is double of theAngl^ 
B A C at the Periphery ; (by 20 El: lib; 3. > and frf 
the half of eyeity of thtm^-vtz, BD E=iB AC, and 
BE is the SJne tJiereof. For the fimie Reafon, B I* 
fliall be the Sine of the' Angle BCA, and AG the 
Sine of the Angle ABC. 

In a Right-an^ed Triangle we have BD:^f BO 
£== Radius (by 31 JEucl 3.) but Radius \s the Sine of a 
Right Angle: Whence i BC is the Stoe of theAngl^ 
A. 

In ah Obtufe-angled Triangle, let B L, C L, be 
drawn, and then the Angle LfhallbetheCotnplement 
Of the Angle A to two Right Angles, {by 22 EL 3.) and 
fo th^y iUaQ bofli have the fiime Sine. . But ti}e Angle 
BD E, (whofc Sine is BE) = Angle L. Therefore 
B E fliall be the Sine of the Anele BAG' And fo \A 
etcTj Triangle, the Halves of the Sides arc the Sinesf 
of the oppofite Angtes ; but it is manifeft that the 
Sides are to ope another as their Halves. W. W.D. 

U ? R O^ 
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PROPOSITION xm. 

V 

Ip, ^ flam Tritmgle^ the Sum of the Legs^ t)se* Diffe- 
rence of the Legs^ the Tangent of the half Sum of the 
Angles at the Bafe^ and the 'tangent of one half their 
Difference^ are prof orthuM. 

LETtherc be aTriaugleABC^ whofe Legs ire 
AB, PC, and Bfife AC. Produce AB to Hy 
fo that BH=BC, then (hall AH be the Sum of th© 
^cg$; ;Mld if yosu make Bl2=:B A, then IH will be 
the Difference of die Itegs. Alfo the Angle HBC 
=AneIes A+ACB, {by 32. EL i.) and fo EBC the 
half thereof =s half the Sum of the Aagks A and 
ACB, and its Tangent (putting the kadfus=EB) is 
EC Again, let BD be drawft parattel to AC^ and 
makeHF=CD. Then fmceH6=CB, we ihall 
have {by 4 EL i.) the Angle HBF=CBD=BCA. 
(>y 29 EL I. V Alfo ihe Angle H B D=Angte A; 
whence FBD (hall b^.tfeeCffferewe of theAnglij 
A and A C B; anci E B D, whofe Tarigent is E D, 
Jialf their DifFerenj^e. Let I G be, drawn tbro' I tol- 
rallel to A C or B I), and then (by 1 EL 6.) A JB : 
BI: : CD:DG, but AB=?I; whence we (hall 
haYe,CD=DG, but GD=HF, audfo HF=DQ, 
and confcq^entjy, .HG==:DF, and i HG=iDF 
=DE; and becaufe the Triangles AH C, IHG, arc 
. eqttitegular, it fliall be as Alf : IH : : jfiC; HG : : 
iHC ;iHG : : EC: ED. That is, AH the Sum 
pf ti* Legs^ XQ IH the Difference of the Legs, fhall 
be'as EC the Tangeht of one half the Sum OitheAn- 

fles .^t the B^fe, to E D the Tangent of poe half their 
)iffereiicc. W.W.D. . 
'• ' '• ' 

^ P R O P OS i t I O N XIV. 

• • • • , / ' 

In- a f'lain triangle^ fhe Bafe^ the Sufn of the Sides ^ the 
' Dffference of the Sides ^ and the Difference uf the 
. Segments oftheBafe^ are prof orttonal, 

T ET D C be the Bafe of the Vriangle BCD,] 
•»H about the Center B, with the Radius B C, let a 
Circle be defcribed- Produce D B to G, and from B 

let 



let fall BE perpendicular to the Bafe; then (hall 
I>G=^DJR^BQ:^^xiii^ofthe Sides, ao4 D,H« 
X)ifFerence^ df tfte Sides; and DE,.C|; are the Seg- 
ments of th6i6^ wbofe Di^^ence is DF; becai& 
(^ Cor. Prop. 38. EL 3.) the Red^t^gle un4er.D0'and 
15 F, is equal to the Keaanglc under t> G, D H^ it 
JJialf K WISTT^ as rrCl D G : : D H : D pf 






i 
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* I 

Ti&r •SiJTMf tf jUii/ Difference of any^ m)o QuaktiMs being 




taken from one half of theDiiferente, theRcfiduefhal 
be #qiMU to thg^l^fa^rf theQwintitles. Forlettherebc 
two Quan^tles A^,B<}, ^ndletthere'bet&en A0= 
BC, then FB wilti)e their Dfflferpncfe, and AC tl^eii 
Sum; which, bifefied in E, gim AE or EC)th( 
half Sum, ana D E or E B the half pifference. Hence 
AB= AE4-EB=a the half Surf-f the half liiifFe- 
rence^ and BG=3CE— EB= ^e half Sum— jht 

\]^f.Differen£fi*. ^ , ( 

la any plain Tfiangle if ^wo Angles be given, the 
third Angle isalfo given, becaufd it i$ their Compile- 
ment to two Right Angles. 

If one of the acute Angles of ^ Right-angled Tri- 
angle be given, the other acute Angle will be givtn,j 
becaufe it is the Complement of tlje given Angle t(| a! 
Rkht Angle. I 

' "And'if two Sides 6f a Right-angled Triangle bo 
^iven, (hex?ther.Side may 1^ foui;id by the firft Prp- 
portion without a Canon, v '* ' - ^ - 



^91 



\^, 






A 



■I. 



<i 



f; i. 



V » rf^ • ^ 












- \ 



'./ 



tr % 



.- .» . ... 

i.1 J <- A« . 



■^pp^.^.**"' 



la •* •• 






I 

.2ter| 



i 



^ 



k^i Tj&f Elements «^ 

The Trigonometrical Solutions of a jRigif' 
'. ^gled Triangle^ may he as fiuow, 
• Vid. Fig. A. 



t Given Sotffifatj j ilajceas " • . 

ThT" 'The~rAB:BO::k: 1" ot'th, 



andBC 



3 



irte 
LeffAI: 
and the 
Hypo- 
thenufc 
AC. 

Thi 
LcffAB 
ana the 
Angle 
A. 



thie An- 
Angles^e A, wholfcComplemcnt is the 
Angle C. 

ine /TC: AB:: R: S,'CwhofeGom. 
Angles, plement is die Angle A. 



ThT" 

Hypo- 

thenufe 

AC, 

and the 

Angle 

C. 



Hie" 
other 
Side' 
BC,and 
the Hy- 
pothec 
riufeAC 



R:.T,A::i^li.:Aa 
S,C:R:: AB : 4a 



:_t 



I 



Ihe |R:: S,C:; AC; AiJ. 



•I 



*. 



Tbe Trigonometrical Solutipns of oblique 
angled Triangles. Vid. Fig. to Prop. 12. 
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\ / 



Make as ) 

i, «- S AT7S&=iB Cr^ Alfo S, 



G : S, B : : AB: AC: Butwhen 
two Angles are given, the third is 
is alfo given ; whence the Cafe 
wherenftwo Aneles and a Side 
ire given, to fina the reft, falls 
into this Cale. 
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Given i^ougnt I Make as 



An 
A,B,C. 



ine 



' Pwa - Angte- therefore may^^^bufidr 



Sides 
AB, 

>C,and 

^lAnfel(j 
K pppofltc 
to .one 
ofthcm. 



iSi^es |S,C.: S,B rcABrBC: Whence ; 

if the Angles are given, the Prof^ 
portioiis of the Sidc« xfm be found^^ 
but not the Sides ^hcmfelves, un- 

-J u^ lefsoneofthemfa c firft known. 3 

fhT^ Ab : B(J : : 6, C : ^/A • wAich 



AB, 
AC 
BC. 



A and 
B. 




A B the Side oppofite to G, the 
i[ivea Angle IS longer than BC the 
iide oppofite to the fought Angle, 
Che fought Angle is left thaq % 
right 9ne, • But wh^ it is fliori^prr 
becauCetheSineofan Angle, and 
that of its Complement to two 
Right;^ Apples, is the fame, the 
Species 6t the Angle A muft be 
firft knoMTU, or the^SolutionJiyill 
beimibigqotisl ^ * 



-»!• 



W*"^"^ 



f^ ta.rtg, to rrop.i^. BC-^AB: 
BC— A B : : T^M^. t,^^:^ 

Whence is inpwjn the DifferenGe 
Ofthe Angles A-andC, wliofeSum 
IS giv^n- and fo-(by the Proi^, 
roiro^ing Prop, .14.) the AJigles" 
chemfelves will bef'^ven. 

Let ihe I'erpeiidicu- 
-1 from the Vertex to 
:he Bafe, and find The Segments 
of theBafebyP^o/?. iA.vit. Make 
as.BC : AC+AB; : A C— AB: 
0C— DB. Arid fo BD, DC, 
ire given from this Analogy ; and 
thence the Angles ABt), ADC; 
will be given by the Refolutioii 
of Right-angled Triangles. 



lar be draWn from the Vertex to 
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SpherkalJT aiijsxiLEs, 



t> E FI NIT 1,0 N 

lie Ptl„, fa spier 



s. • 



fi:. fates Of a opsere areavjo reiKit 
it the. 'Superficies dftht S^Bjert that irffj 
■hi Extremes of she Axtsl 

It.' y)jF rvkvfu Ciftt^ iw aSfoet'fy^ 
is a.Foitit in thi SupetpUs of the 
Sphere^ from VJhkV iM ' ^igh Liiies\ 
that are drawn to tjse .pir}iapferefii ■ of the jC/rr/i, irei 
equal to one ano^e/-. '■■'.'■ 

lU. /Igre^iCl'fle maSphe, , 
pafes thro^the Center .'of the Sphere 
"is the fame. f that of the Sph< ' 
IV. A ffherical Trraifglt 



._% 



is that -^oprPlaml 
Mtd Jbofe CeMer. 



■e eoipprehenied 
a Sphere. 



Under the Arcs- of three great Circle . 

•V. AJpherit^lAngle inhat-whtch^^ai St^ftfieiei 
of the Sphere^ is contained under two Arcs of gre^ 
Circles:, . and this Angle is e^ual to the Inclination of the 
^Itmts hf the faid Circles. 

• PRO. 






tfiniiunvi mid.JBt*0£, 2,, 
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PROPOSITION I. 

Qr<^ Circles ACB^ AFB^ mutually bifeS each 

other. 



tr<P';4 



!OR fince the Circles have the fame Cen- 
ter, their common Sedlion fhall be a Di- 
jtme^er ot each Circle, and io will coi 
thcna into two equal Parts. [ 



Coroll Henc« the Arcs of two gjeat Circles in the 
Super<5cies of the Sphere, being lets than Semicircles, 
do not comprehend a Space ; for they cani^ot, un- 
lefs they meet each other in two oppofit^ Potato 
ill a Semicircle. 

PROPOSITION IL 

If from the Pole C of ^ny Circle AFB^ be drawn a 
Right Line.C D to the Center thereof ^ thefaid,Lin^ 
vjHI be ferfenJlicuUr to the Plane efthat Circle. Vji' 
Fig. to Prop. I. . 

LET there be drawn any Diameters EF, G H, in 
the Circle A FB; then bccauf© in the Triangles 
CDF, CD E, the Sides CD, DF, ^p equal to the 
Sides CD, DE, and the Safe OF equal to the Bare 
CE; {by Def. iS then {by 4 £/. i.) ihall the Angle 
CD F= Angle CDE; and fo each of them willbc 
a Right Angle. After the fame Manner we demohr 
ftrare that the Angles CDG, CDH, are Right An^- 
gles; and fo (^ 4£/. ^i.) CD (hall be perpendicular 
to the Plane of the Qrcle A F R W. W. D. 

Coroll. .1 . A gre^ Circle is diftant fron^ its Pole jby 
the Interval of a Quadrant ; for fince the Aftgies 
CDG, CDF, are Right Angles, theMeafurcs of 
them, viz. the Arcs CG, CF, will be Quadrants. 

i. Great Circles that pafs thro' the Pole of fome other 
Circle, nn^ke Right Angles with it; and contrari- 

U 4 wife, 



%^ ■ The ELfiMEHTS*/ 

wife, if great Circles make Right Armies wkhfoma 
Orficr Orcie, dicy fliall pafe thro' the Pole? cf that 
pther Circl^for they muft ncccflittiiy pals thro? the 
Right Line DC. 

P RO P O S'lT 1 ON III. ■ 

If a great Circle EC F he defcr'ihed aboMtthePefeA; 
thenthe Arc CFmerceMedhetVJetm AC, AF.ii tht 
Meafure of the Angle CjIF, orCDf, Vid.Pig.to 

' ,i*rop. i: '■,■-'" 

TH E Arcs A C. A F, (by Cor. i. Prtf. 2.) are 
(Radiants, ana confcqQcntly the Angles ADC, 
ADE, arcRight Angles. Wherefore (by Dcf. 6. El. 
1 1 .) the Angle CDF, (whoft Meafdre is the Arc OP) 
is equal to the Inclination of the Planes ACB, AFB, 
and alfo equal to the fphcrical Angle OAF, 6r CBF. 
W.W.D. ■ • 

Cenll. I. If the Arcs AC, AF, are Quadrants, than 

ihall A' be die Pole of the Circle jMfling thro* the 

Points C and F; for AD is M Rignt Angles to the 

' Plant PDC.ffayi4£/ II.) ' ' ^■ 

J. Thevertical Angles are equal, for each of them is 

' equal to the Inclination of the Circles; -alfo the 

adjoining Angles are equal to rifro Rl^ht Angles. 

P R O P O S I T I O N IV. 

TrimtgUs fiatt he ejual and coHermift, if they have two 
[ Sides efMol to tv^o Sides^ awdthe Angles comfrehend' 
*»g ^Se two Sides alfo e^nal.' 

P R O P O S I T I O N V. 

Jllfi Triastglej Stall be_ eqmal aid congruouSjif one ^de 
'■ together with the adjacent Angles tn one Triangle, ie 
eifnaVio one Sideyaud the adjacent Angles-of the 
fther TriatifU:' ■ ' ' ," '• ' 



» •••..'.■ 

PROPOSITION. VL 

Triangles matualfy J^fpildieral^ are a(fo mmnaify 

eqmangular. 

« - * • • 

t 

PROPO S ITIO N. VII. 
/« Ififceles'TriMgles^ the At^ks «t tie Bafe are eq»at, 

PROPOSITION yiii. 

jfftd if tbe Angles a$ the B^e be eanal^ then the Tri" 

angle frail ke Ififcetes. 

Thefe four laft Propofitions are demdnftrated in 
the ftme Manner, as in plam^Triangles. 

PROPO SIT I O N IX. 

jiny two Sides ef a Triangle are greafer than the 

third. 

FO R the Arc of a great Circle, is the ihorteft Way, 
between any two Pcunts in the Superficies of tht 
Sphere. 

P R O P 9 SIT I O N X. 

A Side of a Jpberical Triangle is lefsthana . 

Semicircle, 

T ET AC, AB, the Sides of the Triangles ABC 
r--* be produced till they meet in D; then fliall the 
Arc AOD, which is neater than the Arc AC, be a 
Semicircle. ^ 

PROPOSITION XI. 

7^e three Sides of a Jpberical Trianfgle areJefs than 
' ' ' a whole Circle. ' ' '' 

T? O R DB-f D C IS greater than BC (by Prop. 9.) 
A- «nd adding on each Side BA4-AC, DBA4. 
J)CA: that is, a whole Circle will be greater than 



AB4-BC-JI-AC, which are the thrc? Sides of the 
^herical 'Triangle A 9 Q: • • • • • 

P R O P $1 T I N XH. 

Iff awf Jpherical Triangle ABC, the greaUr Atfgk 
, Af'h fi^tmd^drky fhp gr^a$€P HJf. - 

MAKE ttifi Aarie BAD^AngkB; ^m fb$A 
AD=BD, Ciy 8 of this;) aadfo BDC=DA 
-f-D C, mi thoft Arcf arc fcfsut^ than AC. Where- 
fore the Side BC, that fubtends the Angle BAG, is 
gxtttet thm iha Side A C, tba( fiibt^ixU the Angle B, 

PROPOSITipN XIIL 

Jjtr am fpherleal Triangle ABC, ^l^e Sum of the Legs 
A B and B C ^^ greater ^ etfual^ or leji^ than a Semi- 
circle^ ^sn th mernaf4i^^^ ^ f*r Bfffe A C Jball 
ie greater y equaL or lefs^ than the external and oppO" 
foe Anj^e^C^^ and fo tie Snm of tht Angles A 
and AK^TiJhall alfo hop'oaUr^ equal^ ok lefs^ than 
two Right Angles. 

FIRST, letAB-fBOss.Semicirele^AD, then 
fhall BC=BD, and the Angles B C D imd D 
equal, {by 8 ofthis^ and jth^^ore the Angle BCD 
fhall be== Angle A. * 

Secoodly, A^et AB-^-BC be ereater than 4^^^; 
then (hall 6C be greater th^n BI) ; and fo the Angle 
D (that is. the Angle A> by 12 of this) (hall be greater 
than the Angle BCD. Jt> like MtQner we diemoa- 
firate, if A B '^ B C be togettor lefs tb^i a A^niicircle, 
that the Angle A will be Iristhftn the Angle ^CD^ 
And becaufe the Angles B ClJtind BCA, are.pstwo 
Right Angles ; if the Angle A be greater than the 
Angle BC D, then (ball A aijd, 9 C A, b/egceater than 
two Right Angles; if the Angle A=bCD, then 
ihall A aa4BCA>be equal to two Right Angles And 
if A be lefs than BCD, then will A and BCA be 
leis than two Right Angles. W. W. D. 



PRO- 



■^ * 



pjfeo j-c^siTiok ■}qv. 

hi kkf fphft¥ml^hiHg^ G H I>, .ifie Bdts o/ rfe 
Sides being joint d^ great Girttes^ do cbnfthnte ana^, 
ther Triangle X M N^ which is the Supplement of the 
Triangle G BD,C>;A;. I/Afer SiA^ N X^OCM, and 
NM, pall be Sffppl^ments of the Arcs that are the 
meztfkrei bfOtemgUsH^, G, H,^ fo ibe Simicird^ ; 
and the Arcs that are the meafnres of. the AngUs. 
M'X.N, wit Mi'th^'Supplements of th^ Sides qM 
' Gh, «WHD, tr^ Semicircles, ' . •• 

FROM' the Poles G,H, D, let the great Circles XG 
AM,TMNq, XKB>5f,be defcribed ; then becaufe 
G is the Pole ofthc Orcle X C A M, *7^ Ihall have 
GM=Quadrant, (by Vor, i Prop. 2.) and fince H.is 
. the Pole of the CStclh T M O, then Ml H M be jdfa 
a Quadrant; and fo<by Cor, i. Prop.^) Mfliall be 
the Pole of the .Circle G H, In like Manner^ bfir 
cdtkfe D 15 th<b Pole of the Circle XBN, and H thf 
Poleof theCirtleTMN, the Arcs DN, HN, will 
ht Quadrants; dhd fo (by Cor, 1. Prop, 3.) N fhalt 
be the Pole ^of the Circle HD. And' becaufe G X,* 
D-X, art Quadrdnfe^X will be thePo!e of theCircfe 
GD; ThefeTWhgsprcJnifed. 

-Becaufe NK=iQtladrant, {Cor, i. Prop. z,)^&ieQ: 
will N K-f-X B, that IS, NX+K\B= two Qua- ' 

cfrafats'jOr a Serriidrcle; and fo NX is the Supple- 
riidht of thfe Arc KB, or of the Mfeafure of the An- . 
gk'HD G to a Semicircle. In like Marnier,, becaufe 
MC^-Quadraiit, and XA= Quadrant, then- Will 
MC-I7XA; that is, XM 4- AC = two Quadrants, or 
Semicircle; and conlequently XM is the Supplement 
of the Arc A C, which is the Meafure of the Angle 
H G D. Likewile, fince M O, NT, are Quadrants, 
we fhall have M 04.NT=0T-fNM= Semi- 
circle. And therefore N M is the Supplement of the 
AtcOT, or ofthe Meafure of the Angle GHD, to 
a Semicircle. W.W.D. 

Moreover, becaufe DK, HT, are Quadrants, 
DK-j-HT, or KT-f-HD, are equal to two Qua- 
4fants, or a Semicircle. Therefore KT, or the Mea- 
liite of the Angle X N M, is the Supplement of the 

Side 



A 



f«9» 



Side HD to aSemicircle. After the fime Matmcr lY 
is dcmonftrated, that O C, jthe IV^ctfure of the Angle 
XMN, istheSnpplemcntt>fthVSideGH, andBA 
the Me9&i» of the ABgle. X, is the^Sapplepififit of 



S 1 < • » ' 






. P R O P O S I T I JQ vN XV. 

FOR their Supplementals (iy t^ of this) are equi- 
(lateral ; and therefore equiangular wp\ and fo 
themfelves arc like^iyire equilateral, (by Part 2,, Prop. 

i PROF O S I T 10 N XVT. 

Tic three AngUi of a Jpherical TrianjgU , are greatcf 
< thaw Pim E^gbtAngks^ W^C/f thamfix^ ^ 




riic three Sides of the Triangle XNM, are Icfs than 
two Semicircics, (*y i i of this,) Wherefore the three 
Meafures of the Angles GVH, B, are creatcr thaii i) 
Scnudrcle; and fo the Angles* G,H, 13, ^are greater 
Wian two Highjt Angles. 

^ The fecond Part of the Kopofitioln is mani{eft„,for 
Ui every Ipherical Triangle, the external and initernal 
Angles together, only make fix Right Angles ; whercf " 
l^re the internal Angles are lefs than fix Right Angles. 
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SPrtEkiCAX TlilANGLES. ' ^f^ 

• • •' • . 

- PR aP OS I T I O 1»T XVIL 

• . ••' ' . • .. . .. i 

If from the Pom R, mot being the Pole of the Circle 
AFBfe, tber^ faU the Arcs R A^ RB, :RG, R V» 
rf great Circles to the Circtcmference of that Circle^ 

-^ them tie JT*^5/> V ^^fe Arcs is R A, pfbichfi^ 
thro'* the Pole C ther^; mkd the Rewamder of if is 

' 4be leajt ; aftd fbofe iimt are mors di/hfffA from she 
^^grMeJi are teft>tMH thoj4 which- are ^marer to it^ 
andtiey make atB oi^itfi^jMgle wiii ibe fbrmerC^cte 



to prop* 1. 



'» /f .'* .' ' • • . -i ' 



t I 



TJEcaufe C is the l^bld bf^Ae'Cirele AF'S, then 
^ (hallCPairui RS,-Wljich is caJ^mel thereto, be 
pcrpendicute tb tlfe Plafee 'Af B; ^Ki^V S A, S G^ 




we (hall haveRSq4- SAq, orRAq, greater than 

cil;Sq.-rf SGq, .Or IUS4'; /and fo A A w}lL.l)e,gr«ittt 

«ftwi:RG^>aiMj rtmArcA A gr««iiter.iteM^;thp ArcRa 

In like Manner, R Sq-f-S Gq, or R Gq ftall begreater 
^han RS-hSVq, ar.RV^;.w<i fo RC^ftlilte greater 
than R V, and the Arc R G greater than the Arc R V. 
- a^, The Angle RG A is gnjater than the Angb 
C'G.A, which is a Right.Angle, (by Gok. Prop.'^J 
:M|i lihcAn^eKV A is greater than the Aagle GVA, 
which alfo is; a Right .Angle./ Therefore^ the Angles 
RGA, RVA, are obtuie Angles. 

P RO I^O^ I T 10 N XVIII. ^ *■ 

Im a fffberical 7/iafigk ^bf-i^gkihatA'i the Lep 
fontaining the Right Angle^ are of the fame AffeSion 
\\imdhibe^opp6ft(e/li^le'$\ thatis^ tfih'e i^s he great^ 
^'' i>KJefi tlfaftihfadramsj then acc&rdif^tywdl the Atgles 
st-j0ppofkt to tJ^am t)e greater or lefs thati Right. Angles. 
t-..Yi<i* fig-io.iVop..i^ , 

JJO R if AC be a.Quadr^t, then will C be the Ppli 
p 6? tfite Circle A> B, and theAngleiAGC, d 
AVC, wiH be Right. Angles. 'If the Leg A.R W 
igf eater thali a QuaSranr; then ihall the AngleAGR 

'■ ■''■' be 



be gtcatcr than a Right Angle, (byi'j of this;) and if 
the L^ AX- be lefHhpik (^uad^j^ t^f j^gfc AGX 
fliall be lelS than a Right 'Angle. 
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P R O 1? O: S f T I vO M XiX. 



Ty^l/o Legs,0f:0ri^sMiPgyd>Jfh0:kdXr^^ he of 
■: 4he fame j^e&hn; (a9td so9ffeqfipnxkfj^,j4Mdfis^) 
^ ^bsf iSy ^mey^-are M>4^fs*^r kotkgr^ifter mm a 
^v (hadrtrnt^ iheff 'M tbe H;^^t$be9i^e be kff^im a 
\. ^kadrofO^. Yid,Figr.to Pcop^ia . ^ 

IN the Triari^e ARY, t3r BR V^ let F be the -Pole 
of the Leg AR, then will RF be a'.Quadrant, 
which Is gxeacQ:. thjin R V, (Ay ,1 7 of this.) 

"' p "ft 0, p' s I T' I p:^ x;x. ' , " 

i^f*^ f /&^^ i^ <)f la^ dfffifrifft Aff^ition^ th^ti [fbfitt tbe^j/fa* 
^ the9$ufe be '^re'fiteir than i^aJ^a^t.' Vid^t'Jg*,^ 

;;Prop.i. \ ;. ;• ' ; ;.;,.;:-: ' " ;; 

f^OR in the Tdangle A;R€^i Ae Hypo^gnt^ 
^ RG Isi^grettter than RP, ^whidi is a (^ladrtm^^ 

it^ PROPOSITION XXL ^ 




. £fferem^e0iQ». Vid, Fig., to Hrpp. x, 

. -- » • 
■ • / • / * * ■ I 

TP HIS Propofition being the Converfe of the for* 

* mer.Ofi9$, oafily fQllQWiftonitheitJ. 



PR OP OS IT ION X3EIL 



^ 'A 



.• > \i 



V J^Xfe B :«w;vC, *^ (fthefifme AffeSkn^ ikimthi 
: Perpet^hul4r%lk ^within tks Jirui^k^\atiid.if\fhei 

be of a different AffeSion^ abf tUtfiwficular falli 

without the Trianzle. 



J^^J the firftCatc, iif jtlje Peypq^djtculw. tipes;! 
. . '«?ithin,lef it fall wittoijitJ&T)f&«k, Csf^ui 
ti|<;n ip.f he ,Tn«gle ABP, ;f he.^i^P iS;Q]^ 




ecrioil 



AfFefiion with the Anele B. And in like Manner- fa 
the Triahgk kCl^, A P, is <>f At Gitie Aftaion with 
the Angle A C PJ Therefore fince A B C, and A C P^ 
are of fte Cime Arf2af6h, ,the Aligjes A B€, A'C B, 
ft all be of a diflferent AfFcftion ; which ii contrary to ' 
theHypbtheii^. 

In the fecond/Cafe, If tbe Perpendf CttWr tJbes tiot 
fell without, let it fall Within, (as in Fig. i,) Then ia 
the Triangle A B P, the Angle B is Of the lame Affec- 
tion, with the Leg AP. So likewife, in the Trian-* 
gle ACP, the Angle Cis ctf the' fame Affeflion^ife 
A P; and therefore the An^ci B anfl.^ krifcofthe 
6tnc Afftaion ; which h cbtitrttry to tlfefejpocfedat 

PRO POSITION xxin. 

In ^hrtcat tridngUs BA^,-BHfe^ i^^P'umlid 4t 
A and H, // the fuftit acm Affile B 'if dt fS^ ^B^ 
!B A, dr 6H, then the Sinex cf the HypBihenn^rfikiU 
be proportional to ihe Stiiei ^f'tht fetfmdiii^ilafAfts. 

FORthetUdit'LfnesCb' EF-, being ipeipoditii- 
lar to the ikme ftane, are parallel. Atfd 9 R^ 
DP,- perpendicular to the RadinsL O B, aFe4ft»wi|[b 
parallel'jwherefbre tile flanes b^tbe TriaRgkis Ef R^ 
C D Pv«^^ alfo parallel, ^by if^/. i:*./ wh^tforc 
CP,']feTR; 'thfe commbii Seftiotis dPtht^if Jlafte?,\iritk 
the Plane paffing thro' B E, G O, will be parallel, 
(byi6M'H.) TliertfiratteTriafaigcs^CJpP^EFR, 
fliall be equiangular. Whgefore C F the Sine of th« 
HypOthenufe EC, is to OI) -the Sine of tiiCvi)^e»- 
dicular ArcC A, as£]itteSifleofthe>Hypothenufc 
BE to E F, the Sine of, the perpeiidicular Arc E H. 

w;w;t)/ ; - .; ^'- ^/ ■ ' • 

' PROP0,Sl,^lOl^ XXtV. ■ 

"the fame Things being fnppfofedy AQ, HK, the Sines 
of the Bafes^ are proporttonal /o I A, G H, the 7an^ 
gents of the perpendicular Arcs. 

^ OR after the fame Manner; as in the laft Propo- 
^ fition, we demonftrate that the Triangles QAI, 
KHG, are equiangular; whence QA : AI : : KH : 
HG./ PRO- 



^o^ TAe Elm u&JHTs of 

PROPOSITION XXV^ 

• • . » 

ilff a Jpherk^ Triamgk J^ B C, rtghi-anikd at Ay as 
the Cojime of thi Angle B, 4a ibe Bafe B A, is to the 
v> Sine of the vertical Angk A C B, fo is the Cojine of 

; the PerfemHenhr to the Radius. 

r 

Preparatipn. 

LET the Sides A B, B C, C A, be produ<^, fo 
that BE, BF, CI, CR be Quadrants; and front 
At Poles B and C, draw the great Circles EFDG. 
IHG, then will the Angles at E, F, I, H, be Right 
Angles. And lb D Is the Pole of BAE, (bv Cor. a. 
Prof. 2 of this,) and G the Pole 6f IFGB; alfo AE 
wtlrbe::?:CoinpIement of the Arc BA^^and F£ the 
Meafiire of the Angle B ==: G D, and D F their Com- 
'Irtement; Alfo B G flhall bc=FJ==Meafure of the 
.Angle G, and C F their Complement. Likewife 
' C A=H D, and D C their Complement. Thefe 
-Things premifed in theTriangles Hi C, D CF, right- 
angl^ at I and P, and having the &me acute Angib 
C, iSnCe B A is lefs than a Quadrant, it will be as S, 
DP:S,HI:;S,DC:S,HC; that is, the Cofine 
of the Angle B, is to the Sine of the vertical Angle 
BCA, as theCofine of CA is toUadius. W.W.D. 

'•^ P R O P O S 1 T r O N XXVI. 

The C^/mit rfthe Bafi: Cqfine qf the HypOtbenufe it 
A : Cof. of the Perpendicular. 

FOR in the trianeles A15d; CFD, right-ahglrf 
at E, F, having the fame acute Angle D; becaufe 
AEis lefe than a Quadrant, vvehavcS,EA :S,GF 
::S,DA:S;DC/ WrW.D;' 
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SplfERicAL TjiiV Ingles. ^^5 

PROPOSITION XXVII. 

I 

S, of the iijfe : R : : T, (?/ the PerfendicMlak : T, ^ 

the Angk at the Baje» . 

I7OR in the frlan6;les BA-C, BE F, right-anglei ' 
^ at A and E, and naving the fame acute Angle B j 
b'ccaufe AC is lefs than a Quadrant, we have S* B A i 
S^BE::T,AC:T,EF. W.W.D. ; 

PROPOSITIoisr XXVIIL ' 

Gof, of the vertical Angle : R : : T, of th^ PerpendU 
calar : T, of the Hypothejtufe, 

* I 

TN the Triangks GIF, G H D,- right-angled at I 
-■• ahd H, and having the lame acute Angle G, bo- 
caufe HD IS left thian HC, or a Quadrant, it is i 
S, G H : S, G I s : T, H D : T, I P. 

PROPOSITION XXIX- 

S, of the Hypothenufe : R : : S, of the Perpendicular : . 

S, of the Angle at the Bafe* 

IN the aforefaid Triangles, we have S, IF : S, GF 
. ::S,HD:SvQD. 

PROPO S IT laN XXX. j 

K: CoJl'ofth^Mypothenufe : : T, of the vertical . 

Jng^le : Cot. of the Angle at tie Bafe. \ 

T N the Triangles H I C, D F C, right-aingled it 
*• r«ldP, and having the fame: acute Angle C, be- 
caufe liF is lefs than a Quadrant, we have S, CI : 
S, CF : : T, H I : T, DF, that is, R : Cof. B C ; : 
T,C-:Cot.B; 

The laft fix Propofitions are fufiicient for folving 
all the fixteen Cafes of Rfght-angled fpherical Trian- 
gles. Thefe fixteen Cafes, with their Analogies de- 
duct from the laid Propofitions, are as follows : 

X Given 



$96 



The ELEMENTS of 



Given SoixghtVid. ttg^ to trop. 2^, 26, 27, z8 

befides { . J29, 30. 

the 

Right ' 

Angle. 



AG 
andB. 

Band 
C 



BA, 
CA. 



AC 

andC. 



BA, 

BC. 



B^, 

CA. 



R : Cof. CA : : S,G : Cof. B of 
the^faine Kind with CA. ' - 



C. 



Cof. <: A : R : : Cof. B : S, C 
this is ambiguous. 



AC. ;ii, C : Cof. B: : R : Cof. CA of 
the fame "kind "with the Angle B. 



"^^Vi : Coi: B' A: : Col'. A C : Cof. 
BQ. If BA, AC, be of the. feme 

; Afieaion^ and not Quadrants, thto 
BC will be lefs than a.Qi^adrant. 
If they be of a different Affedlion, 
B C fliall be, greater th^n a Qua- 

d rarit. ' - • - 

Coi: B A : K : :. Cof B C : Cof. 



AC. 



B. 



8 



BA,B: 



C A, If BC be lefs than a Qua- 
drant, then fhall BA and C Abe of 
the fame. AiFeftion, if greater, of a 
different 5 but B A is given, and 
therefore the Species thereof. 
Wh€reft)re the Species of A C is 
alfo given. 

5,BA:R:rT,CA:T,BofthebyProp. 
fame Affedion with the oppofite 27 and 
Side C A. 18. 



By the- . 
InverXe 
of Prop. 

fty Prop. 

^^\ 

by Prop.- 
25- and 
18. 

by Prop,:- 
26. 19, 
and 20. 



by Wop,; 
26 and 
21. 



AC. 



R :S, BA : : T B : T, AC of the by Prop, 
fame kind with B. 27 and 



AC,B.I BA. 






T,B:R::T,CA: i),BAam. 

biguous. 



^7 

18; 

by Prc^. 
27. 



Given 






IGIven, jSought 
befidesj 
the ; 
Right i 
Anglei 



^~Q. 



lo 



BC. 
AC. 



II 



BC, B. 



12 



AC,B. 



13 



BC. 
14AC. 



TU 



» 1 - 



t 

i 



BC. 



H" 



If B C be: lefi than « duadrant, 
the Angles C: indB ai'^ oflthefaine 
Aflfefiion, ifgneattrv of a 4ifFeriBnt . 
Therefore-if the^jpecifes of theAnl- 
gle B be giveA, then will A C Uc 

Cof. cyRTTT^CA: T,BC. 

And fp if the Angle C, knd C A. 
beofthefameAfFedion, thenBC 
(hall be leffer than a Quadrant, if 
of a different^ greater. 

t,BO: R:: l.OAt Oof. C. 
If B C be lefs than a Quadrant, 
then C A and B A^ and confeqiient- 
Iv the Angles. Ihall be of the fame 
ASc&iorii if*;^reater, of a different, 
but the Species of C A is given. 
Therefore the^*$pecies of the An- 
gle C wiU be atftrgif !&;..* ^ 



AC 



BC. 



B. 



B,C. 



TcT 



ij 



•*ma 






R : S, B C : : S^ B :- S; A C oi 

the fame Special?. with JB.' 



U 



b, h : 4j, AC : : K : i>, B C ambi- 



guous. 







S, BC : R : : S, AC : i>, B ot tne 
fame Species with CA. 



T, C : R 1 : Cot. B : Cof. B Q 
And fo if the Angles B and C are 
of the fame AffeSion, then Ihall 
B C be lefs than a Quadrant, if of 
a different, greater* 



rtlMMMMMd* 



by f rop, 
28 anc| 
21 j 



J. 






21. 



by Prop* 
25, and 
121* 



byProp» 
29, and 
18. 



by Prop. 
29. 



by Prop. 
29. 



by Prop* 

30. 19, 
and 20. 



' m wi 



X 1 



Given 



»°8 




Tie Et-smRnrti^ 






bcfide 

the 

Right 


fljngtit 


1 i 
1 1 




16 


BU,d 

1 


b: 


ft: Cof. BCii: -TjC: Cot. 4 
W fo if BCbcleffertbanaQoiJ- 
ltaDt^thcAnfflesCaiidBlhall bf 
of the fame ASeclion ; if gteater 
of a diffi^nt. Bat tlie Siiecies of 
the Angle G is given; thetefoiethfe 
Species of the Angle. B will be gj- 
KCBalfo. 


by Prop. 
30 and 
31. 
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Of 



Spherical Tit i angles. Jci^ 

Of the Solution of Right-angled S^eri- 
eal. Triangkf J By the jhe eWcuht 
^drts. ' 

- r , 

TTHE Lord Napier^ (the Noble Inventor of Loga- 
•■• rithms,) by a due Confideration of the Analogies. 
by which Rrght-angled foherical Triangles arl 
*^ folVd, fbrnid out two,Rules, eafy to be ttttititi- 
bered, by means of which, ail the fixteen Cafes may 
be folyed ; for fince, in the thefe Triangles, befides 
the Righe Angle, there arc three Sides and two An- 
gles ; the two Sides Comprehending thp Right An- 
gle, and the Compleihentj of the Hypothenufe, and 
the two otherAnglcs, • were called by Nepier, Circular 
Parts, And then there are given any two of the fai^ 
Paf ts, and a third is fought ; otfef of thefe three which' 
i$ called the Middk Pari^ dthtr lyeS'between the 0-' 
thei- two Parts, whiicli are cialled yf^^^<r»f l^xtrefHes^ 
or fefe^ara&d from Aieiir' andttien are called Ofpo^ 
fite Ex trebles ; fo if the Clortipl^riient of the A^gl'tf^ 
B (/^.tbPyy,25-.) ht fuppofed the middle Part ,\ then 
the^LegAB^ and the Complement of the Hypothtnul^ 
BG, arc adjacent Extreme&Parts; buttheComplementj 
of the Angle C, and the Side AC^ are oppofite Extremes^ 
Alfoifthe Complement of theHypothenuIeBO, befup^ 
pofed the ^middle Part,' th^n the Complements of the ^ 
Angles' B* ^nd C are adjacent Extremes, and, the! 
trejgsAB, AC, are oppotrte Extrcineir'ln likeMan- 
ner, fuppofing the Leg AB the middle Pait, the 
Complement of the Angle B and A G, are adjacent 
Extremes ; for the Right Angle A does not interrupt 
the Adjacence, becaufe it is not a circular Part, But 
the Complement of the Anjgle G,' and the Comple- 
menc of theHypothenufeBC, are, oppofite Extremes' 
tothe J&id middle Part' Thefe'Thitigs premifed. 

R U LE. I. 

/» any RigW-ahded ffherlcalT^rtkii^leytieReSlangk 
' under the RaMus^ and the Sipe of the' middle f^ art ^ is 
' equal ti> fhtRe&angle undH^the 'tangem oftheadja* 



\ 



tent Parts. 



k :i RULE 



|l.Q , Tke P L;E >4 p U T 5 ^ \ 

Intdi^U Part^ is' equal to the Reaangk under, fbeCo^ 
fines of the dfpofit^ Parts^ 



f\^ 



Eadi of the Rules, h^ve three; C^es. Porthcmi<$- 
die Part may be thcCornp lemeut of the Angle B, ot 
C, or the .CompkiTient o| the Hypofhepv^fe fiC ; or 
pile of the Legs, AB, AC^ -).,:..' ': 

Cafe T. Let the Complement of the Angle C Jt>e* 
t)ie middle Pact. Then ihall AC, ajnd the Cqmple-. 

Sie)]it of the llypothemife BC, be adjacent Extremes 
y Frop, 28. the Cofirie of the Vertical Angle C ^sto- 
i^adius, as the Tangent pf CA, is to theTTangentof 
the Hypothenufe B C. Then (by Alternation) we^ 
iiiall have Cof. C : T.CA : : R: T, B C. Bvt R : T,. 
B C : : Cot. B C : R. (as has been before feewn.) 
Wherefore Cof, C : TJ AC : i Cot.B.G:R.; whence^ 

R X Cof. c =t; a c X Cpt; b c. 

^^. J\nd t^ieCon^plej^entuf the Angle B. ajad.AB, are; 
pppoffte'Extremes^ to the fame middle} Fart, ^hcCotn'^ 
pleinJent of the Angle C. .^and by Prof;. 25./ as the 
Coffne.'TDf the Aiigle' C,'.' to the Sine of the Angle 
CDF,' fo 1^ the CoSik prDf: to Radins., But the 
$me iQr,CDT=, AE =^ Cof.B A, and Cof. DP =: 
5, .EF=^S, Angle B.'.. Whence it will be as Cof,C: 
Cof. B A : : S, B : R., And^x Cof C = Cof .B A 
X S,, B ;. that' is, Radius djrawn into the Sine of the 
middle Part,, is equal to the Refltangle under the Co- 
fines of^the pppofiteExtremes/ ' ''••'- 

■ C^fe 2) /Lpt the Clomplemenf of the Hypothenufe 
5Cv be the middl^ Eart •. then the Complements of 
the Angles Band Cr will be.adjacent Extremes. Inthe 
Triangle DCF ('by Pfof.iy,Jit is as S; CFVR": :'T, DFI 
T,C. Whence (by Alternation; S,CF : T,DF ;: (R: 
T,C::) Cot.C:R;^ Biit ftGF = Cof BC and T, 
P^=?=qpt.8. WhertforeRxCof BC=Cot..C)C 
VOtllT?; 'that i.$,',Radus ^rawii into the Sine, of the 
middlQ'Part, is equdl t<3 the Prpdu6l. of tjic Tangents, 
pf the adjacent extreme PartSr • . — ^ \ • ^ 



SpufeRrcAt Triangles. ftlC 

And AB, A C, are the oj^xafite Extremes to the 
£ud middle Part, ' «/& the Con^lement of B C ; and 
(bf Prop, 26.) Cof.JB A : Cof. B C : : R : Cpf. A C. 
\0ierefore we ihall have Rx Cof. B CasCof. B Ax - 
ed£AC. ' •■.... 

, Cafe 3., Laftly, Let AB be the middle Part ; and. » 
tkcn the Ccmplctoent of the Angle B, and AC Willi 
be adjacent Extremes, ^and bvProp. 27. J S, Afi :^ 
R::T,CA::TB. Whence, S, A B : T, C A : 
<R : T,B: :7X:ot;B : R: And To RXS, AjB == 
T,rCAxCot.B. ^ 

'^ Moreover, the Goitiplements ofBG, and the An- 
gle C, are oppofite Extremes to the fiane middle Part 
AB; and in the Triangle GHD fby Prop. i<.) we 
h^ve Cof. i> : SrD GH : : Cof G H : R. But CofT 
D=Gof. Ate™S. AB, aaidSiG=»S, IF=S,BC^ 
Alfo Cof. (jH=S, HI=S, C. Wherefore it will 
be as S, AB : S, BC : : S, C : R.^ And hence Rx S^ 
AB=SBCxS, C. 

And fo in eVery Cafe the Reftangle under the Ra- 
dius^ and the Sine of the middle Part, (hall be equal 
to the ReQangle under the Cofines of the oppofite Ex- 
tremes, and to the ReSangle under the Tangents 
lOF the adjacent Extremes. And confequently if tfi^' 
^forefaid Equations be refolved into Analogies, (Idj 
16. EL 6, J the unknown Parts may be found hry th^ 
Rule of Proportion. And if the Part fought be tfte 
middle one ; then Ifaall the firft T^tmof the Analogy 
be Radius, and the fecond and third, the Tangents or 
Cofines of the- extrctne, Parts. If one of the Extremes 
be fought, the' Analogy muft' begin with the other ; 
and the Radius, and the Sine ofthiexniddle Part, muit 
be put in the middle Plac^, that Sq the Part fought 
may be in the fourth Place. ' 

IN OWique-OTgled Spherical Triangles (JFig. to Prof^ 
31.) BCD, if a perpendicular Arc AC be let fall 
from the Angle C to the Bafe, eontititfe4,'if need be, 
fo as to make two Right-Wangled Spherical Triangles 
B AC, D AC, then by thofeRight-aiicted Triajiglef, 
Iftdy moftoftlteCafes crfOblique-angleaono^befohred. 

PRO- 



•^1% r/&f ,Ej;;Ey ENTs.flf 

. . P R 0.£,0 ? I T I QN XXXL 

are proportional to the Stttes of the Verttcal- Attgtts 
BCA/ DCA. 

F' Or Coi: Angle ^ : S, BC A : : (Cqf. GA ; R f :} 
, iCof. D : S, DC^. C-^ 2f,ofths.) 

P.?. OP G'is I T I QlN -xxxri, 

the tofimi ofjfie Bafes 3 A, D A. 

FO R CoC BC : Oof. BA : : ^Co^. C A : R : :; 
Cof. DC ,^^f^ AA. ('^ ?6, of *^«/.) 

P R O P O S ! T rO: N.^ XXXIB. 



• ^ - 

T'^tf Sims of th$ B^les B A, l^A, ^r^ «^;4 rechmal 



i t 



•D.EGAUSE/'^27-'jf '-^'^O •^-»BA : ?l :: T, AG: 
•P T.bftheAngl«B.Andbythe&meinverfely,R:S, 
DA : :.T, of the Angle D : T, AC. The^ will itbe 
^bfT theEquaJity ofeurturbateRatio, according to Ptaft 
\^.El. y,>S,BA:sS,PA:: T, AngkI>:T,AngleB, 

PROPOSITION. XXXIV. 

The 'tat^ents eftbeSidetBC, T>C, art m arecifrom 
col Propertuu ^ tb« Qofiueseftbe Ftrtital Anglet 
feCA, DCA, : 

BECAUSE, ty aitejJnattog the the 28th Prof. w|p 
hav*' • • ' ■': ' ' 

T,BC : R>, t > T, GA : Cof. BCA 

widhy thefiraieR-: C©f. POA. : \ T, DG : T, GA, 
Wh^efbireby .^quatijy i^ penKttMte Piepoitiosi 

T,BG iCof, DCA -^-vTi^C : GoC BCA 



... / r 

: . P R p P: O S I T I O N, XXXV. 

fbe Sines oftid Sides B^ DC, arefr^/a^uai U tb$ 
Sin^s ofthet^BfiteJln^ks D 0ud B« * • 

MG^USEby the w*^^*ifs S, BC : R.:: S, CM 
•V S, of the Angle B, And by [the fame, inviting 
R : S, pC : :S, A^^te D : S, of G A, whence by . 
Equality of perpirbate p.atio, S, B C : S, D G : ; S, D ; 

-P R O F O S f T 1 O N. XXXVL 
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fnany Spherical TrimHe ABC, the Reaangle CP 

■ XiAE^ er ¥1/1^^^%^ contained nndir the Sines of 
thi Legs Be,BA)/y U the Square afthe Radius^ as f L 
^ I A — 1^1 A /^ Differ erne of the verfed^ Sines 'ofjhe^ 

' ^^fi CA, qndcthe mfference oftbe Le^ hmi^P^ 

- G N, r*^ verje^iffe^ of the An^cB^ 

i' ^^ ET a great (^irtle P N be^ deferilicd from the 
^ Pole ft; aM^kt BP, B>J be Quadrants, «!* 
then PNk theM^etfureof theAngle^B; aifo defcribe^ 
from the fame Pole B a leffer Circle CFM thro' C; 
the Planes of thitfe QrcJes fhall: be pejTsdidiCcrtar to 
the Plane BON, {hy the ^d of this.) And PG, CH 
being perpendk:ular in the fame KafiG<, jE^lI on the 
conwnon SefKcms N, F M ; fitppofe in G, H. 
Again draw HI, perpendicular to AO^ and then the 
Plane drawn thro* C H, HI, fhall be perpendicular 
to^ tb^Plaae A O ^ Wheo^ce Al which i$ p6rpendic|-' 
Jar to HI will be peipendfCttlarto ttl^Right Liw C-f , 
tbyl)^/;4i Eti ii.) andfo At fe tfce y-erfed Sfaeof 
thi Arc AG. a!i4 A L the the verfed Sine of *e Arc 
A!VI = RM~BA = BC — BA. The Ifolceles 
Triangles CFM, P O N, are equiangular, fince M F, 
NO, as alfo CF, PO (by i6. EL ii.) are parallel. 
Wherefore, ifPerpendicularsCH, PG be drawn to 
the Sides F M , ON, the Triangles will be 'divided 
flijiilarfy, and,we Ihall hare F M : O N : : M H : G N. 
Alfp, becaufe the Triangles AOE, DIH, DLM^ 
^equiangular, weiballhave AC : AO : IL:MH. 

But 



W^ ' The ^^^^^^i^^^f 

Bat it has been proved that F M : ON :: MH : GN. 
Wherefore it ihall be us AEkF.M 'AO^ ON : : 
IL X MH : MHx GN, or as IL to GN, that is,^ 
the Re^Ui^e, under t^ Sioes of ih* Jjegj, js to the 
•Square of Radius, as the-Differencc of the verfed Sines 
of the Safe, and the Difference of the Lees B C, B A, 
ijIPiheverfedSiiieoftheAnglrR; W^W.D: ;; 

; p Ro p o s iTio N xxxm 

The Difference of the vet fed Sines of two Arcs drawt^- 
into Radius^ is equal to the ReSangle under the Sine 
cfhJf the Sim tmd the Sine 4 half the Difference of 

f thofe Arcs. 

* 

LET there, be mo Arcs BE, BF, whofe Diffe- 
rence EF, to be bifeSed ia D ; then (hall BD>e 
tbe half Sum, and F P the h^lf Difference of thctfe 
Arcs G E — I L is jthc Difference of the vcrfed Sines 
of the Arcs BE, RF; alfo FO 15 the Sine rfthe half 
Differencs of the Arcs . And becaufe theTriaMles CDK, 
FE G, are eqjoiac^ular: we haveDK : GE : ; (CDf 
FE : : ) 4 ClpVfPiE- Wftf ^ce D K x | F R w- 

P R O P O S I ION XXXVIII. 

the verfed Sine ji^ m Arc, dtaw}t into the ba^theRa^ 

, dtUSy tt 

thefaid 

THE Triangles C B M, DEB. are equiangular, 
fince the Angles atMandE. are Righjt Angles,^ 
the Angle at B is common. Wherefoi:e EB : BD : : 
BMBC Andthcn willEBxBC=BMxBD; 
andEBxiBC=3BMx4BD=B]Vlq- W.W. D 



Jim, is tqnalto the Square of tbe StHe of one balf^f 
' Arc, - V-- ' ■■ 



PRO' 



■ J 



i 



SPHemCAt 'l^RlAKGt^lifi. 9$% 



.. :re.oro;^ixion xxxix.. : 

Jftam Siitrkulftria^gk ABOj wbofe-Lm containing 

,Jtie^ Amk Bjir^ B CL-A B. and Bafi futunJing. 

thaP Angk hC:Jf the Arc hM be taieHf = Diffe^ 

' rence oftbeLei^^^BC^—AB. TbenAall the Refi^ 

i^ angU Mder she Sin^of tbt Legs BC, BA, he, to 
/ :$he SqMate ^fpheRdJius^ '4s the^eSan^k Mder ihe 
; Sine vftbe Arc AC 4- AM, atdtbe Stnt of the Arc 

A^C4- A M fi to ibe'SqkUte of the Sine of one half of 

:tbe'Angle% . ViU Fig. to Prop. 36. ' 



t 



TDfiCAOSE 4e Re^ai^le under the Sines of the 
** Lots AB. BC. is to the Sqttare of Radius, as 




(by Pro?. 36. of this.) And firice i Rxil,=R©aan- 
i\6 :iji)4a: jhe SJnes of the Arcs AC-fAM, and 



A:C— AMC%^r*/'-'37-.ofthiiO And alfo ^R drawn 

into the: verfed S|n^ of t^e Angle B is eciaal to the 
Square of the Sine one halfof the Angle B. Therefore 
the Re£bngle under the Sines of £e Sides to the 
iquaie of K^dius, £hall be as the Redanglq ui^der the 
iiries oiFthc Arcs AC-f^ AM and. AC— AM , is to 

the ^qnar^ of the Sine of one h^ the Aorle B« W. 



i! ■ 
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[Given. 

I iThe ■ 
Sides 



Mght l inakc as " ' ' '' , ■ 

S, CD:S, B.:: S, BC:S, D, 



BC,DBD. 

and the 

Angle 

B. 



The 
Angle 



1 . I 



which is Ambiguous, j The Ana* 
logY; .foUowis :ftom Prof, 3 y. of 

this." . . .' : 
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It 



The 

Angles 

^'?'. 

and the 

Side 

BC. 



The 
Side 
DC. 



S, D:S,fiO:':S, fi:S, Dq 
which Side is Ambiguous. > 



All the| 

Sid^ 

ARBC 

CA. 

FtdMg. 



The 

Angle 

IB. 
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All th^ 
Angles 
G, H, 
D. 

ViiJfig, 

Prof. 

fcf 



ThT 

Side 
GD. 



1 



"^ 



As the Re^angle under the Sme^ 
of the Legs A B, B C : The Square 
of Radius : : the Reftangle undec 

AC + AM. 

the Sines of thq Arcs — i— «^ — 1^-,— 4 

AC— AM ! ^\ \ 

and- , f ■ ■ ■ ■ j : the Square of Ihd 

. . 2 — - ! 

Sine of f the Angle.B,.(by Prop, y): 

In the Triangle XNM, the Ard 
MN IS iheCkjmplementQf the AnJ 
^leGHD toaSemJcitcIe. XM 
IS the Complement o^ the Angle 
Qj and XN the Coni>lement o£ 
the Angle t>. . And thje Angle X» 
the Complement of the Side G D, 
to a Seiiucircb;. Wherefore if the 
Angles be changed into Sides, and 
the 5ides fnto Angles, the Opera- 
tion will be the fame, as in Caje 11* 
of this , fince Arcs and. their Covc^ 
plements.to Semicircles have thd 
fameSinfes* • i 1 



W«WWi 



'mm* 



•r* 



the 



Sl'ltER.lCAI, TrIAKGLES* 

r 
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The foUowtng REMARK h 

Samfel Gun. 

• < ( % • 

TPHAT this is true but ia a particular Cafe, 'om. 
*-■• when two of the Angles of the Triangle art 
jRight ones, and two of the Sides Quadrants, rmy life 
thus demonftrated, For if poffible, let fome Triah^ 

fleRST\ %. to Pro^. 14th be fuch^ that its Sides 
L S, S T, V R, be equal to the Mealures of G H D> 
H G D, G D H, the Angles of a Triangle G H D ; 
andalfo, that theMeafurcs of RST, PTR, TRS^ 
the Angles of t;he Triangle RST be ecjual to GHL 
fiD, HD. the Sides of the TrianricGHD. And 
^oduceMX, MN^ two Sides of the fupplementtJL 
Triangle to Seniicirclesy and they will meet feme* 
where, fuppofe at E; and there will be conftnifiei 
t^iercby the Triaiiglc N E X> of which X E (the 
Supplement of XM, which, bythei4^APrp*. was the 
Supplement of the Meafure of the Anelc H G DHs 
equal to the Meafure itfelf of the fame Angle HGtD : 
And in like manner, N E (^the Supplement of N M, 
which, by the 14/A Prop, was the Supplement of 
the Meafure the Angle GHD^.is equal to 
the Meafure it felf of the fame Angle GHD. But 
the third Side XN, is not the Meaiure bf the third 
Angle G D H, but its Supplement, by xhtt^bPraf^ 
Moreover, of the Angle EXN (Vhofe Supplement 
is N X Mj the Meafure, by the l^^h Prfip, is equal 
to GD ; and of the Angle XNE, (-whofk Supple* 
ment is M N XI the Meafure, by the 14th Prop. 1$ 
equal to HD. But of the third NEX, ^which is 
equal to NMX) the Meafure is not equal to G H, 
but Its Supplement. 

Now make N V = RT =5 BK, the Meafure of 
the Angle GDH,' and draw the great Circle EV. 
Andlince RS, by Suppofition, is equal to the Mea* 
fure of the Angle GHD. which is equal to E N; 
stnd fince the Meafure of the Angle S R T, is: by Sup* 
pofition, equal to DH, which is alfo equal to the 
Meafure of the Angle XNE; the Angle XNE, is 
equal to the Angle R. Then confequently, by th^ 

4th 



^i Prop, the Triangles S R T, E N V, will have the 
Bafc ST, equal to the Bafc JBV; the Angle T, to 
the Angle HVE^ ^d th^-Ai^W &,^ fo the-Aigle 
NE V. But ST, (which k equal to E VJ by Sup- 
pofition, is e^tral to the Meafiir^6f the Angle HGD; 
to which Meafure X E is alf© equal. Therefore, EV 
is equal to X E ^ aH(l cohftqddMtlJr, bf the yth Pr&p. 
tiie Angle EVX is eepdal <oS« An^e EXV| arid 
theAnglcEJ^V ("whofeM^a^^e^ ASfefthbecnftewfl 
above, is e<^al to G D) is equal to tM An^ "Vj ^ot 
NVBJ fiaxre bgr Suppdfil^ion^, the Meafbre of mis is 
^focqtaltoGiD* Thcf efbtd«h# A«^le tVX fe 6quda to 
td the Angle E VN , andfo both right diies^; artdcon- 
fequentlyE-XV a right o«d^ifo* Therefore, by the 2d 
C«r.to the irf. Pfof. E V ^d EX ate both Quadrants. 
; But if E V W^ Qtiadrant, ^rid ^ Right Angles to 
N3i, thcpgt E, by 2id Pr^.t^i its^€^r$H* h the Pole 
of NX; andf«yBN ai Qtia Aant ai^, andtheA^le 
E NY a. right: one* Therefote^, if the Sides of a Tti- 
aagle /KEV, €* to Equdl/ RiSkT, aire <iqual to the 
MeafiireRctf tfifejAiftglejfof l^eTother Tria%lef GH0, 
and the M^afui^es^ of (fee Angles of *he formei*, ckjua! 
totheSides^of the latief ; tt^ Sidefsf of foofi a Trfengle 
RS T, Of G H D, iftuft' be Qliadtaaftts, and two An*^ 
gks of each right ones. ' 

Therefore, if a^ Triangla ^ST be eotttouaed 
whole Skfes^^e equal tt> the MeM!lfre$ ofthe Angles 
another Triangle G H D t The Mcafuresof the Angled 
of the Trimglft R ST, Ihall nbt be equal to the Sde^ 
of the Triajigle QHD, unlefs in the one Cafe befote^* 
mentioned. Therefore the Meafures of the Angles of 
the Triai^le GHD^ ufed as the Sides of iTriang^e in 
the I ith Cafe, will not give us ^ a Side of G Ht), but 
theMcafure-of an- Angleofthfe'TriahgleRST, unlefs 
in the one afor^-mentioned G^e ; which was to be 
demonjirated. 

. . But to fii^d a Side G Dof Spherical Trianele GHD, 
whole- Aiirgles are all given, t^rdduce MN, that 
Side of the lupplemental Triangle, which is equal to 
the Supplement of the Meafure or GHD^ the Angle 
OR)ofite to the Side fought, aitd MX, either of the 
other Sides till they meet as in E. And there, as hath 
been before fliewn, the Sides EX, EN, of the Tri- 
angle 



aagle £ X H, are exaSly equal to the Mealbist cf the 
AmIk.HGD, ffHa of the Triangle GHIJ; said 
of tlie Angles EX N, ENX, of the Triangle EXN 
.thcMafiihs arecqotl to GD, JJD. Bat th^S&e 

XN is equal to the Snppleioent of the Meafurc of 
^tbc Angle QDH. " AorafThl Angle f EH. flic 
Meafurc is equal to the Supplement (» £3 H. 

Therefore the $OLUTiOM is thus: 

Change one oftheAngfcsGDH, adjacc;^ to,the Side 
fought into its Supplement ; and rtifeHworft/WBftfife 
Meafures of the Angles as tho' they were Sides, and 
JOie HeMt wiir be GD, ^e Side tbng^C ' '\ 

' The precpejtng Fault, as wsll .»s tbe-Qmiffiont 
hereafter mentioned, are not peculiar to our Author ; 

im ,19^ :be ftpwd in Ht. Harris, /Mr- Qofwtl^MTs 

0f^U Mi(i , fmr (^ Trigongiifltpcal Writer* 

us,that{heg«*/*iiare A 
indeed, is. true, ^UC Ion 
as I <:9nqipive it, they on 
by help of >vhich yre it 

jffw are Ambiguous^ and wnen nor. -^ 

This Ovetnght may be catreAed by tbe following 
Cire^ions : Wherein, becaufeeverySine o^efpbrKM 
tp^ two' Arches, to i>ne lefs thana Quadrant, zild ttr 
anothetj which is tlte Supplement of the former to a 
Semicircle, (a true DiAinSion of which,"of thefc at'e 
to he uied, being neceffary to be Icnown, before a 
proper Solution caii.fie given, to fucS'ProblemV as 
there afe,) ! ftall beg feave, for preVfty Saice, to call 
the lejTer Arch .the Acute Value, and the greater tljc 
Obtule; whether the Sine be of an Angle or a Side. 

/» the tenth Cdfii there are ghrtM two Angles E, D^ 
amd'ZQ a Side oppojite to "-.-.". 



T 



ajite to one of thoje Angles D , 
to find DC the S\ke oppojite to the other. 

O the Acute Value of DC, and alfo to its 06- 
tufcone, addBC; and ifcach ofth^cSumsare 
Y greater 
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^^^\ J than a Semicircie, when, die Sum of the 

Angles B, D, IS f feT^^^I ^^ ^^ ^'^ht Angte ; 

both the Values of DC may be admitted, and then is 
Ambiguous : ButywHen only one of thofe Sums \& 

IfeT^^^^ than a Semicircle, only one Valu« of 

DC can be true, t^/Jt. the |^^^.| on^i and then 
is not Ambiguous;, r 

/« /i^tf ninth Cafe there are ^ven two Sides B C, JD G, 
and one Angle B, oppofite /o DC one of thofe Sides ^ 
to find D the Angle ofpfite to the other. 



TO the Acute Value of D, and alfo to its Obtufe 
Valtie, add B ; and if each of diefc Sums is 

4^^^^| than two Right Anglci, when the Swn of 

the Sides is ^^^ J thato a Semicircle , Both the 

Values of tf inay be admitted, arid confeqttently, D 
is Ambiguous : but ^heii only one of tivofe Sums is 

l.feJB^^^ J than two Right Angles ^ only one Value 

of D is true, w*. die ^Acute^i ®^' '^^ °^^ 
Ambiguous. 

Nor are we better ufed in the firfl Propofition ; 
for tho' it is determined by the given Angles^ whether 
the Perpendicular falls within or without tne Trian- 
gles , yet in eacW of thofe Varieties, the Quoejua 
will be lometimes Ambiguous, and fometunes not< 
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h this firfi Pfo^Jition thfre. are gjvem two Afigks B, 
D, and^ C^ a Side oppifite tJjk)^ one of tbem^ ti 
findC the third Angle. 

1. Let. the Perpendicular fidl withm ; that is, 4et 
the given Angles be of the lame Species. 

TPO the Acute Value of DCA. and alfo to itsOb^ 
'^ tufe one, add the Angle BCA ; .^d if each'ofi 
thefeSums is left than tWo Right Angles ^ thcfieitbec 
the Acute Value of DCA, or its C5btuie one added 
to BCA, gives 'a Value of BCD; which, therefore^ 
is Ambiguous. And when only one of thefe Sumj. 
IS left than two Right Angles,, the Acute Value of 
DCA, added to BCA, gives the only Value of 
BCD ; which then is not Ambiguous ; fho' in both 
Varieties the Perpendicular fell withm^ 

1. Let the Pei'pendicttlal: fkll withbuf ; that is, let 
the given Angle$ be of different Species* 

WHEN the Obtuft Value of the AngleDC A i$ 
lefs than the Angle BCA, the Angle BCD 
inay be had by fubftrafiing either Value of DCA 
from BC A ; and then BCD is Ambiguous. Bu( 
when the pbtufe Value of DCA is not left than 
BCA, the Acute Value of DC A, taken from BG Aj 
gives the fingle Value of BCD; which therefore is 
not Ambiguous ; tho' in both Varieties the Perpcn^ 
dicular fell without- 

In the fifth Cafe^ we lie under, the fame MisfortHne^ 
where there are given^ as in the firft^ the Angles B, 
D, and the Side 'BC ^ to fin4 BD the Si£. lying 
hHWeen ihofe given Angles, 

i4 When the Perpendicular falls, within ; that isj 
when the given Angles are of the fame Species. 

•TpO the Acute Value of DA, and fo alfo to its 

•*• Obtufe one, add B A ; and if each of thefe Sums 

is lels than a Semicircle, then either the Acute Value 

-o( D A, or its Obtufe one, added to B A, gives the 

Y 1 Value 



Value of BD ; which thence is Ambiguous- Anrf 
when oqiy one of thefe Sums is lefs than a Semicii> 
cfe, tWe; Aeufe Value 6{ t> A, adited'to B A, jrives the 
only Value of Bi>; which *eu i$ hot Atnb!j;ubus ; 
rho* in both Varieties the Perj5endie!Utar feH within. 

r • 

i. When the 'Pis^i^nfficUfer fairs Without^ ftatis^ 
when th'c igiveh Angles aWrCifliffeifetit 'Species. 

' W H £ *^ the "Obftrfe VdWe 6f ft A 'is lefs th^ 
B A , B D 'Will be M ty 'fubftrddling either 
Value of to A ffoih ft A; ^attd thenB D is AmbTgu* 
ous. But When the Obtofe Value of DA is not \^s 
than B A , the AcUtfe Vme of D A, talceh ffom B A 
Ifeave's the cJniy Value 6f^15.; which therefbte is not 
Ambiguous ; tho*'in Wth Varieties fJTe PcQ)cndrcc^ar 
fell without. . ' . 

* • • r 

t 

In the thlrd^ we have the fame OmtJJion j where there 
are ghep twaSkhs-BQ^ OT); ^d^^fif^Atg^l^j^ 
Jit e- to CD 9ne ofihem^ tcfiif 4 ^^^ third Side BD. 

Ji^IR5 T, .wc mayobferve, that the Species cT© A 

kdlways^known.; for It is of g^£"^,} Af- 

fe^ion with the Angle B, when DC is | Jj^^^ | 
than a Quadrants And , 

» 

If AD be left than AB, and alfo the Sura of AD 
. and AB lefs than a Semicircle ; then AD, either ad- 
ded to, or fubftradedfromAB, will give the Value 
of B D, which, therefbre, is Ambiguous. 

ButirAlJ be not lefs than AB. or if their Sum be 
be not lefs than a Semicircle ; then their Sum in the 
former, and their Diflferencein the latter Variety, fball 
give one fingle Value oi BD , aivd theais not Ambi- 
guous. 
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T'hefeventb Cafe much refembks the third', for there art 
given two Sides BC, CD, and B an ^^gl^jf opfofite 
to CD one of them ; to find the Angle oQUy lying 
between thofe two Sides, 

A ND here we may obferve, that the Species of the 
Angle DCA u known; for it isof ^^'^^^^, \ 

kind with the Angle B, when D C is | ^^^l^^^ | . 
jthan a Quadrant. And, 

If DCAbe lefs than BCA, ^nd the Sumof DC A 
andBCA lefs than ^ Right Angles : then, DC A either 
added to, or fubftra^ciTfrom BCA will give the An- 
gle BCD; which therefore is Ambiguous, 

If DCAbe not lefi than BCA, or the Sum ofDC^ 

and BCA not lefs than ^ Right Angles ; then their Sum . 

in tl c former, and their Ditference in the latter Va- 
riety (hall give the Single Value of BCD; which then 
is not Ambiguous. 

N.Br If any one will be at the Trouble to make a 
double Calculatiop for the Side DC, or the Angl^ 
D, as taught in the Remarks on the 9th and loch 
Cafes, they will find the feveral Varieties in the 
J ft, 3d, jth^ and 7th, to be as here laid down ia 
thefe eafy Rules. 

The Truth of thefe Rules may be eafily deduced from 
the io/i&, lyh, j8^A, and xidProP. ofthis^ and the 
T^d^ %th^ and lyb Examfle^j following Prof. 30, 
of this. 

In our third Cafe of Obliquerplain Triangles, our 
Author ihould have added this. 

If A B be lels than B C, the Anglp A is .Ambiguous, 
Q^herwife not. 
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THE 

PREFACE. 

I ^ E Mathgmaiicks fir- 
mer^ teceived cm/tdir/^k 
Advantages; frfi, by the 
Introdumtm &f the Indian 
XJharaSiersjandafterwardt 
I by the InvettPiou ef^ec'h 
mat FraBions > yet has it Jince re^^ed 
at leafi as much frsm the InventUm of 
JjOgaritbmsj as from both the other two. 
The 1)fe of thefe^ every one knows ^ is of 
the sreatefi Extent ^ and runs through 
^It Tarts of Mathematicks. By their 
Means it is that Nu^fbers almoft infinite, 
and fucb AS are otberwife imPraSiicabley 
are managed with Eaje and Expedition. 
By their Affifiance the Mariner fieers his 
y^effel, the Geometrician invefiigates the 
feature of the higher Curves, tm^ftronon 
' mer 
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mer determines the Places of the Starsy 
the ThthfoPher accounts for other Theno- 
mena of it^turei and4aflf)fs the Vjkrer 
computes the Intereftof his Money. 

The Subject of the following, Treatije 
^has been cultivated by Mathematicians, qf 
the firji Rank ; Jme ofvohom taking in 
the wholeJUobrinCj have indeed wrote 
learnedly y but fcarcely intelligible to any 
but Majiers. Others^ again j accommoda- 
ting them fe Ives . to the. ^ Afprehenjim of 
NoviceSy have fekBed^out fome of the 
mofir€i0fn4 obviour^rof^tiei ff^a- 
rit^mJ^ b^t'^has;e kfiu^h^j^purejnd 
more intimate Trofertles unioucf^d. My 
^ejign therefore in ti^ ^llfming Tra^Gt^ 
is, to fupplx whairfe^nm^ Jiill wanting^ 
viz. to dsftover and exflain fhe T^oBrinf 
of Log^Mhm'^jto thofe whb are not yet 
got b^ond the Elements ^\Algehra and 
Geometry^ : ♦ 

The wonderful Invent ioh of Logarithm^ 
we owe- to the Lord Neper^ who was^the 
frjt that cottflru6{ed and hubliJ7)ed a Ca*' 
mon thereof y at Edenbur^; m the, Tear 
1614. This was very gracioujly received 
by all Mathematicians^ is}ho were imme- 
diately fenji^le of the extreme ^fefulnefs 
thereof Andtho^ itts^fkalto have va- 
rious Nations contending fbr the Glory of 
any notable Invention^ jiet Neper is Mnin 
verjaliy allowed the inventor of t^oga^, 
rithms J and enjoys the .whole Honour 
'thereof without anyjtjival. ' The 



t I 

I 



I 

3P. R;]^ BjA CR 5i* 

. ^he^fime Lord Neper ^ afterwards 
invented another and more eammodiou^ 
Form ofLogdrithfps^ which he com^unir 
cated to J\^. Henry B^iggs J ^rqfeffiifr of . 
Geomeiry^ at Oxford,, wm was hereby in- 
troduced as a Sharer in the c&mj^leating 
thereof: But the Lord Neper dyt^g^ the 
' whole Bufinefs reniainingj was devolved 
upon Mr. Brigga^ wItO:, with Prodigious 
Afftkatum^ and an uncommon ^}exie9!ityj 
jwnpfi^ d a Logarithmick Ca^qn^f agreea^ 
blejo that new Form for the jirfi twen^ 
ty QhUiads of Numbers j, {or from i to 
xoboo) and for eleven other Chiliads^ viz. 
from 90000 to loiooo. For all which 
Hungers he calculated the Lo^rithms to 
fburtepn T laces of Figures, ihis Camn 
was fublifh^d at London in the Tear 
162.4. 

4<^^^^ Vlacq publifhed again this Ca^ 
mn at Goudae in Holland, in the Tear 
j6x8j with the intermediate Chiliads be^ 
fore omitted J filed up according to BriggV 
^refcriftions ; but thefe Tables are. not 
fo ufefulas Brig^ sj^ecaufe the Logarithms 
are continuedJ^ut to 10 Places of Figures. 
Mr. Briggs alfo has calculated the Lo- 
garithms ^ the Sines and Tangents of 
every ^egree^ and the hundredth Parts 
of degrees to is T laces of Figures^, and 
has Jiibjoined to them the Natural Sines j 
XangentSy and Secants^ tq 1 5 Places of 
Figures. The Logarithms of the Sines] 

and 
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mtd Toffgents are caU^ Attffi^Mi Sines * 
mkTangem, ThefiTa^ks^ taget^wfgh 
their Conftfumon andVf^^ watpiBfifB^d 
after BriggV l^ea^y at tondon,^ in i$p 
Tear 163 3, h Henry GiHlbrand,^ f^J^h 
|ri«>Vii/4?^, 'Trigaiioni^tria Brrtanhica. ; ' 

SiMd^ then there have been fubUfhed, 
in fiver at , T laces y ampendious ^ Tables y 
^wherein the Sines imd Tangents y ^^ 
their L^arkhmty cbnjlft if but fiven^i^- 
tes ef Figuresj and wherein are ont^ th^ 
LegarithfHs of the \ Numbers ffom ^ i to 
, looooo ywMch may he fk0cient fir ^mofi 
Vfis. 

The beJi^iJ}>oJition ofthefiTabktj tn^ 
my Opinion J, ts that firft Thought of by 
Nathaniel Roe, (?f Suffolk; and with fime 
Alterations for the better ^ filhwed by 
Sherwin in his Mathematical Tables ^ 
fublifh^d at London in 1705 ; wherein 
are the Logarithms frem 1 to 101000^ con-^ 
Jibing of 7 Vlaees of Figures ^ To ^whic]^ 
are fubjoined the differences and prof or ^ 
t tonal Parts^ by Means of which may bf 
found eajily the Logarithms if Numbers to 
locoocoo, objerving at the fame Time 
that thefi Logarithms conj^ i>nly of 7 
fP laces of Figures. Here are alfo the 
Sines y Tangents :f and Secants^ wtth the 
Logarithms and differences for every ^^- 
gree and Minute of the ^adrant^ with 
Jbme other Tables ofUfe infraSiical Md- 
thematicks^ 

OF 
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Oft&e O K X G I M and Nature^ 
Logarithms. 

BS in Geometry, the Magnitudes of Lines 
1 areoften defined by Numbeis ; folikewife 
j onthe other hand, it is fometimes c:cpedi- - 
I ent to expound Numbers by Lines, viz^^ 
' by adiimmg fome Line which may re* 
prefent Unity, and the Double thereof: the Number 
2, the Triple }, the one half, the Fraaion i, and Ca 
on. And thiis the Genefis and Properties of fome 
cettMitNumbersarebetterconceived, and more clear- 
ly conlidered, than canbc done by ab(lra6t Numbers. 

Hence, ifan]rLined*bedrawnintoitfelf,theQuan- ^S' ' 
tity ai producea thereby, is not to be taken as one of 
two Dimenfions, or as a Geometrical Square, whoft 
Side is the Line <j,' but as a Liae4hat is a third Pro- 
portional 
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portional to fome Line taken for Unity and the Line 
tf* So Hkewife, \ia be muitipiied by a^ the Prodnd 
a\ will not be a Quantity of three Dimenfions, pr a 
Geometrical Cube, but a Line that is the fourth Term** 
in a Geometrical Frogreffion, Whofe firft Term is i, 
and fecond a\ for the Terms i, a^ «*, n\ ^4^ « V «^ 
4», y^ . are in the continual Ratio of i to a. And 
the Indices affixed to the Terms, (hew the Place or 
Diftance that eviry Term is from Unity. For Ex- 
ample, a"^ is in the fifth Place from Uuity, a^ is the 
fixth, or fix times mone Diftaat a^om Unity than a^ 
or tf*, which immediately follows Unity. 
- If b«tw€en the Terjns l aiid a^ there be put a moA 
Ptopoitiotial which' is / ^, tfie Index of thS ^ill be f , 
ifor its Diftance from Unity will be one half of the 
Diftance of a from Unity ;^ and fo ^ i may be writ- 
ten v^tf. And if a mean Proportional be put between 
a aftd «% the Mcx ' thfereiof -wilf be i , or^ , f* its 
DiftancewiH be fcfquialteral of the Diftance^bf^fttom 
Unity. 

r /-if there betwo flican Proportionals put betiriS|i i 
and ^; the. firft of them i&tfic Cube Root of a^ trflioie 
Index muft be -i , for that Term is diftant from Unity 
only by a third Part of the Diftance of ^ from Unity; 
and fo the Cube Root muft be expreffed by a\ . Hence, 
- the Index of Unity is p. for Unity is not diftant from 
itfclf. . 

The feme Series of Quantities, Geometrically Propor- 
tional, may be both ways continued, as well defcend- 
ing towardsr the Left: Hand, as afcendiilg tow^nds ^ 

Right : for the Terms ~t- -r — ,- -4- — i, a^ A 

^5, ^*, 6$, ^c. are all in the feme Geometrical Pro* 
greflloo. And fince the Diftance of a from Unity is 
towards the Right Hand, and pofitive or -f- 1, the 
Diftance equal to that on the* contrary Side, *oiz. the 

Diftance of the Term— will be Negative or — i^ 

•^yhich (hall be the Index of the Term — for which 

may be written a—^. So llkewife jin the Term a^S 
The Index — 2 (hews that that Term ftands in the 
fecond Place from Unity towards the Left Hand, and 

tb^ 
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the Terms tt^ and JL -^re of the lanac Value. Alfo 



is the lame as ~ For thrfe negative Indices 



^^ 



fliew that the Terms belonging to them, go from 
. Uiiitjr the contrary way to that by which the Ternfii 
whofc Indices are. pofitive do. Thefe Things pre^ 
mifed. 

If on the Line AN, both ways indefinitely ex- 
tended, betaken, AG, CE, EG,GI, IL, on the 
nght Hand. And alfo Ar, rn, ^fefr. on the left, 
all ejual to one anc^ber. And if at the Points n, r^ 
A, C E> G, I, L^ be ercSed to the Right Line AN- 
the Perpendiculars H S, F/^^ AB, CD,EP^ 
GHj IK> LM^ which let be continually proportio- 
nal, and reprefcnt Numbers, whereof A B is UnitVi 
The Lines AG, AE, AG, AI, AI^AF,— An, 

, reipeaivcIyexprefstheDifemcesofthcNumbersfrom 
.Unity, or the Place and Order that every Number 
obtains in the Scries of Geometrical Proportional^, 
ftdording as it is diftarit from Unity. So fince A G 
is triple of the Right Line A C, the Number G H 
.ihall be in the third Place from Unity, if CD be in 
the firft : So likewife fliall LM be in the fifth Place,, 
fince A L=; f A C. If the Extremities of the Propor- 
tionals % A, B, D, F, H, K, M, be joined by Right 
Lines, the Figures A LM will be become a Polygon 
confiding of more or lefs Sides, according as there 
are more or lefs Terms in the Progreflion. 

If the Parts AC, CE, EG, GI, IL, be bifeffed 
to the Points r, e^ p-, /, /, and there be a^in raifed the 
Perpendiculars cd^ e% gh^ iLlm^ which are mean 
Proportionalsbetween AB,CD; CD,EF;EF, GH; 
G H,IK; I K, L M ; then there will arife a new Series 
of Proportionals, whpfe Terms beginning from that 
which immediately follows Unity, are double of 
thofe in the firft Series, and the Difference of the 
Terms are become lefs, and approach nearer to a Ra- 
tio of Equ^ity than before. Likewife in this new 
Series, the Right Lines AL, AC, exprefs the Diftan- ^ 
ces of theTerms LM, CD, from Unity, viz. Since 
AL is ten times greater than Ar, L M fliall be the 
tenth Term of the Scries from Unity: And becaufe 

A^ 
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HeU three times greater th^ h-c^ ef yrVA be the third 

Term of die Series, if ^ d be the £rft : and there fhali 

be two mean Proportionals between AB and ef^ and 

between AB, and LM, there will be nine mean Pro- 

• portionals. 

And if the Extremities of the Lines B^ D / F A 
H, (^c. be joined by Right Lines, there wUl he a new 
Polygon made, 4:Qnfifting of more, but ihorter Sfdes 
than the laft. 

If, ag^o, theDiftances A^^ rC, Cr, eB^^c. be 
. fuppofeid to j>e bi|i:£led, and m^m Propoitionaiis be-^ ' 
tween every two pf thp Tiering, be conceived to be 
put at thoKt noddle Diilancp^ ; jthen there will -ariie 
another Series x)f Proportionals,, contaimng double 
tfe NiMnber of Tepms from Unity than the former 
does ; but the Differences q£ the Terms will be leB; 
md if the Extremities of the T^rms be joined, the 
Kumbcr of the Sides o^the Polygon will be augmen- 
ted according totheNunober of TiCions; and the Sides 
thereof will he IcfiEer, because of the Diminu^ioin of 
tbe IMflances of Jthe Terms from ^^ other.' 

Now in this .|iew Series^ thcDiflances AL^ AC^ 
b'f . will determine the Orders or Places rf the 
Terms; fviz* if AL be five times greater than' AC^ 
and CD be the fi>nrthTerm of tbeoeries fromUnity^ 
then LM wiU be the twenlu^h Tom from Unitj. 

If in tihis Maimer rneam Propouionals be^onunu* 
iilly placed between every two Tfjrms, the Number 
of Terms at laft will be made fo great^ as alio the 
Number of the Sides of the Polygon, as to be greater 
thftn any givjcn Number, or, to be infinite ; and evenr 
Side of the Polygon fo leiTened, as to become lew 
than any given Right Line; and cpnfequently the^Po- 
lygon will he changed into a Curve-lin'd Figure ; it>f 
any Curve-linM Figure majr be conceived as a Poly-^ 

fon, whoie Sides are infinitely fmall and infinite m 
Tumber. 

A Curve defcribed after this Manner, is cajHed Lo^ 
garttbmtcal'y in which, if Numbers be r^rele^ted by 
Kigbt Lines ftanding at Right Angles to the Axis AN, 
the Portion of the Axis intercepted.hetwe^n any Num- 
ber and Unity, (hews the Place or Order t;hat that 
• Number obtains in the Series of Geometricfil Propor- 
tionals, diftant from each oth^ by equal Intervals- 

For 



For Exairiple, if A L be five times greater than A 6, 
' and there are a thoufand Tertns in continual Propor- 
tion from Unity to LM; then will there be two 
Hundred Terms of the fam* Scries from Unity to 
CD, or CD fhall be the two huhdredth Term df thd 
Series from Unity ; and let the Nuinbet of Terms 
from AB to LM be fuppofed what it will; then thfe 
Number of Terms from AB to CD, will be on* 
fifth Part of that Number. 

The Lo^arithmical Curve may alfo be conceived 
to be defcribed by two Motions, one of whiph i$ 
lequable, and the other accelerated or retarded accor^ 
dmg to a given Ratio. For Example^ if the Right 
Jbine A R moves uniformly -along the Line A N, fo 
that the End A therefore defcfibes equal Spaces iii 
equal Times; and, in the meantime, the feid Lin6 
A B fo increafcs, that the Increments thereof genera•i^ 
ted in equal TimcSj be proportional to the whole iuf 
creaiing Line , that k^ if AB ih^going forward to ^ ^ 
be encreafed by. the Increment o'dy arid- in an equal 
Time when it is come to CD, t^ie Ififcrement there* 
of is D^, arid Dp to dc^ is as do is to AB, that is,; 
if the Increments generated in equal Times are always^ 
proportional to the Wholes; or^ if the hinh AJ8 
moving the contrary Way, diminiflie^ in a conftant 
Ratid, fo that while it goes thro' thfc equal Spaces,' 
the Decrements AB— JTA, Ta — ns, are Pro- 
portionals to AB, Fa. Then the End of the Lind 
increafing or decreafing in the faid Manner^ defcribes 
the Logarithmcal Curve: For fince AB: do:i 
dc\ Dp:: DC:ffj it fliall be. (by. Compofitiori 
Qf Ratio) zsAB: dct: d&': DC: : DC : fe. and 
£>on. ' 

, By thcfe two Motions, vit^. the one equable'^ ind 
the other proportionally accelerated or retarded, thd 
Ijord NeP^r laid down the Origin df Logarithms, 
and call'. a the Logarithrii of the Sine of any Arc, 7%a^ 
Number whub neareft definis a Line thdt equally en^ 
cre^es^ while ^ in the mean tiniey the hini^s^effmg 
ihe whole Sine Proportionalh decreafes to that Sine.. . 

It is mapifefc froni this Defcription of the Logarrth- 
iijick Curve^ that all Numbers at equal Diftances are 
continually proportional. It is alfo plain, that ifthereb^- 
fotfr Numbers A B,C D, I K, L M, fuch^ that the Dil- 

Z taifctf 
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taoce between the firft and fecond^ be equal to the 
Diftance between the third and the fourth : Let the 
Diftance from the fecond to the third be what it will, 
thefe Numbers will be proportionaU For becaufe 
the Diftanccs AC, IL, are ^qual, ABihall he to the In* 
crement D j, as IK is to thelucrem^t MT, Where- 
fore (by Compofition) AB ; DC : : IK : M L. And 
cQntrariwtfL if four Numbers be proportional, the 
DiftaHce betw een tlie firft and the fecond, ffiall be 
equal to the Diftance between the third and die fourth. 

The Diftatfcebetween ^y two.Numbcrs, is called 
the Logarithm of the /lUtio of thole Nunu>ers, and 
indeed doth not meafutethe Ratio itielf, but the Num« 
ber of Terms in a gi^^en Series of Geomettical Pro- 
portionals proceeding from one Number t6 another^ 
and defines the Number of equal Ratio's by the Com« 
pofition whereof the Ratio of Numbws arc known. 
** If the Diftance between any two Numbers be dou-* 
ble to theDiftance between twoother I^umbers, then 
• the Ratio of the two former Numbers ihall be the 
Duplicate of the Ratio of the two latter- For let the 
I>iftance I L between the Numbers IK, L M, be 
double to the Diftance A^, between the Nunj)er9 
AB, cJ; and fince IL is bifeded in /, we have Ac 
==I/=/L; andtheRatio of IK to/«f, is equal to the 
Ratio of AB to cd; and fo the Ratio of IK to LM^ 
the Duplicate of the Ratio of IK to /««, (by Def. lo. 
El. 5'.) (hall be the Duplicate of the Biitio of A B to 
id. 

In like Manner, if the Diftance £ L be triple of the 
Diftance A C, then will the Ratio of E F to L M, be 
triplicate of tl\e Ratio of A B to CD : . Fof becaufe 
the Diftance is triple^ there fhall be three times moM. 
Proportionals from EF to LM, than there are Terms^ 
of the fame Ratio, from A B to C D ; and the Ratio of 
£ F to LM^ ^ alfo of A B to CD, is compounded 
of the equal mtermedi^e Ratio's « (by Drf. f. EL 6.) 
And fo the Ratio of EF to LM, compounded of 
three times a greater Number of Ratk>*s, (hall be tri- 
plicate of the Ratio of A B to CD. So likewifc if 
the Diftance G L be quadruple of the Diftance Ac, 
then fliall the Ratio of G H to LM,, be quadruplicate 
ofibeRatioof ABto^</., - , 

The 



''the Logarithm of aiiy Number, is the Logaritlmi 

gthe Ratio of Unity to that Number, or it is the 
fiance between Unity ftnd that Nuftiber, And fo 
Logarithms exprefi the Power, Place^ or Order which 
every Number, in a Scries of Geometrical Progreffio-a 
ftals, obtains froiti Unity. For Exaiilple, if there bcf . 
todOooioo proportional Numbers iS-om Unity to the 
Number lo, that is, if the Number id be in the 
loooooooti* Place froni Unitv ; then ft will be found^ 
by Computation, that in* the i!kme Series from Unity^ 
to a there are 3010300 proportional Terms . that is,- 
the Number i wiJl ftand in the gjoiojdo^^ Place* lit 
like Manner, from Unity to ^, there will be found ' 
4771 2f 1 3 proportional Terms, which Number de^ 
fines the Place df the Number a. The NunAer* 
X0000060, 3oiO30i&, 4771213, fliflfl be the Logarithms 
of the Numbers 10, li isd 3. 

If the firft Term of the Series from Unity be called 
y. the fccbnd Term Will hty^^ the third ^5 . b'r, 
Andfince the Number 10 is the 10,000,000^ Term c€ 
the Series, then will ytmaomssio. Alfo y^^^^i. 
hl^jW^i = 3 ; aid fo on. 

Wherefore all Numbers (hall be ibift<< Powers of 
that Number which is the firft from UnJtj ; and the 
indiceiof thePowets are the Logarithms (^ the Num-^ 
J)ers. 

- Since Logarithms are the DiftanccS of Numbers 
from Unity, as has beett (beWn. The Logarithmof 
tJnIty flmll be o, for Unity is hot diftant from itfaf . 
but the Lc^Jthms of Fr^ton^ are n^atfve^ or de^^ 
feending below nothings for they go on the contrary 
Way. . And fo if Nunlbers increaflng pfc^Ortionallf 
froiB Unkyy have pofitfr e'Logatfithti^s, or fifch ^ arfe 
iffeSed with the Sign +; then Fradicwks or Numbers 
\n like Manner d^^fing, wJR have negative Loga- 
rithms, or fech as are afiected with the Sign—; which 
fe true When Logarithms jrfe coitiBdered as the Dif^ 
tances of NuriAers from Unity. 

But if Log»ithms takc^ theirBcginniM ntt from an 
integfaa U Aite, btit from a Unite that xi iii fome Place 
of Decimajl Fraftidni?. Fot Exan^k, from the Frac* 

tion* jQoJoooooc^ ; then all Fraflions greater than this^ 
wil] have pofkivc Logarithms^ and! thofe that are lef^ 
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wJUhave^ negative Logarithms. But more (hall bd 
faid of this> hereafter.' 

, Since in 'the Numbers continually proportK>naI. 
D C, E F,' G H, i K, Ss'r. the piftances C E, EG, 
G I, isfc, are equaL the Logarithms AC, A E, A G, 
AI, ^c,p( thbfc Numbers fhall be^uidifFerent, or 
the Differences of them (hall be equal : And fo the 
Logarithms of proportional N^umbers are all in an 
atrithmetical Progreflion; and ifrom hence proceeds 
that commoii Definition of Logarithms^ that Loga- 
. rithms are NunAers which, being adjoined to Pro- 
portions, have equal Differences. 

In the firft Kind of Logarithms that AT^^ pub- 
liftied, the firft Term' of the continual Proportional*, 
was placed otnly fo fer diftant from Unity, as that 
Term exceeded U pity. For fexample^ if v » be the 
ifirft Term of the Senes frojp Unity AB, ;thc Lt^ar 
Irithm thereof, or the Diftance A if ^ orBj^, was, ac- 
cording to him, equal to z; y^ qr the Increment of the 
Number above Unity. As fuppofc vtfbc ^,ooooopr^ 
he placed o,ppooopi for itSiL/Og^rithm A»; ana 
from hence, by Computation,, the -Nunibcr lo Cball 
be the 2302^8^0* Term of the Scries., which Num- 
her therefore is the Logarith^i of 10 in this Form of 
Xiooajrithms, (|nd expreues its Diftance from Unity in 
iuch Parts whereof T;y or A » is one. 

But this Pofition is entirely at Pleafure, for the 
t)iftance of the firft Tenn may.^ave apy given Ratio 
.to the Exceft thereof above Unity, and according to 
that various Ratio (which may be luppofcd at Kea* 
furc,) that is betweai vy_ andfey^ the Increment of 
the firft Term ajiove Unity, ana th^ Diftance of tte 
fame from Unity, there will be produced diff&mt 
Forms of Lpgaifithms. :, ^ 

This firft Kind of Logarithms was afterwards 
changed by Neper ^ into another more, convenient one 
wherein he put the Number ip not as the 2302j'85'oth 
Term of the Series, but the iooo,pooo'h ; and in this 
Form of Logarithms, the firft Increment z;y fliall be 
to the Diftance B^', or A », as Unity* or AB, is to 
the Decimal Frafiion 0,4342994, which therefore exr 
prefles the Length of the Subtaiogent A T. Fig. 4. 

After Neper's Death, the excellent Mr, Heftry Br iggs^ 
by great Pains,; made and publiihcd Tables of Loga- 
rithms 
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rithnis according to 'thi^'l^ofei.' Now'fince in thefe 
Tables, the Logarithm of 10, or the Diftance there- 
of from Unity, is i.oqpoooo, and 1,10,100,1000' 
loooojtj^^. are contji^u^l Proportionals, they fliall 
be eqmdiftant. Wherefore th^iiogarithm of the Num- 
ber I op fliall be 2,0000000: pf ;ooo, 3,0000000; 
and the Logarithm of 1 0000 ftali be 4,0000000 ; and 
To on. 

Hence the Logarithms of all Niimljers between 1 
^d 10, mull begin with o, or o muft iftand in thb 
firft Place to the Left-Hand; for they ^re leffer thai^ 
the Logarithm of the Nujmber 10, whofe Beginning 
is Unity; and the Logarithms of the Numbers be- 
tween 10 and 100 begin with Unity; for tJiey are 
greater than 1,0000000, and lefs than 2,0000000. 
Alfothe'Logaijithms between lOO and 1000, begin 
with 2, for th^ are jjreater than the Logarithm of 
joo, which Ijegins with 2, and lefs than the Loga- 
rithm of ia 1060 that begins ^ith 3. In the fame Man- 
ner it is demonftrated, that tl^efirll Figure to the Left- 
Hand of the Logarithms bejtween 1006 and loooo, 
muft be 3 ; and the firft Figure to the Left-Hand ot 
the Logarithms between looop arid looooo, will be 
4; andfoon. • ^ 

The firft Firare of ievery Logaridun to the Left^ 
Hand, is called the Charafteriftick or Index^ becaufe 
it fhews the hicheft or moft remote Place of the Num-? 
ber from the Place of Unites. For Example, if the 
Index of a Logarithm be i, then the higheft or mpft 
rempte Place from Unity of tEe correfpondent Num^ 
ber to the Left-Hand, will be the Piace of Tens. If 
the Index be 2^ the moft remote Figurie of the corre^ 
fpondent Number fhall. be in the fecodd Place from 
, Unity, that is, /it ihall be in thePlace of Hundredths; 
and if the Index of a Logarithm be 3, the laft Fkure 
of the Number anfwering to it, (hall be in the Place 
of Thoulandths. The Logarithms of all Number^ 
that are in Decuple or Subdecuple Progreffion, only 
differ in their Charafierifticks, or Indices, they being 
written in all other Places with the fame Figure?. Foii 
Example, the Logarithms of the Numbers 17,170^ 
1700, 17000, are the lame, unlefs in their Indices ; for 
fince 1 is to 17, as 10 to 170, and as 100 to 1700, 
and 4S 1000 to 17000 ; therefore the Diftances be- 

Z 3 twecn 
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^een l and 17, between 10 and 170, between loq 
and 1700, and between 1000 and 17000, (ball be all 
eqaal- And,fo fmce the Diftance between i and 17, 

or the Logarithm of' the Number 17 Is 1.2304489, 
theLogarithmofcheNumberi7o,wt]|be=i.a304489, 
and the Logarithm of the Number 1700 fhall be 
3.2304480, becaufe the Logarithm of the Number 
100 = 2.0000000. In like Manner, fince the Loga- 
rithm of the Number 1000 = 3.0000000, thelxi^T 
tithm of the Number 17000 (hall 4.2304480. 

SoalfQtheNumbers,6748. 674, 8. 67,48. 6, 7^. 
o, 6748. o, 06748, arc continualProporrionals in the 
Ratio of 10 to I ; and fo 

their Diftances ftom eac|» 5 7 4-8 s.aisiiji 

Other (hall be equal to the d 7 4,8 1,8191751 
Diftance or Log^thm of <7,4 8 1,8191751 
the Number 10, or equal 6,748 0,819x751 
to ijooooooo. And fo fince o,«7 48 —1,8191751 
the Logarithm of the Num- o,o(S 7 4?l~»,829i7ii 
ber67^ is 3,82917^1, the 

Logarithms of the other Numbers (hall be as in tiie 
Margin ; where you may obferve that the Indices of 
the tall two LoKarithm; are only ae^ve, and the 
other Figures policive; and fo when thofe other Fi? 
gures areto be added, the Indices mullbefubl\ra3ed, 
im^ contrariwife, 



CHAP- 



O^LOGAHITHMS. Ml 





CHAP. n. 

Of the Arithmettck of LoMritbms im 
whole Numbers, or wholeNit^nifers ad- 
joined to decimal Fractions. Fj^, 2. 

E CAUSE, in Multiplication, Unity it 
to the Multiplier, as the Multiplicand is to 
the ProduS, the Diftance between Unity 
and the Multiplier, fhall be equal to the 
Diftance between the Multiplijcand and 
the Produa ; if therefore, the Number GH be to be 
ftiultiplied by the Number E F, the Diftance between 
G H and 4he Produ& muft be equal to the Diftanc^ 
A£, or to the Logarithm of the Multiplier: and fo i^ 
G L be taken equal to A £, the Number L M (hall bQ 
the Produa, that is, if the Logarithm of the Multi- 
^licand A G be added, the Logarithm of the Multi- 
plier A£, the Sum ihall be the Logarithm of the Pro- 
duft. 

In Divifion, Unity is to the Divifbr, as the Divi-r 
dead is to the Quotient ; and lb the Diftance betweeii 
the IMvifor and Unity ihall be equal to the Diftance 
between the Dividend and the Quotient. So if LM 
be to be divided by£F^ the Diftance EA ihall bo 
equal to the Diftance between L M and the Quotient, 
and fo if LG be taken equal to £A, the Quotient 
will be at G ; that is, if from AL^ the Loganthm o£ 
the Dividend, be taken G L, or A £, the Logarithm of * 
theDiviibr, there will remain AG, the Logarithm o| 
the Quotient. 

And from hence it appears, that whatibever Ope<) 
rations in common Arithmetick are performed by 
multiplying pr dividing of great Numbers , may bq 
jnuch eaiier, and more expediently done ^y th^ Addi^ 
tion or Sub^ra^ttQx^ of (^garithx^^ 

Z 4 Let, 
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Let, for Example, the Number 7^89 be to bemulr 
' ti^cdby dyry. Now, iftheLo- 

garithips of thofe Numbers be ^^g. 3. 880184^ 
addedtogether, asintheMargine, Log> 3- 82975-39 
their Sum will be the Loeanthm Log, 7 7099385'. 
of the ProduSi whofe index 7 
fhews that there* are Teyen Places of Figures, befidcs 
Unity, in. the Prpduft ; and in feeking this Loga- 
rithm in Tables, ort he licareft equal to it, 1 find that the 
Number anfweripg thereto, which is lefler than the 
Frodufi is 5-1^78000, ,^d the Number greater than 
the Produft is 5'! 279006, and if the adjoined Diffe- 
rences and proportional Parts be taken, the Number^ 
that muft be added to the Place of Hundreds and Tens 
' in the Product are 87, and that which muft be adderf 

in the Place of Unity, will neceffarily be 3, fince 
ftven times nine = 60.^ and fo the true Produft fliall 
be ji 278873. If the Index of the Logarithm had been 
8 or 9, theil the Numbers to be addedin the Place of 
Hundredths or Tenths, could not be had from thofe 
Tabl«s^of Logarithms which confift ofbut7 Places of 
' Figures, befioestheCharaderiftick, and fo in this Cafe, 
the Uldcqu'tan or Briggian Tables ihould be ufed ; in 
the former of whicl^, the} Logarithms arc all to tea 
Places of Figtires,' and in the latter to fourteep, 
" ^ If the Number 7895*6 be to be 
divided by 278. byfubftradingthe Log. 4. 895*4004, 
Logarithm or the Divifbr froin Log. 2. 4440448 
the Logarithm of the Dividend, Loe. 2. 4n^fV6 
(he Logarithm of the Quotient ' ^ ^ ^^ 
will be haji. And to this Logarithm, the Number 282, 
719 ahlwers ; which therefore fhall be the Quotient. 

Becaufe Unity, any aflumed Number, the Square 
thereof the Cube, the Bicjuadrate, t^c, arp all con- 
tinual Proportionals, their Diftances froni each other 
' (hall be eqiial to one another. And fo it is manifeft, 
that theDiftance of the Square from Unity, is docble 
of the Diftance of its Root from the fame : Alfo the 
Diftance of the Cube, is triple of the Diftancie "of its. 
Root ; and the Diflance of the Biquadrate^ is quadru- 
ple of the Diftancf of Its Root from Unity, ^c. And 
fo if the Logarithm of any iSlumber be doubled, we 
fliall have the JLogarkhm bt its Square; if it be tripled; 
we pd\ have the.Logathi^ of its Cube, and if it be 
' • quaT 



' 



\ 



O/L O G A R I T h:MS. 345 

t 

quadrupled, the Logarithm of its Biquadrate. And 
coritrariwife, if the Logarithm of any Number be bi- 
feSed, we Ihall have thcJLogarithm of the Square Root 
thereof : Moreover, a third Part of the faid Loga- 
rithm, will be the Logarithm of the Cube Root of tfve 
Number; anda fourth Part, the Logarithm of the Bi- 
iquadrate Root of that Number. 
Henpe . the ExtraSion of all Roots are eafily 

ferformed, by dividing a Logarithm into as ihany^ 
arts as there are Units in the Index of the Power, 
So if you want the Square Root of 5*, the half of 
0,6989700 muft be taken, and^hen that halfo.349485'0 , 
will be the Logarithm of the Square Root of 5-, or ^ 
the Logarithm of y' f, to which theNumber 2.23606 
pearly anfwers. 

C H A P. ffl. 

Of the Arithmetick of Logarithms^ when 
the Numbers are Fra6fions^ Fig. j* 

HEN FraSions are to be worked by Lo- 
garithms, it is neceffary, for avoiding the 
Trouble of adding one Part of a Logarithm, 
^ and fubftraSing the other, that Logarithms 
" do not begin from an integral Umt,but from f 

fome Unit that is the tenth or hundredth Place of Deci-r 

mal Fradions : For Example^, let PO be- 




10000000006 
and from this let the Logarithms begin. Now this Era* 
Qion is ten times more diftant from Unity to the Left 
Hand, than the Number 10 is diftant therefrom to the 
Right ; for there are i o proportional Terms in the Ratio 
of 10 to I, from Unity toPO. Andfoif ABbc Uni- 
ty, the Logarithm thereof according to this Suppofi- 
tion, will not be o, but OA will be= 10. 0000000 ^ 
for the Diftance of any Tenth from Unity is 
J. 0000000, whence jh^ Diftance pf the Number 10 

frQW 
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from PO will be ii. poooobo. Alfo the D&lanGo 
of the Number loo from PO, or its Logarithm, be- 
ginning from PO, fhall be ij,.ooooooo, and the Lo- 
garithm of looo, or the Diftance from PO, will\be 
13.0000000. And thus, the Indices of all Xx>2arittmis 
are augmented by the Number 10^ and thofe Frao 
lions whofe Indices are — 1 , or — Zj or •— 3, ^c. arc 
now made 9, 8, or 7, ^c. 

But if Logarithms begin from the Place of a Frac^ 
t]on,^wbofe Numerator is Unity, and Denominator 
Unity with I OQ Cyphers added to it^ (which thgr muft 
dowbenFra^ons occur that are lefs than PO) thaa 
that Fra&ion will be yoo times more dfAant frym 
Unity, than 10 is diflant from it ; and fo the Loga« 
ffthm of Unity will have joo for the Index thereof. 
And the Logarithm of any Tens will have loi for 
the Index, that of any Hundreds ioz,andfo on; all thQ 
Indices being augmented by the Number 100. 

The Logaritlmis of all FrafUons that are greater 
than PO ^whereat they begin) will be pofirive. And 
fince the the Numbers jo, i» t5> m^ Trrvy fe*^- 
are in a continued Geometrical Progreffion, they will 
t>e equally diibmt from each other ; and accprdiiKgly 
their Logarithms will be^uidif&rent ; And fo when 
the Logarithm of 10, is 11.0000000, and the Logar 
fithm of Unity is 10. 0000000, and thel/^garithm of 
the Fradion 7 V ^^^ he 9. 0000000, and the Loga« 
rithm of theFi^ifiion -ri? will be S, 0000000, ancfin 
like manner, the Index of the Logarithm of ^^^ will 
be 7. AUb for the fame Reaibn, if the Index of the 
IjOffaridun of Unity be 100, and <^ 10 be loi , then 
will the Index of the Logarithm of the Pra^on -r'^be 
99, md the Index of the logarithm of , i« will be 9S, 
and the Index ofLoearithm of the Fradion T^Tihall 
^ 97v (ff* And tnefe Indices ftew in what r lace 
from Unity, the fird Figure of the Fradion, not ber 
mg a Cypher, muft be put. For Example, if the In- 
dex be ^ the Diftance thereof from the Inaex of Unir 
ty, (Vhich is 10) viz* 6, ihews that the firft fignifica-* 
tive Figure of the Decimal, is in the iixth Place from 
Unity ; and therefore, five Cyphers are to be ptefixe4 
^lereto towards the Left Hand. So alio if the Index 
Of Unity be 100, and thelndes of tbe.Fra^ion be 80, 
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Mie firil Figure thaeof (hall be in the 20th Place from 
Unityj 'Md ip Cyphers are to be prefixed thereto. 

Now, kt It be remired to multiply the Fradion 
GH by thp f rafiion D C. Becaufc Unity is to the 
Multiplier, as the Multiplicand is the Produfi ; the 
Diftance between ILJnity and the Multiphcr (hall be 
equal to the Diftance between the Multiplicand and 
the Produa. Thereforpf-if there be taken GI = AC, 
the ProduiS IK ihall he at I. And accordingly, if 
from O G, the Logaritftm^f the Multiplicand, there 
\>c taken G I or AC, there will remain O I, the Lo- 
garithm of the Produel. But AG=OA-.OC, which 
faken from O G, there will remain OG+OC— 
OA=OIj that is, ifthe Logarithm of the Multiplier 
tmd Multiplicand be added together, a^d from the 
Sum be taken the Logarithm of Unity, (which is al-r 
ways exprefled by lo or lOO with Cyphers) the Lo- 
garithm of the ProduQ will be had. For Example^ 
let the Decimal FraSion o, 00734 be to be multiplied 
\>y the Fraftion o, oooSTdr^ Set down 100 for the 
Index of the Lqzarithm ef Unity, and then the Lo- 
garithms of the rradions will be as in the Margine, 
which being added together, W the 
Logarithm of Unity being taken away 97,865*6961 
from the Sum, the Remainder is the 96, 9425'04i 
JLfOgarithm of the Produft, whofe In- 94.808200^ 
dex 94 (hews that the firft Figure of the 
Produd is in the iixth Place from Unity, and lb there 
inuft be five Cyphers prefixed, and then the Produd 
will be .00000642984. 

In Divifion, the Diviibr is to Unity, as the Divi* 
dend is to the Quotient; and lb the Pittance between 
the Divifor and Unitr ihkll be equal to the Didance 
between the Dividena and the Quotient. And fi> if 
the Fradion I K be to be divided by D C, yQU moft 
take IG=C A, and the Place of the Quotient ihall 
beG. But CA=3OA~0C, which being added 
to OL we have OA-f-Oll— OG=OG, that is, 
ifthe Logarithm of Uuity be added to the Logarithm 
pf the Dividend^and from the Sum be taken the Lo^ 
garithm of the Divifor, there will remain the lA)ga^ 
pthm of the Quotient ; fo if the Number C D be to 

fs divided by IK, you muft take the Difiance CSr=3 
A, and then S T will be tb^ Quotient, whofe Loga- 
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rithm is O A+OC— OI. Let CD=5 o. 347^. IK 
=0. 00478. Then add the Logarithm . '"^^^ 

of Unity to the Logarithm of GD, 19. ^40329^ 
(that is, put I or lo oefore the Index 7. 679427^ 
^ thereof, and from that fubftrafi the Lo- li. 8609016 
jgathimoftheDivifor, andtheRemmn- 
det will be the Logarithm of the Quotient, whole In? 
dex II. ftews that the Quotient is between theNum? 
bers 10 and 100; aqd I Teek the Number anfwering 
the Logarithm, which I find to be 72, ^^9. If tht 
Logarithm of a Vulgar Fraftion, fo^ Extoplc, | be 
required, the Logarithm of Unity muft 
be added to the Logarithm of the Nu- 10. 845'098o 
mcrator 7, or which is all one, yoiimuft o. 90^0900 
put 10 or 100 before the Index thereof, 9. 9420080 
and fubdufi from it the Logarithm of 
the Denominator 8, and there will remain the Loga- 
. rithm of the Vulgar FraSion i , or the Decimal 
.87^ 

If the Powers of any FraSion DC be required, von 
muft affumeEp, EG, GI, IL, each equal to AC; 
and then E F will be the Square, G H the Cube, and 
I K the Biquadrate of the Number DC ; for they are con- 
, cinually Proportional from Unity. Befides, AE==: 
2AC=2AO — 2OC, whence OE = OA~AE 
s= 2 O C — O A, that is, the Logarithm of the Square 
is the Double of the Logarithm of the Root, lefs the 
Logarithm of Unity. In like Manner, fince A G = 
3AC=30A--3pC,we(liallhaveOG=OA-T. 
A G = 3 O C~ 2 O A=: the Logarithm of the Cube 
=triplare the Logarithm of the Root, lefs the Dou- 
ble of the Logarithm of Unity For the lame Rea- 
fon, becaufe AI==4AC==40A — 4OC, we have 
0I=40C— 3OA, which is the Logarithm of the 
Biquadrate. Anduniverlally, if thePowerofaFraai- 
' ^ on be », and the Logarithm L, then fhall the Loga- 

rithm of the Power n = »L — »0 A-+-0 A, thatis. 
if the Logarithm of a FraSion be multiplied by », and 
from the ProduS be taken the Logarithm of Unity, 
multiplied by » — i, the Logarithm of the Power n 
of that FraSion will be had. 

For Example, it if is required to find the 6th Power 

oftheFradion i-=:, oj' the Logarithm of this Fraaijm 

is 8. 6989700, which being multiplied by 6, givc^ tlie 

' ^ * ' - Num- 
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Number fi. 1938200; aiid if from j'z the Number 
fOy which is the Index of the Logarithm of Unity 
drawn into j, be taken away, the Kemainder will be 
At Logarithm of the 6th Power, viz. 2. 1938200, to 
which the Number ,0000000 15*625' anfwers. For 
the Index 2 ibews that 7 Cyphers muft be put before 
the firft Figure* 

If the 8th Power of the/FraSion .05' be requi- 
red, by multiplying the Logarithm by 8, there will 
be produced 69. ^91 7600, andfince 70, which is levea 
times the Index of the Logarithm of Unity ,cannot be ta- 
ken from 69, unlelswerun into negative Numbers, the 
Index of the Logarithm of Unity muft be fuppofed 1 00^ 
and then the Index of the Logarithm of the FraSioa 
will be 98. Now this Logarithm drawn into 8 gives 
789. 5*91 7600, and if 700, which is 7 times thelSder 
of the Logarithm of Unity be taken from 789, there 
XvUl remain 89. ^917600, the Logarithm of the 8th 
Power of the Fraaion Aj whofecbrrefpondent Num- 
ber is ,0000000000 39062, for iince the Index is 85^ 
end the Difference thereof from 100 is 11; the firft 
fimificative Figure of the Frafiion (hall be in the 1 1 th 
Place from Unity.; and fo thtoe iliuft 10 Cyphers be. 
placed before it. . 

If the Roots ofthe Powers of Fraftions ht defired, 

for Example, the Square Root of the FraSionEF^ be- 

caufe the Root is a mean Proportional between the 

FraSion and' Unity, toti muft bifed AE in C, and 

then CD will be the fquare Root of the Fradion £F. 

•OA»— OE 
But AG=iAE=— ^ r and fo the Loga- , 

'2 ' * 

rithm of the Root =0 A-.AC=: — ^ — ^ And 

if the Cube Root of the Fradion G H be fourirt , this 
(hall be the firft of two mean Proportionals between 
Unity and GH; and fo if AG be divided into three 
equal Parts, the firft of which is AC; then CD ihalt 
be the Root fought, and becaufe AC = >• AG =i 

2An2^, if this be taken from O A, there Ivill 

remain ^QA>f Q6 a-OCissLogarithm of the Cubfe 

Root 
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Root 'of the Fndion G H. So Ijkewlfe the Bitmap 
drate Root of the Fraaion IK will be had, by divl' 
ding A I into four equal Pans, fot the Root is the 
firif of three mean Pr(^rtinals between Unity 
and the Praftion , and confequeirtty if A C =3 ^ 
AI, then will' CDibe the Biqotdme Root of 

*hc Fraaion IK. But 4 AI=s^^~-'andfaOC 

4 
And oniveifiaiy, if the Rocttof any Power m oftba 
FraaionLMbereqttiied, theLogauhmoftbeRoctf 

^ ^ .„^.«OA— OA4OL L • .^ L 
thereof will be --2- — , that is, if tlw 

Kumbetv — I be petGx'd to the Index of the Loga- 
rithm, and the Logarithm thus augmented be divided 
^ M, the Quotient will rive the Logarithm of the 
Kootfofight. SoiftheCnbcRootofthePraaion^ oc 
j'befou^t, you mult place i=» — l(fincethe cubtf 
Root is required) before the Logarithm thereof, and 
there will b»had 29, 6989700, a third Part of which 
is 9, 8996f66, which is equal to the Lojprithm of 
the Cube Root of the f ration i, and the Nninber 
■ i7p37aafweririgtothisLogarithm,istheRootfottght.' 



C H A P. IV, 

Of the Ruk and Tfoj^ortioit iy Lego* 
riihmst 

IF^E Rule of Proportion IhewB how, hf 
having three Numbers given, % fotirta 
Proportional to them may be found^ 
•viz. if the &coitd and third Terms be 
multiplied by-oneanother, andthePro- 
d«a divided by the firft Term, then 
win the Quotient be the fourth Proportional Term , 
ftiught. But this fourth Term i$ much eafier found 

by 
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by JLogarithms ; for If the Logarithm of the firft Term be 
taken n-om the Sum of the IfOgarithms of the fecond 
and third Term, the Number remaining will be the 
Logarithm of the fourth fought. 

Or this may be done fomethii^ eafier yet, if inQead 
of the Logarithm of the firft Term be taken its Com* 
plement Arithmetical, or the Difference of that Lo- 

Sarithm, and the Number lo. ooooooo, which is 
one by fetting down the Difference between each 
Figure of the Logarithm^ and the Figure 9 : for then 
if that Arithmetical Complemeilt be added to the Sum 
of the other two Logarithms, and if Unity, which is 
the firft Figure to the Left Hand, be taken from the 
Sum, the Kcmainder will be the Logarithm of the 
fourth Term fought; and fo by this way, Logarithms 
of the fourth Term is found by only one Addition of 
three Numbers. The Reafon of this will be manifeft 
from hence : Let there be three Numbers A, B, C, 
from which the firft is* to be taken from the Sum of 
the fecond and third. Now this may not only be done 
by the common Way, but Hkewife, if there be any 
other third Number E taken^ aud from this there be. 
taken A, there will remain E — A, and if the Nun> 
bers B, (J, and E — A be all added together, and from 
their Sum be taken E^ there will remain B-f-C — A-^ 
So if the Number ij be to be taken from 23, 
take the Complement of the Number i f to 1 00. ^S 
which is 85*, and add this Number to 23, ana .^ 
the Sum will be 108, from which 100 being 108 
tdken, there remains the Number 8. 

Hence follow fome Trigonometrical Examples ot 
the Rule of Proportion Ibh^M by Logarithms. 
Let ABC be a Right-lined Triangle, wherein are 

fiven, the Angle A 36 Degrees 46', the Angle B 98! 
)egrees 32'^ and the Side JBC ^475, the Side AC is 
required. Say ( by Cafe i . ofPJaim Trig, ) a^ the Sine 
ofthe AnglcAis 

to the Sine of the Arith. Comp. S, A. 0.2228938 
Ai«leB^foisBC Log* Sin. B. 9'995'i6f6 

to AC And be- Log. BC. 3.5-413296 

caujfe the Ix>ga- Log^AC X3. 7^92890 

rithm Sine erf" the ' 

• Angle A is the firil Term of ^e Analogy, I fubflisute 
its Conylement Arithmetical for the lame, and add 

the 
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the Logarithm of BC, the Logarithm of S, B, and 

the f^d Complement all. three together, and rejeiS: 

Unity, which is in the firft Place to the Left Hand, 

and then the Logarithm of the Side AC will be given, 

and the Number anfwering thereto is ^706, 306 equal 

to the Side fought AC. 

Let there be a fpherical Triangle ABC, in which 

are given all the Sides, vit,UC = ^o Degrees, 

AB==24 Degrees 4', and AC=4i Degrees 8 ' the 

Angle B is required. Let B A be produced to M, fo 

that BM=B C, theniwill AM the Difference of the 

Sides BC, BA, be equal to 5^ D^cp 5-6'. Now 

(by Cafe 1 1 . in Oblique-angled Sjpherical Triangles) 

lay, as the ReSangle under the Smes of the Legs^ is 

. to the Square of Radius, fo is theRedangle under the 

^ u A AC+AM AC~AIVI\ '' 
Sines of the Arcs -T^ » to thd 

Squ^c of the Sine of one half the Angle B. 

T5- AC+AM * . ,AC~AM 
But -X- =24 Degrees 2 , and 

2 V, 2 

s=i8 Degrees 6'; and becaufe the firft Term of the 
Analogy is the ReSangle under the Sines of AB,,fiC, 
and fecond Term is the Square of Radius , the Sum 
Of the Logarithm Sine of A B, B C, muft be taken from 
double the Logarithm of Radius, and what remains 
muft be added to the Sum of the Logarithm S, of 

AC-fAM ^ AC— AM, V. u • lu r«. . jt 
-L-i — Lt , ^ : 'which is the fame as rf 

2 2 

the Logarithm Sines of each of the Arcs AB, BC,. 

were fiib 

Log. S, BC Comp. Arith. o. 3010299 ftraftedfrom 

Log.S, ABComp. AriA» 0.3898364 the Log. of 

T^„ Q AC-fAM . 00 Radius, or if 

Log.S, ^ 9.€o988o3 the Couple- 

AG AM mentsArith- 

Log. S, 9-4923683 metical of 

^ ^ thefc Sines 

2. Log.S, Angle B. ^9, 7930^49 betaken,and 

theCotnplc- 
loients and the faid Sines be all added together; thea 
(hall the Sum be the Logarithm of the Square of the 
Sine of half the Angle & And fo the half of the Lo- 

^ garithm 
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carithm 9. 896^,74 is the XK>g«ritBin Sine of half tlie 
Angle B=:5'r Degi:ees 5'9'. ^6'^ and the Double of 
this Angle fliall be 103 Degrees S9\ S^" = B, which 
was fought. 
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Qf the centmual Increments of fropof'- 
tional ^antities , and how to find 
by Logarithms^ any Term in a Seriei 
of proportionals^ either mcreafing or 
decreajing. Fig. 5|- ^ 

IF anjr where in ,the Axis of the Loffarith^* 
metical Curve, there be taken any NumJ* 
ber of ^gual Parts SV, VY,. YQ, ^c. 
and at the Points S,VjY fl-^^v. be raifed 
the Perpendiculars ST, VX, YZ, Qn^ 
i^c. then from the Nature qf the Curve Ihall all 
thefe Perpendiculars be continuallyrproportional;.aiid 
therefore alfo the (contintial Increments Xx, Xz^ 
il^, ihall be proportional to their Wholes : Yoj finc« 
ST: VX::VX: YZ::YZ: Qn, it Ihall be (br 
DJvLSon of Proportion) ST: X4r::.VX:Z^::Y^ 
n ^ and (by Conlpofition of Proportion) V X : X x j 
yz :.Zx': : Qn : Ht. Hence;, if Xjc be any part 
of any Right Line ST, then will Z:t be the fame 
Part of the Right Line VX, and alfo n-r^thefame 
Part of the Right Line Y Z. For Example ; .if X ji?' 
Ue the A Part of ST,'then:Vfai Zz = ^ VX, and 
nx=t/o YZ; or which oortie? to the ftme, wefhall 
have VX = ST-h/o ST, YZ=;VX+a^^ 
VX. AlfoQn = YZ+/oYZ. 

Now make^ as ST is to Y X, fo is Unity AB to 
N R ; then (ball A N =p S V ; and lb each of the 
Right Lines S V, VY, YQ; £5^^: ftaU be eciual to 
the Logarithm of R N, and A V., the Logarithm of. 
theTernj V X (hall be equal to AS 4* AN ==Loga-, 
rithm of ST+ Logarithm of NR. AlfoAY.thft 

A a Lo- 
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Logarithm of the Term Y Z, (hall be equal to A S -f- 
2 A N = Logarithm ST -|- 2 Logarithm NR, and 
A Q, the Logarithm of the Term<2 n fhall be equal to 
A S -f- 3 A Jn = Logarithm S T -f- 3 Logarithm N R. 
' And univerfally, it the Logarithm of the Number 
NR be imiltiplied , by a Nunlber, expreflicg th* 
Biftarice bf.aay-Term from the fir ft, and theProdufli 
be added to the Logarithm of the firft T^rm, then 
will the Logarithm of that T^rmbe had : But if a Series 
of ProportionkU be decreasing; that is, if the Terms 
diminifti in a continual Ratio, and Qn be the firft 
Term ; thi^il the Logarithm o/any other will be had, 
in multiplying the Logarithm of the Number NR,by 
a Number that ^xpreues the Diftance of its Term 
from the. firft^ ?uid fubftraSing the ProduS from' the 
Ijogarithm of the firft ^ And if tlie faid PrGduft be 
greater than the Logarithm of tjie firft Term , then 
the Logarithms muft begin: ft bm a Unit in Ibme Place 
of Decimal FraQions, as from O P, and then the 
Logarithm of the Nuirf)er Qn will be O Q* 
> Now let LM .rcpreftnt any Money ^ br Suin o^ 
Money put out to Intereft^ lb that the Intereft therc-^ 
of be accounted but at the End of ev6ry Year, ancf 
fet Yik be the Gain or> Intereft thereof at the End of 
the firft Year, then will IK be the Sum of the In- 
tereft, and Principal. And again, IK becoming the 
Principal at the End. of the firft Year, Hh which h 
fnroportional to IK, or in a conftant Ratio, will be the 
Gain at the end of the fecond Year ; and fo H Gr, at 
the End of the fecond Year, will become the Princi- 
pal ; and at the end of the third Year F/; proportional to 
G H, will be the Gain. Now let us fuppoie the 
Principal be augmented ^very Year ./^ Part thfcreot fo 
that IK=sLM+ i^LM, GH = lK + /oIK, 
EP=f=GH + iS GH, and fo on. And accord- 
ingly, rheTermsLM, IK, GH, EFj ijfc continual 
Pj-oportjonals, it is required to find the Amount of 
the Money at theEnd of any Number of Years, 
s » LetXiM be a Farthing. Becaufe LM is to IK/as 
I to I -f- iro, or^s:.i to i.Of, as A Bis to NR, tiieii 
willNR==:i;o^^ whofe Logarithm AN. iso.0211893, 
or more accurately. 0.02 11 Spi^^r, it is required 
to find the Amount of a Faithing put but at compo« nd 
Intereft, atthe Endbf^(Joo Ye%rvni)ilt^ly AN by- 

600 
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600, and the Produftwiirbe 12/ 7i3S79'h ^^ '^ *^*5 
Produa add the Lc^arithm of the F raaidn -^^ viz, 
97.0177288 (for a rarthing is ^ Part of a Pound) 
and the Sum 109. 7313082 fliall be the Logarithm of 
the Number fought ; and fince the Index 109 exceeds 
the Index of Unity by % there fliall be nine Places o? 
Figures above Unity in the correftondent Number,and 
that Number being fought in the Tables, will be found 
greater than 5'3865"ooooo, and lefs than 5-386600000. 
And therefore a Farthing put out at Intereft 
upon Intereft, at f per Cent, per Annum^ at the 
End of 600 Years will amount to above fqSdj'ooooo 
Pounds; which Sum could hardly be mad!e up by all 
the Gold arid Silver that has been dug out of the 
Bowels of the Earth from the beginning of the World 
to this Time. 

Let Qn expound any Sum of Money due to fomePer- 
fon at the End of a full Year. Now it is certain , that if 
t he Debtor fliould pay down prefent the whole Sum of 
Money, he would lofe the yearly U&ry or Intereft tha^ 
his Money would giin him ; and fo a lefler Sum, 
being put out to Intereft, will at the End of one Year 
together with the Intereft ther^ot be equal to the Sum 
of Money Q n. Now this prefent Sum of Money, 
Whiclvtogetherwith the Intereft thereof is equal to the 
Sum of MonyQn, is called the prefent Worth of the 
Money Qn. Let AN be the Logarithm of the Ratio 
which the Principal has to the Sum of the Principal and 
Intereft, that is, if the Principal be twenty times thQ 
yearly Intereft, let AN be the Logarithm of the Num- 
ber I + 2~o or 1 . 05-, and take Q Y equal to A N ; 
then wiltA Y be the Logarithm of the prefent Worth 
of the Money Qn. For it is manifeft, that the Mo-? 
ney YZ put out to Intereft, wrll at the End of one 
Year amount to the Money Q IT, and fo to have the 
Logarithm' of the prefent Worth thereof, or YZ, 
the Logarithm AlN, muft be takca from the Loga- 
rithm AQ, and there will remain the Logarithm AY 
of the prefent Worth, or YZ. But if the Sum n Q 
be not due till the End of two Years , then the Loga- 
rithm 2 A N muft be fubftrafied from th^-«ugarithm 
A Q, and there will remain A V, the Loganthm of 
the prefent WortH, or of the Sum that muft be paid 
down pr^ent for the Money Qn due a( (he End o£? 

Aa I twa 
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two Years. For it fe maififeft, that the Money V X 
being put out to Intereft, will at the End of two 
Years amount to the Sum of Money QlT. By the- 
fameReafon, if the Sum Qn, be not due until the 
End of three Yeats, the Logarithm 3 AN muftbe fub- 
ftraSed from the Logarithm of Q n, and die Remainder 
AS, fliall be the Logarithm of the Numba: ST, or 
ST ihall be thepjrefent Worth of the Sum Qn due 
at the three Years end. And univerfally, if the Lo- 
garithm A N be multiplied by the Number of Years, 
at the End of which the Sum Qn is due, and the 
Number produced betaken from the Logarithm A Q, 
then will the Logarithm of the prefent Worth of the 
Sum Qn be had. And from hence it is manifeft, if 
5'3865'Ooooo Pounds be due to fome Society at the 
End of 600 Years, then would the prefent Worth of 
that vaft Sum of Money be fcarcely a Farthing 

If the proportional Right Lines H G, E F, A B, C D, 
Fig, 4. are Ordinatcs to the Axis of the logarithmical 
• Curve, and if their Ends F H, DB, be joined by Right 
Jjines, which produced meet the Aiis in the Points 
P aq^d K, then the Right Lines QP, AK, will be 
always equal. For iince GH : EF : : Afe : C D it wiJI be 
as GH : F X : : A B : D R. But becaufe of the equiangular 
Triangles PGH, HiF, asalfo KAB, BRD, w^ have 
PG:H/:: (GH:Fx ::AB:DR::; KA:BR. And 
fmce the Confequents Hj, BR, are equal, the Ante^ 
cedents P G, K A, fhall be alfo equal. W. W. D. 

If the Right Lines CD, E F, equally acceed to A B, 
G H, fo that the Point D at laft may concide with B, 
and the Point F with H, then the Right Lines DBK, 
FHP, which did cut thcCurve before, will be changed 
into the Tangents BT, H V. And the Right Lines 
AT, G V, will be always equal to each other, that is, 
the r ortion of the Axis A T, or G V, intercepted be- 
tween the Ordinate and the Tangent, which is called 
the Subtangent, will every where be a conftant and 
given Length. . And this is one of the chief Proper- 
ties of the logarithmical Curve ; for the different 
Species or Forms of thofe Curves are determined by 
the Subtangcnts. . . 

. The Logarithms or the Diflances from Unity of 
the fame Number, in two Logarithmical Curves ot 
different Spedes, will be proportional to the Subtan- 

gents 



gents of ihcir Curved. F©r}a HBD,SN Y Pr^. A, y. 
beCurtrcs, whofeSubtttf^jemsrirreAT, MXy and let 
AB±=2l4N en Unity; atfoDCsstQY, riimft^ 
AG the Log*rithinof tfee NanlbcarGD^ in the Loga- 
rithnrifeal Gutve tt D bfc to MQ, t*ie Logarithm of 
the NuaAet Q Y, (or of the fiid G Dv) in the Gnm 
S Y, ji$ th& Subtat^nent A T is to th^ Sut^angetit 
M X. For kt there be Ibppoftd mi infinite Numbed 
of meaft'j>rt!)porttoiiiil Tetni$ between AB, GD, w 
KM, 6 Y; in the Ratio xif AB to **, or MN to 
nin; mi fiii^e AB=:MN^ then will ab^sLmn^ as 
alfo^ttss^i?. And becaufe the Number <rf propioi> 
ticmal T^ms m each Fi«ire are>e({ua!, they do di- 
vide the Lines A 0, M Q, into equal Numbers of 
Parts, the firft o( ^^idx A a^ Mm. and & the faid 
Parts flmll be proportional to their Wholes, th^t is; 
it will be as hn : Mm : : AG : MQi And becaufle 
the Triangles TAB, Br^, are fimilar, (for the Part 
of the Gurve B* nearly coincides with the Portion of 
the Tangent,) fl[s alfo the Trianglek X M N, Nt?ff, 
we have A<», or Bc>: ie : : T A : AB. ^ 

Alfo as»d, or *f : No : : MN, or AB :MX. 
Where (by Equality Of Proportion) it will be B ^ : Ne^ : : 
TA:MX::A^:Mwj::AG:MiQ; T^-ferr^tiw/^^tf 
dentonfirated. If A T be callM », fitice A B : A T : : . 

be : Br, then will Be ==' Ab -. 

Hence, if the Logarithm of a Number extreamly 
near Unity, or but a finall matter exceeding it, be 
given, then Will the Subtanjgentof the Logarimmical 
Curve be had. For the txcefs-^r is to theLoga-* 
rithm BiTj as Unity A B is to the Subtangent AT, 
Or even if there are any two Numbers hearly equal, 
their Difference fliall be to the Difference of their Lp- 

farithnis, as one bf the Numbers is to the Subtangent. 
^or Example; if the Increment *f be ,00000 00006 
ooooi oaiyjt 3a 94J'-6o25'9, and he or A ^ the Loga-t 
rithm of the Number <3!^ be ,00000 00000 00600 
44408 92098 P062. Now if a fourth Proportional 
be found to the faid two Numbers and Unity, viz^ 
4^429 44819 032^iy^is Number will give the Length 
of the Subtangent AT, which is the Subtangent of 
the Curve exprefling Br/]5fV Logarithm^/ 

Aaj If 
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- If a Sum oFMdney be pat our to Int^eft on this 
Condition, Ttet a propotional Part qf theyearly Rate 
of Intoeft thereof be accounted every moment of 
Time, viz. fo, that at the End of the firft Moment 



lymcn oeipg aaaco to me rnn^pai, again oencs in- 
tereft at the Enid of the iecond Moment of Time,^ 
and then the Principal, and this Intereft become a 
Principfil, s^d fo on. It is required to find the A- 
lijioun^ of that Sum at the Years End. Letn be near-* 
ly the Injtereft of Unity, orof od^ Pouud. Th«i if 
one whole Year, or i »ves the Intereft «, the indefi-^ 
nity Ihiall Particle of a Year Mw, will gwc the 
Intereft M nt x ^, proportional toM»^; and accord? 
ingly, if Unity be cjcpbunded by M N, the firft Iut 
crement thereof fb^dl be urossMixfXtf. This bemg 

Srantec), let a Logarithmical Curve be fiq>posM to be 
efcribed through the Points N n , whofe Axis is 
pMQ. Then in this Curve, if the Portion of the 
Axis M Q exprefles the Time, the ordinate Q y will 
reprcielit the Money proportionally increafing every 
:Motn^t, to that Time, For if there betaken m/, &c 
•fssMiff, the Onlinates //, &c. ihall be in a Sei^ies of 
of comiau^ PrQportipnal$ in the Ratio of MN to 
m n , that is, they increaie in the fame Ratio as the 
Money doth. 

. Again, let the Right Line N X touch the Loga^ 
rithmical Curve in N , and the Subtangent thereof 
MX (hall be conftant and invariable^ and the finall 
Tri^gle Na» fliaU befimilar to the Triangle XMN. 
But it has been prov'd, that the Increment »o =M i» 
"X^jsfN^x^ j and fono: ]>io : : ^oXa\ N<>: \a : 
1. But as » is to N d, fo (hall NM be to MX. 
*\Vhcrefore it ihall be be as « is to i^ fo isNM,or i^ 
to JM[ )(: = ^ =5 Subtangent, 

Nowif the nearly Rate of Intereft be r© part of the 
Principal , pr if 41=^ A == •Pj', then will MX= j- 

==20. 

Becaufe in different Forms of Logarithms, the 
Logarithms of the fame Number, aire proportional to 
the Subtangenti of their Curves i If mQ exprcflcs 

the 
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the Time of a whole Year, or Unity, then Ihall QY 
be the Amount of the Money at the Year's End. And 
to find Q Y) fay, as MX, or 20 is to 0.^^342944, 
(which Number expounds theSubtangent ot thelx)- 

S[arithn[ucal Curve bxprefling Brig^^s Jjogarithms^ 
o is one Year or Unity to a Bri^ian Logarithm, 
anfwering to the Number Q Y. This Logarithm will 
belfound o. 0217147, and me Number anfwering to 
the lame is i.OfiiyssiQY, whole Increment above 
Unity, or the Princi|>al, exceeds the yearly Intereft 
^05* but a Imall matter. And fo if the yearly In- 
tereft of 100 Pounds be s Pounds, the proportional 
yearly Intereft, which is added to the Principal 100 
at the end of each Particle of the Year, will amount 
only at the Year's End to s Pounds 2 Shillings and 
6 i Pence. 

And if fuch a Rate of Intereft be requir'4, that 
every Moment a Part of it continually proportional 
to the encreafing Principal be added to the Principal . 
fo that at the Year's End an Increment be produc'd 
that (hall be any given Part of the Principal, for 
Example, the /o P^? 1*^79 ^ (he Logarithm ot the 
Number i. of is to i ; that is, as 0.021 1893 is to i 

f> is the Subtangent o. 43294^ ^^^^^ ^^* 49' ^^ 

then will a =: io7*9 » 0488. For if fuch a Part of 
the Rate of Intereft .0 488 be fuppofed as anfwers to 
a Moment , that is, having the iame Ratio to .0488 
as a Moment has to a t x ear, and it be made a$ 
Unity is to that Part of the Rate of Intereft, fo is the 
Principal to the Momentaneous Increment thereof ; 
then will the Money continually increafing in diat 
manner be augmented at the Years end the i^ Part 
thereof. 




^ • 
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CHAP. VI. 

Of the MePhod hy -jvhicif Mr- Briggs 
commuted his Logarithms j end the 
^em&ft^r-atioH thereof. 

10' Mr. Briggs has no where de- 
d the Logarichmical Cuive^ yet itis 
certain that from the Uie and Con- 
lation hereof, theMannerandRea- 
>f his Calculations will appear, in 
al Curve HBt), let there be three 
'/•ij-i-f nearly equal to one another; 
this U, let their Differences haveaveryfmall Ratio 
to the ftii Ordinates ; and then, the Di^rencet of 
dicir Lo^otithihs will be prppordoo^ to the IMtfe- 
reaces ot the Ordinates. For iince the Ordinates are 
nearly equal td one another, they will be very nigh 
to each ortier, and fo the Part of the Cnrve By, m- 
tercqxed bythem, will almoD concidbwkh a Araight 
Line; for it is certain, that the Ordinates may be fb 
Dear to each other, that the Difference between the 
Part of the Curve and the Right Line fubtending it, 
may have to that Subtence, a Ratio lefs than any 
given Ratio. Therefore the Triangles Bci, Brj, 
may be taken for Right-lin'd,- and will be equiangu- 
lar. Wherefore, as /-r : i c ; : B r : B f : : Ay : Ka; 
that is, the Eitccffes 6f the Ordinates or Lines above 
the leaft, fliall be jHtiportiona! to the Differences of 
their Logarithms. And from hinice appears the Rea- 
fon of the Correflion of Numbers and Logarithms 
br Differences and proportional Parts. But if AB 
7 fee 
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be Unity, the Lpgarithms of Numbers fliall be pro- 
p6rtional to the Differences of the Numbers. 
' If a mean Proportional be found between i and 
10/ Of which is thefeme thing, if the Square Root of i o 
he df traced, this Rbot or Number will be in the mid- 
dle Place between Unity and the Number lo, and the 
Logarithm thereof ihall be j; of the Logarithm of lo, 
, andlb willbegtven. If again, between the Number be- 
ibre found, and Unity, there be found a mean Propor- 
tional,which may be done in extrafling the Square Root 
of the faid Number, this Number or Root will be twice 
nearer to Unity than the former, and its Logarithm will 
be one half of the Logarithm of that, or one fourthof < 
the Logarithm of lo- And if in this Manner, thfe 
Square Root be continuially extraded , and the 
Logarithms bifefted, you wilt at laft get a Number 
whofe Diftanc6 from Unity fhall be lefs thaii the 

i^3S^^5^^65 P"* °^ *^' Logarithm of lo. 

And after Mr. Briggs had made S4 Extra£Hons of the 
Square Root, he found the Number i.oooooooooo 
00000 1 2781 91493 20032 3442, and its Logarithm 
was o. 00000 00000 00000.05'5'f 1 1 ifii 31 25*7 82702. 
Suppofethis Logarithm to be to equal Ay or Br, and 
let y J be the Number found by extrafting the Square 
Root; then will the Erceft of this Number above 
Unity, viz. rx =,00000 00000 00000. x 2781 91493 
20032 34. 

Now by means of thefe Number's the Logarithms 
of all other Numbers may be found in the following 
Manner : Betwcen-the given Number (whofe Lo- 
garithm is to be found) and Unity, find fb many 
mean Proportionals, (as above), till at laft a Number 
be gottenXo h'ttle exceeding Unity, that there be 1 5- Cy- 
phers next after it, and a like Number of fignificative 
Figures after thofe. Let this Number be ^^, and let 
the fignificative Figures With the Cyphers prefixed be- 
fore them dtenote the Difference he. Then fay. As 
the Difference rs is to the Difference *r, fo is Br a 

fiven Logarithm, to Br, or A*/, the Logarithm of tiie 
Jumber<a^; which therefore is given. And Ifthi^ 
Iwogatithjn be dontinually doubled, the fame Number 
• of 
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of Times a$ there were Extradioivi of the Square 
Root, you will at laft have the Logarithm of the 
Nuip|>er fought. Alfo by this Way may the Subtan- 

g;nt of the JLb^^thmical Curve be found, viz* in 
yinc, A? r J : Br : : AB, orUnity : AT, the Subtangent, 
which therefore will be found to be o. 4342^ 44819 
0325*1 ; by which may be found the Lodinthins of 
other Numbers ; to wit, if any Number NM begiven 
afterwards as alfo its Logarithm, and the Log;arithm of 
another Number fufficiently near to NM be fought, fay. 
As NM is to the Subtangent XM. fo is » the Di- 
(lance of the Numbers to x^^ theDiftapce of the Lo- 
garithms. Now, if NM be Unity = AB, the Lo- 
garithms will be had by multiplying the fiiuiU Diffe- 
rences hchj the conftant Subtai^ent AT. 

By this Way may he found the Logarithms of 2, 3, 
and 7, and by thele the Logarithms of 4, 8, 16, 3:^, 
64, fife. 9, 27, 81. 243, eff. as alfo 7, 40, 343, 
tjlfc. And if from the Logarithm of lo be tjucen the 
Logarithm of 2, there will remain the Logarithm of 
5*, 10 there will be given the Logarithms of 2^, 125*, 
625;, €5^^. 

The Logarithms of Numbers compounded of the 
aforefaid Numbers, viz- 6. 12, 14, 15', 18, 20, 21, 
24, 28, fife, are eafily had by adding togerher the Lo* 
garithms of the component Numbers. 

But iince it was v6ry tedious and laborious tQ 
find the Logarithms of the Prime Numbers, and 
not ea(y to compute Logarithms by Interpolation, by 
firft, fecond and third, f^c. Difierences, therefore 
the ereat Men, Sir Ifaac Newton^ Mercator^ Gregory^ 
fFailis^ and laftly,, Ik. Hally^ have publiflicd infinite 
converging Series, by which the Logarithms of 
Numbers to any Number of Places may be had more 
expediently and truer : Concerning which Series 
Dr. Holly has written a learned Trsiil, in the Philofth- 
fhical TranJaHions^ wherein he has demonftrated thofc 
Series after a new Way. and (hews how to compute 
the Logarithms by them. But I think it may*be more 
proper here to add a new Series, by means of which 
may be found eafily and expeditioully the Logarithms 
of large Numbers. 

Let z be an odd Number, whPfe Logarithm is 
fought V then ftailthe Numbers ;&— i and«-4~ i be 

ieven 
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even, and accordingly their Logarithms^ and the 
DifFerente of the Logarithms will be Had, which let 
be called y : Therefore, alfo the Logarithm of a 
Number, which is a Geometrical Mean between 
X — I and ^ -j- I will be given, viz. equal to the 
half Simi of the Logarithms. Now the Series 

fliall be equal to the Logarithm of the Ratio, 
which the Geometrical Mean between the Numbers 
z—i and «+ ^1 ^^ ^^ the Arithmetical Mean, viz* 
to the Number ;t. 
If the Number ex^eds 1000, the G^fk Term of the 

Series ^ is ftfficicnt for producing the Logarithm 

to 13 or 14 Places of Figures, and the fecdnd Term 
will give the Logarithm to 20 Places of Figures. 
But if z be greater tjian loooo, the firft Term will 
exhibite the Logarithm to 18 Places, of Figures ; and 
ib this Series is of great Ufe in filling up the Loga- 
rithms of the Chiliads omitted by Br^s. For E\- 
pie; It is required to find the Logaritten of 20001. 
The Logarithm of 20600 is the lame as the Loga- 
rithm of 2 with the Index 4 prefixed to it ; and 
the Difference of the Logarithms of 20000 and 
aooo2, is the", fame as the Difference of the 
Logarithms of thQ-Numbers rpooo dad Voooi, 
'viz. o. 00004 '341272 7687. And if this Diffe- 
rence be divided by 4«, or 80004^ the Quotient--^ 

ihallbe— — .■= — ; • 0.00000 00005*428 13 

And if the Logarithm of the 4.30iof 17093 02416 
Geometrical Mean be added 4. 30165' 17098 45-230 
to the Quotient, the Sum will 
be the Logarithm of 26001. Wherefore it is mani- 
feft, that to have the Logarithm to 14 Places of Fi- 
gure, there is no Neceffity of continuing out the Quo-^ 
tient beyond fix Places of Figures. But if you have 
a Mind to have the Logarithm to 10 Places of Fi-^ 
gures only, as they are in Ulaq^s Tables, the two 
firft Figures of the Quotient are enough. And if the 
Logarithms of the Nu'iftbers above. 20000 are to be 

found 
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found bj this Way, the Labour of doing then will 
molllv conllA in letting down the NumBers. Note. 
This Series is eafily deduced from that found out by 
Dt.HaHy; and thoft'who haveanund to beinform'd 
more in this Matter , !et them coofult his abore- 
nam'd Ttcatife. 



FINIS. 



W3ft. Moa trAftl^ wf^fib'Kind not tirtiaf^ their Faultf 
CwfiiiH are nnitiy)>fi<cf^t(t tUeip', and Jb ific Reader's Pro-' 
^t^rifs.verf. often jeftmd^a ■iberaby 1. fiir iwailing this, \xf: 
.'CardfuHy -readugThC'Btfok, «nd .examining theDem^*. 
'tt^ailpni'over ttpd ovo'i'' yfit "have foubd ^thre toil<)VtUi£ 
\£»^ffl,".which'rliei&,e'adcr w defir'd tocorrefb. 

lUfoHtittloin r. ReToTmiCKiiri ^Tvi.'l. r7. yir beciua^r.'HKooM j iitiiiir 
It 't^' Ar Conftrud^oii r: CbqlCnaiatK f p. vX.'I. a:'ft» DcIiioiJtrarisni 



.Mf.tr ihe"Btmi_^i^<bt infcrttt tint. Asuii, beciuA.A.Q ii Diiallel m 
BB,-iiaI.P,9,i'ini,uEoi\clitm, iJie\l*iin7J^Aip?*C-B; B'eD'»reve^ 

*^ t »4. in JHIalJw r,, ? 10. I i ».Ti. f i /, 7?. 

ijtt t if.' I. '. f 4-1 i f>8Si.'. FB./* *Jr ►i-JBjJ.t 

1.21. far^^C r. ACi' iliii. ifii. ip. i. ". 

f !□. 3 ; f. 0«. for :^ 4 of ihii, in Matgia M^rgm 

fc ai. r.ja: /HJ.I.I3. fi.r AEL rrAEBr..97. /. ij. M, Hu 
Wlr+i /*./.2!.^(i'»-M*fti .. tl IS- t J4. yi.f • r. t i f- »». /. 
i<, /of D A r. D6; J. loa. f. i». fa- S=*», r. Ai^leis ^. 103. /. Ii. 
for * ,. ti >. 104. ia t>"M.a'iin for 6-i- '■ l'-3- ""«* *=- '- »■■ lo- 1 i- 
f. ro5. (. thf UJi /*,AB ^, DB; ;. .o«. f»- • ji. i. r. •ji-j : JWrf. 
/.S. /ar equiangulir r.' eauilaieral ; p. loB. 1. 19- 'fw fit tF>ri DiBaocSf 
J-. EA; J, no. I-»i. JorTtiimplo r. PeDUgoti j f. III. /n- f f. I- r. 
t*.ii p. 115- y.r' iB. 1. F. ij.n /.1 17. Lti.Mt tbe; /. no. t 
,j. /or iriUewec ciiplicaw; *. Iji. fer • d. '■ " 7 1 M43./.7./i' 
itr.iiioi /■'14a- 1 ^j.nvrntif rM/wf, thai Migmiude which huK 
araanr Piopotcinn co ihe JamB-Magniiude, 1, diai AUgniLiKlB ta which rh* 
fame Migmiude hit a greuer Proportion 1 t. I49. I. if. Ar EF r. E C t 
p. Tfi. ^6./'AI?Er. BDEjp. ,H. iir f m.j- r. f ». 11 f. xi 
i.«6. /or CE r. CDi p.tS2.l.i6 for ZC r. tC; f. tU- I- iS. f^ 
CDE >-. CDP; B. i£8. ^f BF I. II. r. Ind M BC to BO, To b 
ihB TriinglB A B C 10 tha TrUaalB A B G. WlKDce th* Tiianile A, B C 
&eirs to tha Trimgle A BG a duplicate Piopotuon to wbu BC doth co 
£ F ; IbiJ. I. ij. fc E A. r. B A i IbiJ. m M.irg^, f»r 11. f . r. ai. ft 
f. 171. ia MtTgiH /or • II. a. r. ■ ii> r i F- tjt- miiarpm, fff ^ Com* 

ptocMd, r. Lemma piace^ j Eni. in M^gm, fvi^ia.y r> ^ ». f t #. 




■>: CBi /. 194- /. l/T/irGHr. GE| > 1 99. , , p ^^, 

Anglet J •. 200. «» M>»ff»y f^t • ji. ^ Jind^ I4.' ot thj$/y. ** j; t. and 
t 4. of this \ ^.8o^* '.«. tf. 4l«i« can s ». 9otf. I. j. /or ^jiice r. Plane | 
> a«ou J. «bf /«/^ hwit rm, /W !«£#.£. X » 7.^U. i. aa. /or L T r. 
LYj ^2aI../. J7,/ar ♦Y r. I'Y;. ^.a^?^ /. fc. «»ii U» /w ♦^ 
r*r t'Y J >; i*j;/.>7. for EH r. l^H ; ^ 224. I, li. /ir KK r. to 
K X > A aa;.' w'Marpw, /br* j©. ol" tWi, r-'** tl^ tot tWi t^. «8.- /» 
25. jb" B I r. B T ; ^. 2)^ /. 20. /or plao^ Angle. r. only plane ; p. 93 5. 
•l ^. 4/r«r /j^ ^fofiil Diameter, 4iit /fmMt 4l«8 r, ,pf j f. ajtf. J. 1 1. /or 
wbicb r. which is s JUd. im MsTgrn^ for • 14, 1. r. * ^i. j s P. aiS. m 




j, ^88. /. wl ftr iiiie r. a^roi I*R lM4./ar 6. r.. bj /. 29X. /• 
TrV ^'»» ^Jtt 5 p- 294. *• «*# Tfrtf {^1^ iii ibetitks mfttrvm>df) /4r Sphft* 
Heal 'fiiafigles r. Spherical Trigoobmecry j f. 296. i. 46. j^r comprehta^ 
ittnj^'r. compMbmded by j •• g-Ji; h 9. /«»• nnarer r. ntmti '1W4. /• 22* 
-Ar R S t:KSq i f, 302, 1 22. Mit» iUDlb r. a Dtflfereiit > A /. ^'^. f^% 
IJiffarent • ^^ the famei /J 5 »^. #. 92; /or or r. and; JWrf. i. jj. /«r B k 
W BDi /.si;, a i«, /»rdD r:BD3 JIW- « «*^ Colttmm ■ umdm tl^ 
jV^d fl^ht 4f^«^ iV"»«r7. /or Che Side I> C r, the Angle C » PbU, i» 
tlr^ CofttmS mXithimtd tx&n. J!^iifi(/i(-Mni6rr >. /or the Az«le BC D n 
|he Andet B CD. and B/ mdfmtbeC^lmn^i^tdiftbtirwdioviafxt^ ^ 
iminfi lhimk» t, far Angle< BCD r. tVe Side D C| /« jil. tt^ ftt 
•DB. r. DC;jp^9tp» /.|d. /prPTB: ''. STRj ]>: jJo. I. «». jar 
atother ^. of itodiher ; |. 334. I, rt. /or i-y r. i|- i J. JjJ. )^ Si^LM 

y. XnLMs. i*$iT* ^\i^?for therefor^ a there6f| ^. 34^; f. t^. /or if 
jr. ii to s /- iff, 1 29., /or ^^s^^ n tty?? » *• '• 3#-/»^ Tira *:• Tt«?5 
P* 3i8. /. 1 1, /or triplate f. triple ; /-.^^-o. I^aj. ^r and n ot 
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BOOKS pointed for Tho. Woodward, at 
the Half-Moon, over - againfi St. DunftanV 
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Nexa£l: Survey of the Tide; expKcating it? Produdirioii, 
smd Propagation, Variety, aijd Anomaly, in "all Parts of 
the Vorlii eQ)eciaIly near the Coafts of Great Britahf^ 
vAinlimdi withd PreUmhiary Treatiie concerning the Origiiie of 
Springs, Generation pf Rain, and Produ6fcxon of wind. With Fit 
teen carious Maps. The Second Edition. To which is added, A clear 
and &Ltaxi€t De&ription of an Engine, which fetcheth Water out of 
the Deep, .and raifcth it to. the Height defign'd,progreffively, by the 
firpc Motion. By l.Barkftf, Gent. 

H; I'be Compleat Surveyor : Or, The whole Art of Surveyii^ of 
Lan^: By a new Inftnunent lately invented 5 as alio by the mia 
Table, Circumfcrcntor, ' the Theodolite, as novr improved, or by the 
Chain only; Containing plain and cafy Dire^ions in ieveral Kindsi 
of Menluration, and other Things neceflary to be known in a Work 
of fllis Nature. By fPHliam Ly^tarn. The Whole altered and amended, 
and two entire Books added by the Author long before his Death. The 
Fifth Edition. In Nine Books, fivery Operation, both Geometrical 
and Arithmetical, ^xamin'd; and an Appendix added to the Whole,^ 
coni^ng of Praftical ObfevatiorisinLand-Surveying. By S.Cum, i 

m. MaAematicsd Elements of Phyficks, prov*d by ExperinientSi 
Being ^ Introduftion to Sir iCAaa Nemm*% Philofbphy. By tk.Uli^ 
Uam-'ftmes Gnvvefrnde, Profeflbr of Mathematicks and Aflronomy^ 
in the XJniverfity of Ltyi;my and Fellow of the Royal Society of 
iMtJen. Made EngRJh, and illuftrated with 35 Copper-Pktes. Re- 
v^s'darid corre^el by t>r. ^^Aw Xei/, F.R.S. Profeflbr of Aftronomy" 
lA Oxfbrd. 

' Th Second Editm ^ 
' IV. Atiew and Compleat TREATISE of the Doctiune of 
Fractions, Vtdgtir and Vuimal: Containing not only all that h^th 
hitherto been puHifh'd oh this Subje^ j but alio ipany other com- 
pendious U&ges and Applications of tlKm» Never before es^tamr. 
Together wil£ a Compleat Management of Circidating Nun:d)ers^ 
which is entirely new, and abiblutely neceflary to the right ufing of 
Fra£Hons. To which is added, an Epitome of Duodecimals, and an 
Idea of Meafiiring. The Whole is adapted to the meaneft Opacity, 
and very ufefiil to Book-keepers, Gaugcrs, Surveyors, and all Perfbns 
whofe Bufinefi requires Skill in Arithmetick. BySAMUELCuNN, 
Teacher of the Mathematicks ia Litchfield^treet, hear Newpurt-Market. 

V. Chrifliani Hugenii Libellus deRadociniis inLudo Aleas: Or, the 
Value of all Chances in Games of Fortune, Cards, Dice, Wagers, 
Liotteries, c^f • Mathematically demonftrated. 
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THOMAS HEATH, irf iht Herqiks* ftirj^ J>Mr U the 
Fountain Tavern m the Straiid, Mukti and^SeUs, wholefak and 
retmle, all Sorts of Mathematical Inftnuncats m- Silver, Brtfs, 
Jvorv, Wood, &c, 

. Perform'd according to xkc lateft Oblenrations. of t*]ulofi)|>lidrs, and 
Praftiiers of the levenu Mathematical Arts 5 wheriekj-thgr are rqi^d^ 
mbftneat, portable, accurate, and expeditious. " ,* ' »..-... 

. Whether they be for Geometry,. Survc};ing, Navmtion, Gauging^* j 
Mcafuring, (of Timber, Stone. W<?rkman&ip, c^ir.) S^Binfr Gecgnn . 
phy, Aftronomy, ^c. 

K9 Se£^ors, Scales , Compafles, Drawine-Pens, Land-<3!uadrants« . 
Theodolite;}, Scmictfcles,Circumfercntars, Phne Tables, Watcr-Levek, ' 
Meafurmg- Wheels, Dials f Portable, oi* to be 6x*d,) Sea.-Qi£ulnaits,- 
F<»:cftaffs, Nodumals, Gunter's, Sea-Compos (Meridian, or Azi- • 
muth ones,j Charts, Maps, Spheres, WearhcrrGlaflcs, LoadrS^nes,) 
Tclefcopes, Rcading-Glafles, Burmng-Glai&s, Prifms, Sky-Op^cki, 
Drawink-Boajrds, SUding-RuIe^ of all Sorts, Parallel-Rulers, ^Tog^-, 
tjjer with Books of their Uics. 

Alfo Gk)bes moft neatly fitted up in Brafi Frames, and Horia«w' 
Aiovdd.by two Wrack- Works i the one elevating the ?oksi the other, 
earryinff the whok Body honzontallyj with. Levels and Needles ia' 
Boxe^ divided and fitted to the Frames, for the placing readily and 
i5>ecdily their Horizons parallel to the real one,, and tteir Meii(iian& 
'm the Plane of the Celeltial one : Alfo Quairants for taking the Al- 
titudes of celeftial Phenomena contrived to move round on the'HcH 
iizon. Tojgcther with Quadrants of Altitude, and other Appurte- 
nances ncceflary to render- them moft Compleat. - ' \ 

•He Ukewilc makes the new InwexiteA' Architeilmck StBor^aipi 
SUdhtg'Plates'y whereby Scales of aU Sizes arc more readily '^d" unf-* 
veria!^ obtaia'd, for Fluting PillalVcr* and Columns,' and chawingthc 
Geometrical Planes and Uprights, in.any of the five Orders, accc^in^- 
to the livea Diameter of a Column. WitK fcveral other Scales very 
conyaiient and ready for the Ingenious Defigners of Buildings, - 
By T. CARwxTHXM.Painter QtTmckeMm. Together with %* 
Traa of didr Ufcs* ^ ■ * 



